
微積分 I 之 §6.1–6.4, §7.1–7.3 Grading Key 分數 25

1. Let f(x) = x2/2 + 1/2. Find the volume of “ f(x)≤y≤1
x∈[0,1] revolving about y-axis ”

by disc/washer method

(sol.) “
∫
πx2 dy” =

∫ 1

0
πx2 · x dx = π

4
(+1) (+1) (+1)

by shell method

(sol.) “
∫
2πx(1− y) dx′′ =

∫ 1

0
πx(1− x2) dx =π(1

2
− 1

4
) = π

4
(+1) (+1) (+1)

Find the arc length of y=f(x)
x∈[0,1]

(sol.)
∫ √

1 + x2 dx , let x = tan t
=

∫
sec3 t dt =

∫
sec t d(tan t) (+1)

= sec t tan t−
∫
tan2 t sec t dt (+1)

= sec t tan t+
∫
sec t dt−

∫
sec3 t dt (+1) , ∴

∫
sec3 t dt = 1

2
[sec t tan t+ ln | sec t+ tan t|] (+2) .

∴ 弧長=
∫ 1

0

√
1 + x2 dx= 1

2

[
x
√
1 + x2 + ln(x+

√
1 + x2)

]1
0
= 1

2
[
√
2 + ln(1 +

√
2)]

(+1) (+2) (+1)

Find the area of “ y=f(x)
x∈[0,1] revolving about y-axis ”.

(sol.)
∫ 1

0
2πx

√
1 + x2 dx =π 2

3
(1 + x2)

3
2 |10 = 4

3
π
√
2− 2

3
π

(+1) (+2) (+1)

2.
∫

dx
2
√
x+2x

(sol.) 原式 =
∫

dx√
x(2+2

√
x)

(+1)

=
∫ d(2+2

√
x)

2+2
√
x

(+1)

= ln(2 + 2
√
x) (+1)

3.
∫

dx
1+ex

(sol.) 原式 =
∫

1+ex−ex

1+ex
dx (+1)

= x−
∫ d(1+ex)

1+ex
(+1)

= x− ln(1 + ex) (+1)

(Tidy up your work above. Anything written below does not count.)
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