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Interpolation in general

Given (n + 1) data points (zg,yo), - -, (Tn, yn) with x;’s all distinct. (1)
Find a function f(z) € II,, = {g : g(z) is a polynomial with deg(g) < n}
such that f passes through all (n + 1) data points.

Definition 1 (1) called the interpolation problem and such f is called the inter-
polating function or interpolating polynomial.

Theorem 1 If (1) has a solution, it must be unique.

(pf.) Suppose f,g € II,,, f # g both solves (x). Then (f — g)(x;) = 0 for all
i=20,---,n= (f—g)(z) is a polynomial of deg(f —g) > n+ 1, contradicts
f.g € 1l,. O

Theorem 2 (1) has a solution.

ap + a1xo + - - - + apTy = Yo,
(pf.) Suppose f(x) = ap+ayz+- - -+apz™ € 11, with : :
an+@1$n+"'+anxz = Yn.-
Know z;’s all distinct, |det A| = ’HZ# T — Tj)

(ag,--+,an), i.e. f(x), exists and is unique. O

Lagrange method
f(l’) = yoLo(l') + o+ ynLn(x)> where Ll(x) = ooy for 1 = 0717 y 1Y

(zi— ij)
ji
Apparently, f € II,, and f solves ().

Theorem 3 11, is a vector space of dimension (n+ 1).

I, = (1,x,2% - ,2") = (Lo(x), -+, Ly(x)) = ---, generated by different
bases.

Newton Divided Differences

SUPPOSG Poi(z) = fo + foi(x — o) passing through (z, fo), (z1, f1), then fo; =

f
F— by point-slope formula.

Suppose P12( ) fi+ f12(5U - 1’1) passing through (l’bfl)a (x27f2)a then fip =

p f by point-slope formula.
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Suppose Pyia(z) = fo + for(x — zo) + for2(z — x0)(z — x1) passing through
_ fo—f1

(20, fo),(x1, f1),(22, f2), then fz;_:x?”o_ﬁlfu :

To—x2

The dependency of coefficents is shown below:

Zo fO\
fOl\
€ f1< f012

fra”

T2 fz/

In general, given (n+1) data points (zo, fo), -, (zn, fn) with all z;’s distinct,
then the interpolating polynomial f(z) € I, can be obtained by completing the
table of Newton divided differences:

o fil,-'wik B iny"',l’kf

figimiy, = L, the k'™ divided difference, and

X xzo

Pio,"-,ik(x) = fio + in:il (:U - xio) ot fi07"',ik<x - xio) e ((ﬂ - xikfl)

is the interpolating polynomial through (x;,, fi,), -+, (%, fi,). Newton’s con-
struction of P ...;, (z) leads to Newville’s Algorithm as well:

Theorem 4 [f Pio7"',ik71(x> € I pCLSSing thmugh (xioa fi0)7 Ty (xik717 fik71)7
and Py, ...; (x) € l—1 passing through (z;,, fi,)," -, (zi, fi,), then

T — Tig) Py i (@) = (@ — 24, ) Pig i, (@
P ) = O @) =€ )P @) oy,
i i

passes through (T, fi), - (T, fir)-

Note II,, = <1, (x —x0)y (x — o) (X — 1)y ooy (& —x0) -+ ( — xn,1)> NOW.

General Hermite Interpolation

Specify
f@o), f'(xo)s- -, f N (wo),  (no > 1)
: (2)
f@m), [(@m), -, f(nmil)(xm)a (nm > 1)
with distince {z;}!", and find f € II,,, where n +1 = 3"/ n; = #conditions.

Theorem 5 Hermite interpolating polynomial is unique.
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(pf.) (Cannot apply Theorem 1 since these two are different kinds interpolations.)
Let f,g € II, both solve (2). Then (f—g)(i)(xj) =0vi=0,---,n5 —
1,= f — g has factors (x — x¢)™, -, (z — x,,)™™, since z;’s all distinct,
deg(f —g) > > " ni =n+ 1, a contradition. O

Theorem 6 Solution of (2) exists.

Question: Can we switch the order like what we do onto the Newton divided
difference table?

Piecewise Interpolation

Instead of finding a interpolating polynomial defined explicitly on R, we can
loosen this restriction by defining interpolating functions piecewisely, with or
without smoothness conditions.

0.1 Splines
Given data points (g, yo), -+, (Tm, Ym) with all x;’s distinct, define a correspond-

ing interpolating function S(x) satisfying the following conditions:
ell,Vj=0,---,m—1;

{ Si(z) & S() . )

SO (x),---, 5"V (x) all continuous;

Such an S(z) is called an n-spline. Let’s take a look at n = 3 cubic spline case:

S;(z) = S(x) ell3vj=0,---,m—1;
[z5,2541] (4)
S(z),S"(x),S"(x) all continuous;
e e QM (.
Let h.] T T and MJ = 5"(@;), Then
]:0,"',m—1, ]:07"'7m'
M — M M — M,
Si(a) =M+ 2 —L(z — ;) = M + —— (v — 1) (5)

Tjt1 — hj

by point-slope formula, = the continuity of S” is automatically satisfied.
By the continuity of S, we can derive S;(x) formula in the form

aj +bj(x — ;) + ¢j(x — 2;)* + dj(a — a;)°

in terms of M, and h,. Integrating (5) twice:

M, M1 —M;
Si(w) = aj +bj(x —2)) + 3 (v — ;)" + =5 (2 — )’ (6)
—~— ——
Cj dj
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Directly from (6):
Sj(l‘) =Y, = a; = Yj,
Sj(j41) = Yjr1, = Yjpr = Yy + by - hy o+ GhT + SR,

2M;+M; i1—y;  2M+M;
by = ((wysr =) — (HGHRT) Jhy = ey — el

By the continuity of S’, we can derive a relationship among M;_q, M;, and M;4,
Differentiate (6):

Sj(w) = (U5t ) — (B by + My(w — 25) + (B2 ) (w — 25)% (7)

S'(xy) = S8'(xy), ie. S y(x;) = Si(x;), j=1,---,m — 1, if and only if

(hjﬁ-l)Mj L +( j— 1+h )M +( )M]+1 <y3+ﬁj y;) _ (yjh—jyjl_l)7 (8>
j = 17 , M — ]-

(8), plus two additional boundary conditions (eg. free B.C.: 8" (zo) = S"(x,) =
0, or, clamped B.C.), becomes a square system in M, (m + 1 eqn’s and m + 1
M;’s). S;(z) (6) is obtained after a;, b;, M; solved.

Bézier Curves

A parameterized curve r(t) = (z(t),y(t)), t € [0,1] with { igg; i Eig:gg% and
{ r(l) = (21, 41)

i specified. If x,y € Il3, then we can uniquely determine r(%):
I‘(l) _ (Uhvl) P Yy 3 quely ( )

For x(t) cubic interpolation (by Hermite’s interpolation),

t Oth 1st 2nd 3rd
0| x
Ug
b
0] xo m
2120 ewC—)
1 I u1—x1+To
Uy
1| x4
Then
z(t)= xo + uot + bt* + at?(t — 1)
= xg + ugt + (b — a)t? + at?
=x9 + upt + (3(x1fx0)72u07u1)t2 + (u0+u172(x17x0))t3
Similarly,

y(t) = Yo + Vot + (3(y1*y0)*2v0*v1)t2 + (vo+v172(y17y0))t3 .
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A curve determined by that is called a Bézier curve.

. L] b
Numerical Integratlon(quadrature about fa f(.?f) dﬂ?)
Trapezoidal Rule(2 point interpolation) Let h := xy — z,

flz) = (z—z1) Flao) + (z—x0) f($1)1+£x_x0)( — X1

\(360*901) (z1—z0)

)f”(£1)

-

interpolating polynomial error term

for some & € [z, x1], then
Lo F(@) de = §(f (o) + f(21) = 55.(&1)
for some & € [xg, 21].
Composite Trapezoidal Rule: divide [a, b] into n equal pieces a = zg < 1 <

< Ty < xTp=>b,h:= I’_T“,then

[ e =800+ 2500 oo 25w n) 4 )} - O A

for some £ € [a, b]. If f” is continuous on [a, b], then f is integrable on [a, b]
and the above converges as h — 0.

Notice that composite trapezoidal rule is an order 2 method.

Simpson’s Rule(3 point interpolation) Let h := ;41 — ;,

f(2) = B s + o fen) + (g ) + ) e R
erro;rterm

interpolating polynomial
for some & € [, 2], then
S22 f(w) da = B(f(z0) + 4f (11) + f(w2)) — B fD (&)
for some & € [z, o).
Composite Simpson’s Rule: divide [a, b] into 2n equal pieces a = z¢ < 71 <
c < Loy < Top, = b, h = Z’Q_—na, then

/ f(z Fx0)+4f (21)+2f (@2)++4f (2n—2)+2f (22n_ 1)+f(xn)}—’g—oaf<4>(é)-h4

for some £ € [a,b]. If £ is bounded on [a, b], then f is integrable on [a, b]
and the above converges as h — 0.

Notice that composite Simpson’s rule is an order 4 method.
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Richardson Extrapolation

Let F(0) = }lir% F(h) and F(h) = F(0) + Kh? + O(h") (r > p) be an order p
method which approximates F'(0). Richardson Extrapolation is a way to derive a
new method F* of higher precision order:
F(qh) — F(h)

¢ —1
is an order r method, i.e. F*(h) = F(0)+ O(h").
Corollary 1 If F'(h) = F(0)+ K kP + Koh?P? - - 4+ K b4 0 <pp <py < -+,
define Fy(h) := F(h), Fy(h) := Fy(h), F5:= FS,---, then for j > 1,

qPi — 1

F*(h) := F(h) —

Fy(h) = F{(h) = F(h) -

is of order pj.

(pf) (Induction) (%) is true for j = 1. Suppose (%) is also true for j =n — 1,
ie. F,(h) = F(0) + O(h*) = F(0) + a,h?" 4+ ap 1 hPr+t + - - - then

Fralh) = Fafh) — 22022 —_f?n(h)

= F(O) + bn hpn + bn—l—lhpnle + -
~~

anhpn Pn _ q _hPn Pn ]
Look at AP~ term: a,hP — d = hP"(a, — anq ) =0,
qPn — 1 qPr — 1
S b, =0, 1e. Fyq is of order pyq. O
Let F1<hz) = Ri,17 Ri,j = P}(hz), and hz = % Then Ri,j is a new approxi—
Rij=R;i;1"
mation method improved from R; ;_, i.e. I | , and R; ; formula

Fi(hi) = Fj-1"(hi)
can be written in terms of R, ;_i:
Fi 1(qhi) — Fj1(hi)
Ry = By - SO
Ri1j1— R
qu,1 —1

=1 —

i.e. the dependency of R; ; is shown in the following table:

Rl,l\
RZ,Q\,
Ryy < Ry
Ryy”
Rs,”
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Romberg Integration

If Fi(h;) := R, is the quadrature of f; f(z) dz by means of composite trapezoidal

. =2
rule with [a, b] being sub-divided into 27! equal pieces, i.e. { % »—a Then,
7 . gi—19

by Euler-Maclaurin expansion formula, we can show that R; ; = Fy(h;) = F1(0)+
Kihi4+ Kshi+-- -+ K,hi"+- -, i.e. pj = 2j, and the above R; ; formula becomes

Ri 11— R
4-1 -1

Rij=Rija1—

To complete R;; table, we need to compute the first column R, ;, and R;;
can be derived in terms of R;_;; and f:

2i-11 2i-11
Ry = ZfaJrjh f(a+g+1)h)hi:% fla)+ f(b +22fa+jh)
2i-1-1 2011
=11} fa) + f(b) +2 Z fla+ jhi) +2 Z fla+ jh;)
jiseven jlsodd
20-1—1 202
:% Ri_11+ hi—y Z fla+jh;) :% Ri_11 +hi—1Zf(a+(2k*1)h¢)
i Jinodd -
21 2
= % Ri_11+ hi712f<a+(k—0-5)hi-1)
k=1

The so-called Romberg integration is the ;7 = 3 (order 6 method) quadrature
Ri737S

Trapzodial | Simpson | Romberg
Rl,l \
R2,2 \
Ry R
Rss” :
Rs1”
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Numerical Differentiation

Given n + 1 data points (xq, f(z0)), -, (zn, f(z,)) (With o, -, x, all distinct)
from f(z) and if Lagrange interpolation is taken:

f@) = Y fl@)Li(e) 4+ e (i (¢ (2)),
i=0 A

J/

-~

~~ error e(x)
interpolating polynomial p(x)

n

where L, ;(z) := H (*=2)) T agrange polynomials.

(zi—z;)
J#i
=0
F(@) = 3 Flan) (o) + R F D (€(w) + R L [0 (€ )],
i=0 —
) > ’ €(x)
()
If £+ is bounded and zg, - - - , z,, are “pretty close”, then { J{;Eg fp((x))’
n+1) z
In particular, if z := z;, then f'(x;) Zf xi) Ly, (25) + H(xrzz) (n+1§,])),

173]

Le. f(‘rj foz L/

f’(ﬂfl) ~ L(xo)=f(z1)

oo—z,» L.e. slope of secant line.

n =1 (two-point formula) f'(zq) =

21 —x1—T2
zo—x1)(z0—x2)

2% —To—T2
xz1—xo)(x1—x2)

22 —x0—T1
x2—x0)(T2—*1)

n = 2 (three-point formula) f'(z;) & F(@o)7 +han)g +f(e2)7

T1 ‘= Ty — h,  f@o+h)—f(zo—h) h—0
et { To = X9+ h, then f’(l’o) ~ %7 - f’(l‘o)

. . Ilizl’o—h, $232$0+h,
n =4 (five-point formula) Let { s = 20 — 2h. 74 = 10 + 2. then
Z f xl LI — %lf(xo-‘rh)Q—hf(Io—h) o %f(xo-i—Qh);lf(xo—Qh) ]
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