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Derivatives D Ç$ (¯±� po� ”M�)

ƒb f í‰¾Ñ x� ��,, dn

dxn
f = d

dx
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f ] · · · ]
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n µ

(¢pT Dnf � dnf
dxn

� f (n)) Êd f í nth order derivative

(n¼ûb), ¹ ú f ©/°û n Ÿí!‹�

f ′(x) = 0 íj Êd critical point (critical number)�

Derivative D ƒb (Ç$) íÉ[

Γf u ƒb f(x) Ê interval I ,íÇ$� S‚Ç$ípo ˛%xñì2¬7:

Γf concave up : Γf , Lùóæõ©Aí(¨ Ê Γf í,j

Γf concave down : Γf , Lùóæõ©Aí(¨ Ê Γf í-j

J f Ê I , u differentiable, †ªJ„p|

Γf concave up ⇐⇒ Γf ,Løõí~(Ê Γf í-j

Γf concave down ⇐⇒ Γf ,Løõí~(Ê Γf í,j

cq f u differentiable on interval I� f ′(~(é0) ¸ Γf í•²�É :

f ′ > 0 ⇐⇒ f ↗ strictly , f ′ ≥ 0 ⇐⇒ f ↗ , on interval I ;

f ′ < 0 ⇐⇒ f ↘ strictly , f ′ ≤ 0 ⇐⇒ f ↘ , on interval I .

cq f u twice differentiable on interval I� (f ′)′ = f ′′ ¸ Γf ípo4�É :

Γf concave up ⇐⇒ f ′ ↗⇐⇒ f ′′ ≥ 0 , on interval I ;

Γf concave down ⇐⇒ f ′ ↘⇐⇒ f ′′ ≤ 0 , on interval I .

bv| twice differentiable íƒb f F� local extrema/inflection íêÞõ, kb‘Ku

f(a) is a local minimum ⇐⇒ f ′(a) = 0, f ′′(a−) > 0, f ′′(a+) > 0 (é0â˝B¬ − → 0→ + ]Ó)

f(b) is a local maximum ⇐⇒ f ′(b) = 0, f ′′(b−) < 0, f ′′(b+) < 0 (é0â˝B¬ +→ 0→ − ]Á)

c is a inflection point ⇐⇒ f ′′(c−) · f ′′(c+) < 0 (po4Ê c õ Z‰)

(·<, âk f ′′ ©/, f ′′(a) > 0 ⇒
6⇐

f ′′(a−) > 0 and f ′′(a+) > 0,

f ′′(b) < 0 ⇒
6⇐

f ′′(b−) < 0 and f ′′(b+) < 0,

;W2ÈMìÜ, f ′′(c−) · f ′′(c+) < 0 ⇒
6⇐

f ′′(c) = 0�)

Wà, f1(x) = (x− a)2, f2(x) = (x− a)4, f3(x) = (x− a)6, · · · , fn(x) = (x− a)2n,
ÖÍ “f ′1(a) = 0 / f ′′1 (a) = 2” û_ f1(a) u local minimum,
Ou n > 1 v, “f ′n(a) = 0 / f ′′1 (a) = 0” º.ZA “fn(a) u local minimum” íÜâ�

(à‹Bbo˛%ø−…bÇ$íšä·uÇ¨�,, n �×, Ê x = a Tÿ���@, µó ∀n ≥ 1, fn(a) çÍu local
minimum� OøOVz, ÿuÄÑ'Øøiõ|Ç$ÅBóšä, nâb à®�j�V‡i�)

f ′n(x) = 2n(x− a)n−1, f ′′n(x) = 2n(2n− 1)(x− a)2n−2, )ƒ f ′n(a) = 0,f ′′n(a−) > 0,f ′′n(a+) > 0, YÎB#ìí
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kb‘K, û_ fn(a) u local minimum ∀n ≥ 1�

µ, ÑBó “f ′1(a) = 0 / f ′′1 (a) = 2 † f1(a) u local minimum” uúíá? Üâÿu,ÞFzí: à‹ f u twice
differentiable, f ′′ çÍ©/, FJ f ′′(a) > 0⇒ f ′′(a−) > 0 / f ′′(a+) > 0�

FJ, m� local extrema æÊ ík}‘K (à{…), õÊu.Dí@GõÒÛ°, ÄÑ…ÉÊÀÀø_õ,õ98� p)¥_h1

(DbçÌÉ): büì//u´Ñ�¶5|, øìb¸w¶`ªœ�

7jƒb f (x)(åÇ) íj¶

1. ø f(x) “�/�}, v|F� (d� *� é) Ú¡(� Ú¡�(, 1}& f ÊÚ¡ (�) (Ë¡£øOíWÑ;

2. ° f ′(x)� I f ′(x) = 0 Jv|F�í critical points p1 < p2 < p3 < . . . 1}& Γf í,¯-±;

3. ° f ′′(x)� I f ′′(x) = 0 Jv|F�í inflection points c1 < c2 < c3 < . . . 1}& Γf ípo4;
(ç f ′′(c) = 0, ÿ.â�Œ f ′′(c−)�f ′′(c+) u´æU)

4. ‡� pi u´Ñ local minimum/maximum íêÞT;
(ç f ′′(pi) = 0, ÿ.â�Œ f ′′(p−i )�f ′′(p+

i ) u´°Ñ +/− U)

5. ã¯J,4”yªW�¶}&, Í(úÇ�

(J q u local extremum/inflection íêÞT, Ñ7™|Äüò�, ´u)°| f(q) íM)�

°"ú”M

ƒb f Ê £Õ¯ I ,©/� à‹ f(p1), f(p2), . . . Ñ f Ê I ,í local minima/maxima, † p1, p2, . . . u I íqõ,
1/ f Ê I ,í global minimum/maximum(absolute minimum/maximum) êÞÊ p1, p2, . . ., C I í iäõ�

©/4UÍ�

Wà, ˛ø f Ê I = [1, 2] ∪ [3, 4] ,©/, / f(1.2), f(3.4) Ñ f Ê I ,í local minimum, † f Ê I ,í global

minimum Ñ min
{
f(1.2), f(3.4), f(1), f(2), f(3), f(4)

}
� (1.2, 3.4 u I íqõ, I íiäõÑ 1,2,3,4)
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