
μ±×ç 98 ç��� 1 ç‚ ‚25t·æ�
5t�ñ: (4Hb Ç{Ú�: ’$ø ·æ`¤¼ı:
5tn‚: 11~16n (ø) � 2 � z�áñH ©, ´†H×
…tæu3Ü, p.1 �ˆMb 71 M l�œ {… °p åt (∨) [×A B4�ÀÞ�ˆ JZl�

eÅ: Ê…t»,d� × × × ×
(4Hb I, çU èU â± Grading Key }b /120
©æîâc5�|�^5l�� Rû� }p�äktæ-j˛ëTj8l}� .YNìj�� |Û.óßqñîlÉ}�

1. (35}) (òg¾ ¶) A =

⎡
⎣ −2 −4 −3 −4 −5
−4 −8 −3 −4 −15

1 2 3 4 5
3 6 3 4 10

⎤
⎦ ,

(a) (28}) J �°W2"úM|×� �™U|üíÝÉbÑ3j�, ú A dòg¾ ¶�«�, êAF‚í P A =
L U }j� bxñŸ|ä³qñ�

(sol.) E1 = (1 2)(1 }),
(
p“(·, 1

2
, −1

4
, −3

4
)
)
, A1 := M1E1A =

⎡
⎣−4 −8 −3 −4 −15

0 0 −3/2 −2 5/2

0 0 9/4 3 5/4

0 0 3/4 1 −5/4

⎤
⎦ (12 }),

E2 = (2 3)(1 }),
(
p“(·, ·, −2

3
, 1

3
)
)
, A2 := M2E2A1 =

⎡
⎣−4 −8 −3 −4 −15

0 0 9/4 3 5/4

0 0 0 0 10/3

0 0 0 0 −5/3

⎤
⎦ (4 }),

E3 = (3 3)(1 }),
(
p“(·, ·, ·, −1

2
)
)
, A3 := M3E3A2 =

⎡
⎣−4 −8 −3 −4 −15

0 0 9/4 3 5/4

0 0 0 0 10/3

0 0 0 0 0

⎤
⎦ = U(1 }),

P = E3E2E1 =

⎡
⎣ 0 1 0 0

0 0 1 0
1 0 0 0
0 0 0 1

⎤
⎦(c_ 2 }), L =

⎡
⎣ 1 0 0 0
−1/4 1 0 0
1/2 −2/3 1 0
−3/4 1/3 −1/2 1

⎤
⎦(6 })�

(b) (3}) row(A) ÑS?

(sol.) (�«�) U →
⎡
⎣ −4 −8 · · ·
· · 9

4 3 ·
· · · · 10

3· · · · ·

⎤
⎦ →

⎡
⎣ 1 2 · · ·
· · 3 4 ·
· · · · 1

· · · · ·

⎤
⎦, ∴ row(A) =

〈
(1,2,0,0,0), (0,0,3,4,0), (0,0,0,0,1)

〉
(ø;²¾ 1 })

�

(c) (4}) null(A) ÑS?

(sol.) ÄÑ null(A) ⊥ row(A), FJ x ∈ null(A) iff

{
x1 +2x2 = 0

3x3 +4x4 = 0
x5 = 0

,

¹ null(A) =
〈

(2,−1,0,0,0), (0,4,−3,1,0)
〉

(ø;²¾ 2 })�

2. (§1.4#52) (9}) A ªL� àS !k�«� (ú|� òg¾j� ò[), M¥ø

[
A B

C D

]
‰A

[
A B

0 ∗
]

?

(sol.) (1) ø A d�«� (ú|� òg¾j� ò[) A I:

[
A−1 0
0 I

]
(2 })

[
A B
C D

]
=

[
I A−1B
C D

]
(1 })

,

(2) à I ú C d�¾j:

[
I 0
−C I

]
(2 })

[
I A−1B
C D

]
=

[
I A−1B
0 D − CA−1B

]
(1 })

,

(3) ø I )+A A:

[
A 0
0 I

]
(2 })

[
I A−1B
0 D − CA−1B

]
=

[
A B
0 D − CA−1B

]
(1 })

,

(
∴(3)←(2)←(1):

�
A 0

0 I

��
I 0

−C I

��
A−1 0

0 I

�
=

�
A 0

0 I

��
A−1 0

−CA−1 I

�
=

�
I 0

−CA−1 I

�)
�
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μ±×ç 98 ç��� 1 ç‚ ‚25t·æ�
5t�ñ: (4Hb Ç{Ú�: ’$ø ·æ`¤¼ı:
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eÅ: Ê…t»,d� × × × ×
3. (§2.2#27) (4}) {Ðz¬ L<ä³í row space D column space øøú@, ] row rank = column rank�

(a) ·H rank(AB) D rank(A) í×üÉ[, Üâ£ün#}�

(sol.) A B íW u A íW(4 ¯(1 }), ] A B Wí(4Ö�í_b .}ª A WíÖ(1 })�

FJu rank(AB) ≤ rank(A)�

(b) ·H rank(AB) D rank(B) í×üÉ[, Üâ£ün#}�

(sol.) A B í� u B í�(4 ¯(1 }), ] A B �í(4Ö�í_b .}ª B �íÖ(1 })�

FJu rank(AB) ≤ rank(B)�

4. (§2.2#42) (8}) }�YW-� “Ax = b” jí_b, àdåzp A í4”:

(a) � 0 C 1 _j, O¦²k b� A íW(4Ö�, / col(A) .—r˛È (1+1)

(b) � ∞ _j, D b ÌÉ� A íW(4óÉ, / col(A) �kr˛È (1+1)

(c) � 0 C ∞ _j, O¦²k b�A íW(4óÉ, / col(A) .—r˛È (1+1)

(d) � 1 _j, D b í²¦ÌÉ� A íW(4Ö�, / col(A) �kr˛È (1+1)

5. (§2.2#43) (8}) Am×n, rank(A) = r� }�YW-� “Ax = b” jí_b, #| m, n, r 5ÈíÉ[�

(ªJªœí ÿbrŸ|V)

(a) ú/< b Ìj� r < m ( . . Ÿ Ü â , Ÿ 7 6 . � } )

(b) úLS b î�Ì¤Öj� r = m < n ( . . Ÿ Ü â , Ÿ 7 6 . � } )

(c) ú/< b �ñøj, ú/< b Ìj� m > n = r ( . . Ÿ Ü â , Ÿ 7 6 . � } )

(d) úLS b î�ñøj� m = n = r ( . . Ÿ Ü â , Ÿ 7 6 . � } )

6. (§2.4#8) (5}) Am×n u�ìí� J b L<#, Ax = b ,u�j, ~½ Aty = 0 �ñøj´uÌ¤Öj?

(sol.) [ý b ∈ R
m Ì�àS·}rÊ col(A), FJ col(A) ur˛È R

m
(1 }), ¹ rank(A) = m, FJ A í

m �øìu(4Ö�í(2 }), ¹ At í m W(4Ö�(1 }), Aty = 0 W(4 ¯[b y É?ÑÉ(1 })�

7. (9}) (§2.4 ˝¬L p.108) J � ªL, jªø � íL pÑ �−1�

(a) J (AB) ªL, (AB)−1 í�0, pÑ (AB)−t, uBó? Üâ£ün#}�

(sol.) (AB)(AB)−1 = I, �0: [(AB)(AB)−1]t = (AB)−t(AB)t = I (1 }),
6ÿuz (AB)t íL [(AB)t]−1 = (BtAt)−1, ÿu (AB)−t

(2 })�

(b) A =

[
1 1
0 1
1 0

]
, à‹ A �˝LC¬L, ~#|ø_�

(sol.) (AtA) =
[
2 1
1 2

]
(1 }),

[
2 1 1 0
1 2 0 1

] �«�−→
[

1 0 2/3 −1/3
0 1 −1/3 2/3

]
, ¹ (AtA)−1 =

[
2/3 −1/3
−1/3 2/3

]
(3 }),

(AtA)−1At =
[

1/3 −1/3 2/3
1/3 2/3 −1/3

]
(2 }) u A íø_˝L (.ñø)�
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…tæu3Ü, p.3 �ˆMb 71 M l�œ {… °p åt (∨) [×A B4�ÀÞ�ˆ JZl�

eÅ: Ê…t»,d� × × × ×
8. (10}) (§2.6# 21,26 �cyclic ‰²�): ø σ :=

(
1 2 3 4 5
5 4 1 2 3

)
eÑ�½§ íä³[ýÑ P 5×5�

(a) ˘P n = I˙ �¥�9ý? à‹�, μ n uBó?

(sol.) 6ÿuÊ½: ½§ P © n Ÿ}�ƒŸPý?
ÄÑ σ = (1 5 3)(2 4)(2 }), FJ n u 6 íIb, 6ÿu 3,2 tIb(2 })�

(b) Bóší x Tà P (.‰? (¹: x = P x)

(sol.) 6ÿu x ³ P0 1,5,3 }øš(1 }), P0 2,4 }øš(1 }),
¹ x = x1(1, 0, 1, 0, 1)t + x2(0, 1, 0, 1, 0)t, ¹ x ∈ null(I − P ) = 〈(1,0,1,0,1)t, (0,1,0,1,0)t〉 (ø;²¾ 2 })�

9. (32}) (§2.6 £éI¦� ¥¦) I v = (0,1,1)t�

(a) (12}) ° �ßO v I¦ƒ
〈

(1,0,1)t , (1,1,0)t
〉

,� íä³[ý�

(sol.)
P e1 = P (−1

2
(0,1,1)t+ 1

2
(1,0,1)t+ 1

2
(1,1,0)t)

(1+1+1)
= 1

2
(1,0,1)t+ 1

2
(1,1,0)t = (1, 1

2
, 1
2
)t,

P e2 = P ( 1
2
(0,1,1)t+−1

2
(1,0,1)t+ 1

2
(1,1,0)t) (1+1+1) = −1

2
(1,0,1)t+ 1

2
(1,1,0)t = (0, 1

2
,− 1

2
)t,

P e3 = P ( 1
2
(0,1,1)t+ 1

2
(1,0,1)t+−1

2
(1,1,0)t) (1+1+1) = 1

2
(1,0,1)t+−1

2
(1,1,0)t = (0,− 1

2
, 1
2
)t,

¹ P =

⎡
⎢⎣

1 0 0

1
2

1
2
−1
2

1
2
−1
2

1
2

⎤
⎥⎦

(1 + 1 + 1)

(b) (14}) P =

[
−2 3 3

−3 4 3

1 −1 0

]
u£� éI¦ý? à‹u, ~z P íI¦j²� I¦ƒ¨³ °|V�

(sol.) Check: P 2 = P (3 }) O.ú˚, FJ P uéI¦(2 })�

]:
I¦j² Ñ null(P ) = . . . =

〈
(3,3,−1)t

〉
(3 }),

I¦ƒ ran(P ) = col(P )
(

C null(I−P )
)

= . . . =
〈

(1,0,1)t, (1,1,0)t
〉

=
〈

(1,0,1)t, (0,1,−1)t
〉

(ø;²¾3 })

(s6.óß, ®�®í, ßå³Ï)

(c) (3}) ° �ßO v £I¦ƒ v⊥ ,� íä³[ý�

(sol.) I − 1
vtv

v vt
(1 }) = I − 1

2

[
0 0 0

0 1 1

0 1 1

]
(1 }) =

[
1 0 0

0 1/2 −1/2

0 −1/2 1/2

]
(1 })

(d) (3}) ° �¥¦ƒ v⊥ úÞ� íä³[ý�

(sol.) I − 2
vtv

v vt
(1 }) = I −

[
0 0 0

0 1 1

0 1 1

]
(1 }) =

[
1 0 0

0 0 −1

0 −1 0

]
(1 })
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