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Power series of f (x) in (x− a)

ø f(x) ŸA power series in (x − a), ¹: ø f(x) ŸA ∗+ ∗(x−a) + ∗(x−a)
2 + ∗(x−a)

3 + · · ·, ¹: ° f(x)
ú a í Taylor �Ç�. f(x) ˚Ñ v‚�b5¥£$� (closed form) C˚ ÞAƒb (generating function)�
a = 0 ví�Ç� ∗+ ∗x + ∗x

2 + ∗x
3 + · · · ¢˚Ñ Maclaurin �Ç�.

âk f(x) …™íì2� Df D w power series íYg� Dconv .øìó° ( Dconv ⊆ Df ) FJBbn}øò

z: Ê„°)Yg�5‡, $�,,f(x)=∗+ ∗(x−a) + ∗(x−a)
2 + ∗(x−a)

3 + · · · �

{Ð,ƒ¬ß�Ÿ7: 7j power series í3bñí, uÑ7 J�Í$íj¶, °|Yg�bíM. ÄÑ¦� °Ì

¤�bYgM í½æ, òQ�'Ø)ƒ�üj, ·)N¬hô, vƒóÉ power series í closed form, yHMª

 � Éu.â·<, FHíM.ârÊ power series íYg�q�

àS°Yg�(Yg–È)

I ∗+ ∗(x−a) + ∗(x−a)
2 + ∗(x−a)

3 + · · · íYg�Ñ Dconv, 'péË, Dconv øì¨Ö a. à‹Dconv.Éøõ,
O�ÜRi, úk'Ô¡ a í x 7k, v‚�bª?6}Yg� kuBb;ø−: â a ²˝¬Ø"ƒBó˙�, U

)v‚�bYÍYg.

ø ∗+ ∗(x−a) + ∗(x−a)
2 + ∗(x−a)

3 + · · · pd
∑

n an(x), ÄÑ an(x) í +/− D x �É (.øìu£�bC>

˜�b), FJBb�ƒÿlcq
∑

n an(x) conv. abs. J°) Dconv: à‹à ratio test Võ£�bYg¥K9,
ÿ}As�8”:

1. lim
n→∞

∣∣∣an+1(x)

an(x)

∣∣∣ < 1, üìYg, Å—¤.��5 x FAíÕ¯ S ¨Ök Dconv;

2. lim
n→∞

∣∣∣an+1(x)

an(x)

∣∣∣ = 1, .üìYg, ÛbyÇÕ�ð S íiäõ�

Example 1 $�,, ln(1 + x) = x− x2

2
+ x3

3
− x4

4
+ · · · =

∑
n

an(x)︷ ︸︸ ︷
xn

n
(−1)n+1

• I lim
n→∞

∣∣∣an+1(x)
an(x)

∣∣∣ < 1, ⇐⇒ lim
n→∞

|x| n
n+1

< 1, ⇐⇒ |x| < 1,

�ð lim
n→∞

∣∣∣an+1(x)
an(x)

∣∣∣ = 1, ¹ |x| = 1 í8”:

{
x = −1 : −

∑
n

1
n
(Ší|¸�b): div.

x = +1 :
∑

n
(−1)n

n
(>˜�b): conv.

,

FJ Dconv = {x | − 1 < x ≤ 1} = (−1, 1].

• ln(1 + x)
d

dx=⇒ 1
1+x

= 1− x + x2 − x3 + x4 − x5 + · · · if | − x| < 1∫
dx

=⇒ ln(1 + x) = C+ x− x2

2
+ x3

3
− x4

4
+ x5

5
− x6

6
+ · · · if |x| < 1

Hp x = 0 : 0 = C.
�ð |x| < 1 íiä, ¹ |x| = 1 í8”: (°,),
FJ Dconv = {x | − 1 < x ≤ 1} = (−1, 1].

Example 2 °

∞∑
n=1

n(n + 1)xn íYg� Dconv £w¥£$�.
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• cq lim
n→∞

∣∣∣ (n+1)(n+2)xn+1

n(n+1)xn

∣∣∣ < 1, ⇐⇒ lim
n→∞

∣∣∣ (n+2)x
n

∣∣∣ < 1,

⇐⇒ lim
n→∞

∣∣n+2
n

∣∣ |x| < 1, ⇐⇒ |x| < 1.

�ð |x| = 1:
x = 1 :

∑∞
n=1 n(n + 1) êà

x = −1 :
∑∞

n=1 n(n + 1)(−1)n êà
FJ Dconv = (−1, 1).

àög¶c?°| Dconv, Ì¶°| closed form�

• I f(x) :=
∑∞

n=1 n(n + 1)xn. †
f(x)

x
=

∑∞
n=1 (n + 1)nxn−1∫ ∫

=⇒
∫ ∫ f(x)

x
=

∑∞
n=1 xn+1 + C1x + C2

= x2

1−x
+ C1x + C2 as |x| < 1

= −x− 1 + 1
1−x

+ C1x + C2

= 1
1−x

+ C3x + C4
d

dx
d

dx=⇒ f(x)
x

= 2
(1−x)3

=⇒ f(x) = 2x
(1−x)3

as |x| < 1

�ð |x| = 1: îêàFJ
∑∞

n=1 n(n + 1)xn = 2x
(1−x)3

, Dconv = (−1, 1).

¥šd.c°| Dconv, ´?°| closed form�

Example 3 °

∞∑
n=0

xn

(n + 1)3k
íYg� Dconv £w¥£$�.

• cq lim
n→∞

∣∣∣∣∣ xn+1

(n+2)3n+1

xn

(n+1)3n

∣∣∣∣∣ < 1, ⇐⇒ lim
n→∞

1
3

(
n+1
n+2

)
|x| < 1, ⇐⇒ |x| < 3.

�ð |x| = 3 :

{
x = −3 : conv.
x = +3 : div.

, FJYg� Dconv = [−3, 3)�

•
∑ (x

3
)k

k+1
, hô|

∑
xk

k+1
D �É:

I f(x) =
∑∞

n=0
xn

n+1

xf(x) =
∑∞

n=0
xn+1

n+1
d
dx

[xf(x)] =
∑∞

n=0 xn = 1
1−x

, as |x| < 1

xf(x) =
∫

dx
1−x

+ C, ⇒ C = 0

f(x) = ln(1−x)
−x

ÄÑ lim
x→0

ln(1−x)
−x

= lim
x→0

ln
[
(1− x)

1
−x

]
= ln e = 1,

FJBbªJì2
∞∑

n=0

xn

n + 1
=

{
ln(1−x)
−x

, −1 ≤ x < 1, x 6= 0

1, x = 0

=⇒
∞∑

n=0

xn

(n + 1)3n
=

{ −3
x

ln(1− x
3
), −3 ≤ x < 3, x 6= 0

1, x = 0

Copyright c©March, 2004 by Dr. Mengnien Wu : mwu@mail.tku.edu.tw



Emphases of Calculus — Examples of Infinite Series Page 3

Example 4 J

∞∑
n=1

n2

n!
, °wYgM�

ex =
∑∞

n=0
xn

n!
,∀x ∈ R

d
dx
·

=⇒ ex =
∑∞

n=1
nxn−1

n!
,

xex =
∑∞

n=1
nxn

n!
,

d
dx
·

=⇒ [xex]′ = xex + ex =
∑∞

n=1
n2

n!
xn−1,

∴
∞∑

n=1

n2

n!
=

[
xex + ex

]
x=1

= 2 e.

éNí, à…æ

∞∑
n=1

nk

n!
, k = 2, 3, 4, 5, · · · £wF° Ì¤�bM í½æ, ~�ð*3� ‚25vø.#Tý�

Example 5 J

∞∑
n=1

n2(2
3
)n Yg, °wYgM�:

∞∑
n=1

xn =
1

1− x
, |x| < 1;

d
dx=⇒

∞∑
n=1

nxn−1 =
1

(1− x)2

x·
=⇒

∞∑
n=1

nxn =
x

(1− x)2
=

1

(1− x)2
− 1

1− x
d

dx=⇒
∞∑

n=1

n2xn−1 =
2

(1− x)3
− 1

(1− x)2

x·
=⇒

∞∑
n=1

n2xn =
x + x2

(1− x)3

yz x = 2
3

Hª  ÿß7 (ªJH, ÄÑ |2
3
| < 1)�
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