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Continuity

à°À‰¾ƒb, øOí”Ìì2:

Definition 1 [Limit] Let f : Rn → Rm be a function. lim
x→a

f(x) exists, say, equal to b ∈ Rm, provided

that ∀ ε > 0,∃ δ(ε) > 0 such that 0 < ‖x− a‖ < δ =⇒ ‖f(x)− b‖ < ε�

Definition 2 [Continuity] Let f : Rn → Rm be a function. f is continuous at a ∈ Rm if lim
x→a

f(x) =

f(a), i.e. ∀ ε > 0,∃ δ(ε) > 0 such that ‖x− a‖ < δ =⇒ ‖f(x)− f(a)‖ < ε�

”Ìì2z, à‹”ÌæÊ, Ì� x → a S¦S�˜�, ”ÌMî.‰� âk n ≥ 2 v, ”Ìì22 x → a í˜

� .ªb, FJ, Ôì˜� É?àVzp”Ì.æÊí8”�

J n = 2, m = 1, ¹ f(x, y) ∈ R ÑW� Ê.Ü"O4í8”-, I a ¹Ÿõ 0, /Ñ f(x, y) íJõ (singular
point)� IQ¡ 0 í/˜�Ñ y = g(x)� [à‹] g �ú 0 í Taylor �Ç�

g(x) = ∗x∗ + ∗x∗ + ∗x∗ + · · · = mxk + { òŸá }, (1)

†, ç x ≈ 0 v, f(x, g(x)) ≈ f(x, mxk)� ·< [à‹]ùå, ÄÑ: 1ÝF�˜�·umËí�

à‹ úkLSí m, k, lim
x→0

f(x, mxk) î.‰, Bbÿ�k}íÜâaO lim
(x,y)→(0,0)

f(x, y) uæÊí�

�v`, Z‰è™Í$ ªJªœñqõ|”ÌæÊD´�

Wà: f(x, y) is singular at (a, b),
��⇐⇒ g(x, y)

def
= f(x + a, y + b) is singular at (0, 0),

y²A”è™:

{
x = r cos θ
y = r sin θ

j² lim
(x,y)→(0,0)

g(x, y) = lim
r→0

g(r, θ) í½æ�

õÊ.W, ÿÉßà ε-δ ì2V„p”ÌæÊD´�

Example 1 f(x, y) = xy
x2−y2

x2+y2 , J¦�¡ (0, 0) í˜�Ñ y = mxk, † f(x, mxk) =
mxk+3 −m3x3k+1

x2 + m2x2k
.

J k ≥ 1, lim
x→0

f(x, mxk) = lim
x→0

mxk+1 −m3x3k−1

1 + m2x2k−2
=

0 + 0

1 + 0
C

0 + 0

1 + m2
= 0;

J k < 1, lim
x→0

f(x, mxk) = lim
x→0

mx3−k −m3xk+1

x2−2k + m2
=

0 + 0

0 + m2
= 0;

¹: úkLSí m, k, lim
x→0

f(x, mxk) = 0, ]¯ÜaO lim
(x,y)→(0,0)

f(x, y) �k 0;

ÇÕ, f(x, y) Ñ 4 ¼
2 ¼

, ×_6ªJ “õ|” lim
(x,y)→(0,0)

f(x, y) �k 0;

¥æ‰²A”è™(, �«Ë, ‰)'ñq: lim
(x,y)→(0,0)

f(x, y) = lim
r→0

f(r cos θ, r sin θ) = lim
r→0

r4

�ä︷ ︸︸ ︷
( 1
2

cos 2θ sin 2θ)

r2 = 0
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Differentiablity

À‰¾ƒbíª�4: f(x) ª� ⇐⇒ f ′(x) æÊ =⇒ f, f ′ Ê a T©/�

f(x, y) ∈ R. à°À‰¾ƒbíª�4, J ∂f
∂x

� ∂f
∂y

îæÊ, †˚ f ª�, / ∂f
∂x

� ∂f
∂y

.Í©/, O„.ª��

à‹ ∂
∂y

(∂f
∂x

) � ∂
∂x

(∂f
∂y

) ©/, † fxy
def
= ∂

∂y
(∂f

∂x
) �k fyx

def
= ∂

∂x
(∂f

∂y
)�

à‹F�ù¼ûb fxx � fxy � fyx � fyy î©/, † fxy = fyx, /˚ f ÑùŸª��

Ì� f u�_‰¾, JF� f í k ¼ûb ·©/, †Lø f í k ¼ûbD°ûßåÌÉ, /˚ f Ñ k Ÿª��

Example 2 ¥u fxy 6= fyx íWä: f(x, y) =

{
xy

x2−y2

x2+y2 if (x, y) 6= (0, 0),

0 if (x, y) = (0, 0).
† f(x, y) TT©/, 1/

 fx(0, y) = lim
h→0

f(0+h,y)−f(0,y)
h

= · · · = −y,

fy(x, 0) = lim
h→0

f(x,0+h)−f(x,0)
h

= · · · = x,

{
fxy(0, y) = ∂

∂y
(−y) = −1,

fxy(x, 0) = ∂
∂x

(x) = 1,

{
fyx(0, 0) = −1,
fyx(0, 0) = 1.

ÖÍ fx, fy Ê (0, 0) ©/,

fx = y(x4−y4+4x2y2)
(x2+y2)2

, 5 ¼
4 ¼

,

fy = x(x4−y4−4x2y2)
(x2+y2)2

, 5 ¼
4 ¼

,

Ou fxy, fyx Ê (0, 0) 1.©/:

fyx = x6+9x4y2−9x2y4−y6

(x2+y2)3
, 6 ¼

6 ¼
,

fxy = x6+9x4y2−9x2y4−y6

(x2+y2)3
, 6 ¼

6 ¼
,

*}ä� }‚í¼b ×_ªõ|Ê (0, 0) Tí©/4�
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