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Mean Value Theorem(MVT) & L’Hoépital Rule. ~NEZ

Rolle Theorem If f is continuous on [a, b] and differentiable on (a,b) with f(a) = f(b),
then 3 ¢ € (a,b) such that f'(c) = 0.

(1) Let m = min f(@).< M = max f(z),

1. If m = M, then f(z) = m = MVx € [a,b](a horizontal line segment), then f'(z) = 0Vx €
(a,b).

2. If m < M, then ecither m # f(a) = f(b) or M # f(a) = f(b). Suppose M # f(a) =

f(b) and M is assumed at ¢ € (a,b). Then f(c+h) — f(c) < 0for h = 0, = 0 <

e

lim+ w: lim+w < 0 (the equality = holds since f is differentiable), i
Flo=o "

Proof of the case m # h(a) = h(b) is similar.

Lagrange MVT f is continuous on [a, b] and differentiable on (a, b),
then 3 ¢ € (a,b) such that f'(c) = W
(pf) Letg(x) := f(a)+ f(a) (r—a) (secant line). Then f—g is differentiable on (a,b), (f—g)(a) =
(f—9)(b) =0, a (f 9)(x) = f'(x) — %. By Rolle’s Theorem, 3¢ € (a,b) such that

o=<f—g><>=f'<c>—%-

Cauchy MVT If f, g both continuous on [a,b] and both differentiable on (a, b),
with ¢'(z) # 0Vz € (a,b) in addition,

f’(c) _ f)—f(a)
then 3 ¢ € (a,b) such that © = 9®—ga)"

i “g(r) A0V e (a,b) " BBRERETRE g & T (a,b) b TREEREE L2 BSER,
% dl(c )% 0, g(a) # g(b), THELHRE 0.

(
Ef

(pf) Let h(z) := f(x) — |f(a) + fgb) ((Z)) (9(x) — g(a))|, then h(z) is differentiable on (a,b), h(a) =

b)—
h(b) =0 and h'(z) = f'(x)— J;gzg:g((s)) g'(z). By Rolle’s Theorem, 3¢ € (a,b) such that h'(c) = 0,
fle) _ f(b)—f(a)
g'(c) — g(b)—g(a)”

1.e.

WA Cauchy MVT 3B L'Hopital Rule.
L’Hoépital Rule — about lim % indeterminate form

r—a
(assume f, g differentiable and no common factor)

“2- form” — If lim f(z) = 0 and lim g(z) = 0. Then lim g(z = lim L%

z—a z—a z—a 9(7) a—ad "(®)

(pf.) Without lose of generality, say f(a) =0 and g(a) = 0, then féx)) E ; g(( )) s 8
for some ¢ (depends on x) between x and a by Cauchy MVT. So, if x — a, ¢ — a as well.
Hence, lim @) Jim ,() = lim f:(‘)

z—a 9(2) c—a 9'(0) A—a 9 (&)
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“_o » ; — 1 (z) _ f&)
> form If il_r)l(ll f(z) = oo and ilil(lz g(r) = f+o00. Then ilg}l ) = ilgz PR

) -9 "(#)

i L@ fx 2 iy 9(M) ()
(pf.) Assume }Ulil(ll S = ¢ exists. Then ¢ = ilg(ll e ) 916 (fw) = lim = llg}l OREOR
2
< form ¢
Therefore, if lim L&) exists, then lim L) o= 1im £®.
oo 9 (W a o 9(W) 1—a 9()

AMTASELMD limit BIREERRR - 3 = 1FaER

0,@)

1. “limf-g=1lm 4 =lm 47
~~ -

0 =
0 [e]
11
2. “lim f—g =lm%4L”
~— g
Foo—+o00 ~~

3. “lim f9 = lim e f) = elimlenf) » "Hil lim(g - In f) BH SREBHESHH .

Remark: 1, SLRLINTFER, MAEMREN, G5 lmit ME, —BELRHZE. /05, LR i /IE.
2, L’Hépital Rule 7F—ZBSBEHFTE R ERAY limit eI, ﬁﬁi%@ﬁffﬁ

Ban, % 1im So (BRFTATLITEA o* = e BREWR) BHE BEM 2 > e, 0 < & < 1 MEBEE, AT
lim & M\?’W?T SEB LIFT,

r——4o00 ¥

Bl L = hgl < (= form)
T—r+00
by e MR Re = A WDIF A I'Hopital rule, (HREFERHET
z—too #*(1H2)? PLH RARER IR T M UHopital rule T2, FIEERRR HR!

. xz .
= lim & - lim
z——4o00 T r—+00

= L-0 =0.
PR EREASE: B o o o 8, f() A(EN) B8 f(r) BLRETR),
B lim /() IAATFTE

£

8

_1
1+lnx

. e
lim xln—
2rt00

H#: lim £ = lim (¢)°= lim "™ =e¢ o = 0, VEREIEAR: gf =M@ = eflng,

x—+oo ¥ x—+oo ¥ T—+00
R
lim
. . e lhéazlu(i) a0+ 1/ r i U 1
. . . =3 20" e Y 1m — im x
%%_‘ﬁ” 11151+ ;Jj — 11151+ (g) - llI(l;l+ 6'7: n(g:) = e [ ] = = @0t VP = @u0t ]_, /\/J\%T
xT— xT— r—

I'Hopital rule, B2 HAFEAR: gf = e = ¢fng,
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