
Example 1 f(x) =
x + 1√
x2 + 1

= (x + 1)(x2 + 1)
−1
2 .

lim
x→∞

f(x) = lim
x→∞

1+ 1
x√

1+ 1
x2

= +1,⇒ ∃ H-asym. y = 1;

lim
x→−∞

f(x) = lim
x→∞

−1− 1
x√

1+ 1
x2

= −1,⇒ ∃ H-asym. y = −1;

â¤sõZø

f ³�éÚ¡(�

f ′(x) = 1 · (x2 + 1)
−1
2 + (x + 1) · −1

2
(x2 + 1)

−3
2 2x

= [(x2 + 1)− (x2 + x)](x2 + 1)
−3
2 = (1− x)(x2 + 1)

−3
2 , D 1− x °U�

I f ′(x) = 0, ⇐⇒ 1− x = 0,⇒ x = 1, one critial point.

x 1

f ′(x) + 0 −
f(x) ↗ ↘

f ′′(x) = −1 · (x2 + 1)
−3
2 + (1− x) · −3

2
(x2 + 1)

−5
2 (2x)

= [−(x2 + 1) + 3x2 − 3x](x2 + 1)
−5
2 = (2x2−3x−1)√

(x2+1)5
,

I f ′′(x) = 0, ⇐⇒ 2x2− 3x− 1 = 0,⇒ x = 3±
√

17
4

(I a : −, b : +, a < 0, 1 < b)�

ku, f ′′(x) = 2(x−a)(x−b)√
(x2+1)5

, D (x−a)(x− b) °U� ÛÊ.â�Œ a, b u´Ñ inflection

point:
x a b

f ′′(x) + 0 − 0 +
f(x) ^ _ ^

FJ a, b îu inflection points� ¢, a < 1 < b,⇒ f ′′(1) < 0,⇒ f(1) =
√

2 u local
maximum� f íÇ$×_à-:

1
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Example 2 f(x)
def
=

x

e(x2/2+1)
, = xe(−x2/2−1)�

¹ªJõ| lim
x→−∞

f(x) = 0, lim
x→+∞

f(x) = 0,⇒ �®�Ú¡( y = 0 (56ªà

L’Hôpital Rule (£) ð„, à: lim
x→−∞

f(x)
£
= lim

x→−∞
1

ex2/2+1·(2x1/2+0)
= 0 )�

f ′(x) = 1 · e−x2/2−1 + x · e−x2/2−1(−x) = (1− x2)e−x2/2−1�

I f ′(x) = 0, ⇐⇒ (1− x2) = 0, x = ±1, s_ critical points�
â¤�ï,ªõ| f ′(x) D (1− x2) °£ŠU, FJ

x −1 1

f ′(x) − 0 + 0 −
f(x) ↘ ↗ ↘

f ′′(x) = (−2x) · e−x2/2−1 + (1− x2) · e−x2/2−1(−x) = x(x2 − 3)e−x2/2−1�

I f ′′(x) = 0, ⇐⇒ x(x2 − 3) = 0, x = −
√

3, 0,
√

3�

â¤�ï,ªõ| f ′′(x) D x(x2 − 3) °£ŠU, FJ

x −
√

3 0
√

3

f ′′(x) − 0 + 0 − 0 +
f(x) _ ^ _ ^

−
√

3, 0,
√

3 ·u inflection points� ¢,

−
√

3 < −1 < 0,⇒ f ′′(−1) > 0,⇒ f(−1) = −e
−3
2 u local minimum;

0 < 1 <
√

3,⇒ f ′′(1) < 0,⇒ f(1) = +e
−3
2 u local maximum;

f íÇ$×_à-:

2
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Example 3 f(x) =
3x3 − 5x2

6(x− 2)
, = 1

6
(3x2 + x + 2 + 4

x−2
),

Asymptotes:
y = 1

6
(3x2 + x + 2),

x = 2.

f ′(x) = 1
6
(6x + 1− 4

(x−2)2
)

and f ′′(x) = 1
6
(6 + 8

(x−2)3
), = 4

3

(x−2)3+ 3
4

(x−2)3
.

Let f ′(x) = 0⇒ 6x3 − 23x2 + 20x = 0⇔ x = 0, 4
3
, 5

2
.

∴ f ′(x) = 1
6

x(3x−4)(2x−5)
(x−2)2

:
x 0 4

3
5
2

f ′(x) − 0 + 0 − 0 +
f(x) ↘ ↗ ↘ ↗

Let f ′′(x) = 0⇒ (x− 2)3 = −3
4
⇔ x = 2− 3

√
3
4

= a.

∴ f ′′(x) = 4
3

(x−a)(x2+ax+a2)
(x−2)3

= 4
3

x2+ax+a2

(x−2)4︸ ︷︷ ︸
+

(x−a)(x−2):
x a 2

f ′′(x) + 0 − 6∃ +
f(x) ^ _ ^

f ′′(a−)f ′′(a+) < 0,⇒ a is an inflection point;

f ′′(0) = 0, so check: f ′′(0−)f ′′(0+) < 0,⇒ local min. occurs at 0;

f ′′(4
3
) < 0,⇒ local maximum occurs at 4

3
;

f ′′(5
2
) < 0,⇒ local minimum occurs at 5

2
;

f íÇ$×_à-:

3
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Example 4 f(x) =
√

x2 + 1− x, BbÊ{Ð,d¬� 'péí, f ³��òÚ¡(�

lim
x→+∞

f(x) = lim
x→+∞

1√
x2+1+x

= 0, �®�Ú¡( y = 0�

.¬, lim
x→−∞

f(x) = lim
x→−∞

(
√

x2 + 1− x) = +∞ .æÊ, ÿ.âÇÕ�ð:

cqæÊò( y = mx + b U) lim
x→∞

[f(x)− (mx + b)] = 0, †

m = lim
x→−∞

f(x)
x

= lim
x→−∞

(−
√

1 + 1
x2 − 1) = −2, /

b = lim
x→−∞

(f(x)−mx) = lim
x→−∞

(
√

x2 + 1 + x) = 0,

(D‡Þí lim
x→+∞

(
√

x2 + 1− x) = 0 u°ø_½æ)

FJ, Bbvƒò( y = mx + b U) lim
x→−∞

[f(x)− (mx + b)] = 0� f ,u�s‘Ú¡

( y = 0 J£ y = −2x�

Example 5 f(x) = 2
√

x− x� ·<, Df = [0,∞)� 'péí, f ³��òÚ¡(�

cqæÊò( y = mx + b U) lim
x→∞

[f(x)− (mx + b)] = 0, †

m = lim
x→∞

f(x)
x

= lim
x→∞

(2
√

x
x
− 1) = −1, /

b = lim
x→∞

(f(x)− (−1)x) = lim
x→∞

2
√

x = +∞, .æÊ,

6ÿuz, v.ƒLSò( y = mx + b U) lim
x→∞

[f(x)− (mx + b)] = 0�

FJ f ³�LSÚ¡(�

·<, °éÚ¡(íj¶6NÐOø_½bh1:

cà f Ê +∞ T�Ú¡( y = mx + b, † é0 m, �k lim
x→∞

f(x)
x

, u f ′(x) Ê +∞

íM, 6ÿuz, m = lim
x→∞

f(x)
x

= lim
x→∞

f ′(x), ÿduà7 L’Hôpital Rule øš�

4




