FORCED WAVES FOR AN EPIDEMIC MODEL OF WEST-NILE VIRUS
WITH CLIMATE CHANGE EFFECT
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ABSTRACT. This paper deals with the existence of forced waves for an epidemic model of
West-Nile virus in a shifting environment. Here a forced wave is a traveling wave with wave
speed the same as the environmental shifting speed. The forced waves we constructed have
the property that the waves tend to the positive endemic state of the epidemic model as the
time tends to infinity. The derivation of these forced waves relies on a careful construction
of a suitable lower solution with the help of Schauder’s fixed point theorem.

1. INTRODUCTION

A vector-borne disease is an infectious disease such that the pathogen is transmitted from
an organism such as mosquitoes, ticks and fleas. West Nile virus (WNv) is one of the
representative vector-borne infectious diseases with mosquito as a vector. The primary host
of WNv is bird, and the virus has a ’bird-mosquito-bird” transmission cycle. So, disease
dynamics of WNv depends on the interaction between birds and mosquitoes and on their
movements.

In this paper, we are interested in the following simplified model of WNv introduced by

Lewis et al. [17]:
%(.T,t) = dl%(xat) + O‘bﬁb%i(x’t)lm('rvt) - ’YbIb(xat)v UES Ra t> 07

o (2,1) = dp Gl (2, 1) + B2 20 Iy (2, 1) — (2, 1), T € R, >0,

(1.1)

in which I, is the population of infectious birds, I,, is the population of infected mosquitoes,
dy, dy are the diffusion coefficients of birds and mosquitoes, respectively, «; and «,, are the
transmission probabilities of WNv per bite to birds and mosquitoes, respectively, [, is the
biting rate of mosquitoes on birds, 7, is the recovery rate of birds from WNv, N, is the total
population of birds, ¢, is the death rate of mosquitoes, and A,, is the total population of
adult (female) mosquitoes.

In fact, the simplified model (1.1) is derived from the model proposed in [21] by adopting
the following hypothesis:
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(A1) there is no death of birds by WNv;
(A2) recovered birds become immediately susceptible;
(A3) exposed mosquitoes are immediately infective.

Furthermore, in [17], the adult mosquitoes population A,, and the total population of birds
N, are assumed to be constants.

On the other hand, the climate change can affect the dynamics of vector-borne disease
because the change alters the habitat of vectors. A temperature is one of the important
factors of habitat change, and especially the survival of mosquitoes crucially depends on the
temperature. As global warming makes their habitat move northwards, climate change in-
creases the risk of exposure to WNv. Therefore, considering climate change effect is essential
when we study WNv model. This motivates us to consider the model (1.1) with non-constant
adult mosquitoes in time and space.

In this paper, we consider a widely used modelling for the climate change effect and assume
that the total population of mosquitoes is expressed as A, = 0(x — st) with a shifting speed
s > 0 such that

(h1) 6 is a continuous function with f(+00) =0 <60 <1 = f(—o0) in R.

This means that the maximal carrying capacity of mosquitoes is normalized to be 1, i.e.,
f(—o0) = 1, which can be realized by taking a suitable unit of mosquitoes. Moreover, the
mosquitoes become saturated at the level 1 as t — oo or z — —o0.

For notational convenience, we take a suitable unit of birds so that N, = 1 and set

a=apBh, Y=Y, 0 = @, C= Cp-

Then (1.1) becomes

Iyt = dilppw — vIy + 1 — L)L, 2 € R, >0, (1.2)
It = dolpy oo + 6[0(x — st) — I, — clyy, x € R, > 0. (1.3)
Note that, under the condition
A:=ad—yc>0, (1.4)
there is a unique stable positive co-existence state
E* = (¢, 00y), ¢ :i= ———— € (0,1), ¢, := A € (0,1),
(a+7)d a(c+9)

of the diffusion-free limiting system
I[(t) = —vI(t) + ol (t) — ady(t) [u(t), t >0,
Il (t) = 01y(t) — el (t) — 01, (t)Ip(t), t > 0.

The state E* is called the endemic state.
We are concerned with the spreading dynamics of the infected birds and mosquitoes. In
particular, we are interested in traveling wave solutions of system (1.2)-(1.3) in the form

(Ip, Ip) (z,t) = (9, 0)(2), 2z :=x — st, (1.5)
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for some functions (wave profiles) {¢, 1}, where the wave speed s is the same as the envi-
ronmental shifting speed. This type of traveling wave is called a forced wave. Therefore, to
find a forced wave of (1.2)-(1.3) in the form (1.5) is equivalent to finding a solution (¢, ?) of

d19"(2) + 5¢'(2) = 19(2) + ap(2) — ag(2)Y(2) =0, z € R,
da¥)"(2) 4 sU'(2) + 00(2)d(2) — cip(2) — 6(2)Y(2) = 0, z € R.
We are interested in forced waves satisfying
(¢,9)(00) = (0,0),  (&,9)(—00) = (¢, ¥s). (1.7)
Biologically, this means that with the climate change effect the West Nile virus spreads

(1.6)

through the entire habitat eventually. For the study of forced waves, we refer the reader to,
eg.,|[1,2,3,4,6,7, 8,10, 13, 14, 19, 20, 23].
The problem with constant adult mosquitoes, i.e., A,, = 1, was studied in [17]. Set

Sy = inf M, (1.8)
u>0 o)

where A(u) is the Perron-Frobenius eigenvalue of the matrix

dip® =y o
S(p) = 5 dop —c|
In particular, it is proved in [17] that a traveling wave connecting the disease free state (0, 0)
to the endemic state E* of system (1.2)-(1.3) with # = 1 exists if and only if its wave speed
exceeds the positive constant s, (the minimal speed). Notice that system (1.2)-(1.3) with
0 = 1 is a homogeneous cooperative system. However, we do not know whether system (1.2)-
(1.3) is a cooperative system, since mathematically we were unable to verify that I, < 6
(although it is true biologically).
The main theorem of this paper reads

Theorem 1.1. Let s > 0 and let condition (hl) and (1.4) be enforced. Then system (1.2)-
(1.3) has a forced wave in the form (1.5) for any s < s. such that (¢,¢)(c0) = (0,0).
Moreover, if we further assume
a>7y, 0 >c, (1.9)
then we have (¢,1)(—00) = (¢x, 1s).
As mentioned earlier, there are already many interesting works on the existence of forced
waves in various reaction-diffusion systems. It seems that the problem of finding solutions of
(1.6) and (1.7) is an easy consequence of the well-known results and methods in the literature.

However, there are certain difficulties to be overcome in dealing with system (1.6). Note that
a solution of system (1.6) is a stationary solution of the cooperative system

¢t=d1¢zz+5¢z—’7¢+@¢—a¢¢7Z€R>t>07
¢t=d2¢zz+8¢z+59¢—0¢—5¢¢, Z€R>t>07
in the space

S:={(,0) €C'R) x C'R) |0< ¢ <1,0<v <6 inR}.
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Biologically, one should have 1) < 6. However, we were unable to derive rigorously such an a
priori bound. On the other hand, although [0, ¢,] x [0,.] is an invariant set of system (1.6),
the set [0, ¢.] x [0, min{¢),, 0}] is not necessary invariant. Therefore, the classical monotone
iteration method cannot be applied.

On the other hand, the method of upper-lower solutions with the help of Schauder’s
fixed point theorem has been proved very successful in deriving traveling wave solutions
(in particular, forced waves) in many non-cooperative systems. See, e.g., [5, 12] and the
references cited therein. The success of this method relies on the suitable definition and the
careful construction of upper-lower solutions. Moreover, in order to apply the Schauder’s
fixed point theorem, one need to verify that the corresponding integral operator to the
original ODE system maps the set defined by the pair of upper-lower solutions into itself.
Note that neither 1, < 6 nor 6 < 1, in R. Our strategy is to construct a lower-solution (¢, 1)
of (1.6) (to be defined later) so that ¢ < ¢, and 1 < 6 in R. With this valuable information,
we are able to obtain an invariant domain of the corresponding integral operator so that
Schauder’s fixed point theorem can be applied to derive the existence of a solution of (1.6).

The outline of this paper is as follows. In §2, we first introduce the definition of upper-
lower solutions of system (1.6). Then we provide a derivation of the existence of solution to
(1.6) under certain conditions on the lower solution. Motivated by [11], the construction of
a suitable lower solution is given in §3. Finally, in §4, we finish the proof of the existence of
forced waves as stated in Theorem 1.1.

2. PRELIMINARIES

To find a solution of (1.6)-(1.7), we first introduce the following definition of upper-lower
solutions.

Definition 2.1. Continuous functions (¢, ¢) and (¢,7) are called a pair of upper- and lower-
solutions of (1.6) if ¢ > o, P> ¥, and the following inequalities

Us(z) == di¢ (2) + 56 (2) = 16(2) + ad(2) — ad(2)P(2) < 0 (2.1)
(o) = 05T(2) + 57 5) 4 BIB) — ) — BN < (2.2)
L1(2) = dr1¢"(2) + 5¢'(2) — 79(2) + ap(2) — ag(2)¥(z) = 0 (2.3)
La(2) = da"(2) + ¢/ (2) + 06(2)(2) — cib(z) — 0o(2) (2 ) >0 (2.4)
hold for all z € R\ E for some finite subset E of R.
Due to § < 1, it is easy to see that (&,1)(2) = (¢.,,) is an upper solution of (1.6).
Next, suppose that there exists a lower solution (¢,v) of (1.6) such that
0<¢<d, 0<P<0, (2.5)

and for each z; € £ it holds

lim ¢'(z) < lim ¢'(2), lim ¢'(z) < lim ¢'(2). (2.6)
2 2 z\z /% z\z
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Then we define
I'={(¢,9) € C°R) x C°(R) | ¢ < 6 < ¢, ¥ <9 <}

Also, we introduce
{ﬂwwwa=pw@+awa—am><@ 79(2),
F5(¢,9)(2) = pi(2) +00(2)¢(2) — 00(2)Y(2) — cib(z),

where p is a constant such that p > max{a +~,d + c}.
Now we may rewrite (1.6) as

{d@"(z) +50/(2) = po(2) + Fi(6,9)(2) =0, z € R,
dot)"(2) + sU'(2) — p(2) + F2(0,¥)(2) =0, z € R,
and define an integral operator @ = (Q1,Q2) by

Q6.0 = s [ [T e R

Qu6.0)) = o[ [ et [T et o vy

z

where A and p4 are defined by

—s =+ /8% + 4pd; —s+ /8% +4pdy
ft = .

Ay = _
* 2, P 2,

Note that Q(¢,1)) satisfies
{dl[Q1(¢,¢)]”(Z) +5[Q1(¢, ¥)]'(2) = p[Q1(9, ¥)I(2) + Fi(9,¥)(2) =0, z €R,
d2[Q2(0, V)" (2) + 5[Q2(9, ¥)]'(2) — p[Q2(9, ¥)](2) + Fa(¢, ¥)(2) =0, z € R.

Thus, a fixed-point (¢, 1)) of the operator @) renders a solution of (1.6).
Note that

Fi(¢,9)(2) = Fi(, ¥)(2), F2(6,9)(2) = F2(¢,¥)(2), V=2 € R, (2.8)
if (¢,%) € T'. Indeed, this follows from ¢ < ¢, < 1,9 < < 1 and the identities
F(0.0)(z) ~ R(6.9)(2) = (0~ 7 — 0¥)(6 - ) + (1 - 6)(i — ).
Faf0,0)(2) — Fa,0)(2) = (p — ¢ — 00)(1 — ) + 66 — 0)(6 — ).
4) >
?,

It follows from (2.8) that Qi(¢,v) > Qi(¢, %) and Qa(h,v) > Q2(¢,v). Hence, by the
definition of the lower-solution (¢, 1) along with the property (2.6), we obtain

)
)

Q1(d, %) = Q1(9,¢) = ¢, Qa(d,¥) > Qa(9,¢) > ¢, if (¢,¢) €T (2.9)
On the other hand, since
8F1 ale

——@v)=(p—7—ap) 20, =—(¢,¢) =l = ¢) 20,

99 o
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we get Fi(¢p,1) < Fi(¢s, ) for all (¢,7) € I'. Since Fi(¢,¥.) = pds, we obtain that
Q1(p, ) < ¢, for all (¢,1) € T'. Finally, since # < 1 and ¥ <1, < 1, we have
Fy(p,) < ppp+00—00Y —cp = (p—c)p +0(1 — )¢
< (P +6(1 =) = (p—c— ¢ )1 + 5.
< (P —C— 5¢*)¢* + 0. = pih..

It follows that Q2(¢, 1) < 1. Hence we have proved that the operator ) maps I' into T'.

Then, by an application of the Schauder’s fixed point theorem (cf., e.g., [18, 22, 15]), we
obtain that @ has a fixed-point (¢,1) € I'. Therefore, we conclude that system (1.6) has
a solution (¢,v) € I', provided that we can find a lower solution (¢,) of (1.6) such that
conditions (2.5) and (2.6) hold. -

3. CONSTRUCTION OF A LOWER SOLUTION

This section is devoted to the construction of a suitable lower solution to (1.6).
First, by (1.4), we can choose gy > 0 sufficiently small such that ad(1 —¢g¢)(1 —2g9) > vc.
Also, recall from (1.8) that

Sy := inf M,
u>0 ol

where A(p) is the Perron-Frobenius eigenvalue of the matrix

dip® — o
S(:u): 1:”(5 K d2u2_c'

For 0 <e<egp, s>0and L >0,let A =Ap:=AL(s,e) be the principal eigenvalue of
~ 19z — 56z + 70 —a(l =€) = Ap, x € (=L, L),
—dytyy — S +cth —0(1 —2e)p = A, € (=L, L), (3.1)
B(£L) = Y(+L) =0
Then, for a given s € (0, s,), recall from [9, Proposition 3.5] (see also [11]) that Az(s,e) <0
for a large L and a small e. We also choose a fixed eigenfunction (¢r,vr) of (3.1) corre-

sponding to the principal eigenvalue Ay (s,¢) such that 0 < ¢, < 1in (=L, L).
Next, let 0 < s < s,. Since #(—o0) = 1, there exists z, € R such that

0(z) >1—¢, Vz <z, (3.2)
For any zy < z,, we define
(P, U)(2) :=(etpp(z — 20+ L),et(z — 20+ L)), z € (20 — 2L, 20).
Then (®, V) satisfies
d1®"(2) + sP'(2) — 7P(2) + a¥(2) — a®(2)¥(2)

> e{did] +sd, —vor+a(l—e)p}(z—20+ L) >0, z € (20— 2L, 20), (3.3)
do¥"(2) + sV (2) + 00(2)P(2) — ¥ (2) — 6P (2)¥(2)
e{dot] + sy +0(1 = 26)¢r, — cpr}(z — 20+ L) 2 0, 2 € (20 — 2L, %), (3.4)

v
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using (3.1), 0 < &, ¥ < ¢, Ar(s,e) < 0 and (3.2). Denote the extension of (¢r,r) to be
zero outside of (—L, L) by (¢,). Then (e¢,e1))(z — zo + L) is a lower solution of (1.6) in R
such that (2.5) and (2.6) hold for any zy < z,. Therefore, the function

(¢, 9)(2) = (e sup {é(z — 20+ L)}, e sup {zﬂ(z — 2+ L)})

20<2x 20<2x

is a lower solution of (1.6) such that (2.5) and (2.6) hold. Moreover, we have

li = >0, li = > 0. 3.5
im_ ¢(2) Ezgfiaﬁ]W(z) lim _1)(2) €Zer[r1_%:>§L]wL(z) (3.5)

Z——00

4. EXISTENCE OF FORCED WAVES

First, the existence a positive solution (¢,1) of (1.6) follows from the Schauder’s fixed
point theorem by using the pair of upper-lower solutions constructed in the previous sections.
Next, we derive the wave tail limits of this wave profile (¢, ) as follows.

Proposition 4.1. It holds (¢,v)(c0) = (0,0).

Proof. Although the proof is standard (cf. [6, 7]), we provide the details for the reader’s
convenience due to some cares need to be taken. Let

¢ = limsup ¢(z), ' :=limsup(z).

zZ—+00 z—+00

Since ¢, > 0, we have ¢*,9* > 0. For contradiction, we suppose that either )™ > 0 or
ot > 0.

Suppose first that )™ > 0. If 4 is oscillatory near z = 400, there is a sequence of maximal
points {z,} of ¥ such that ¥(z,) — ¢ and 2z, — 00 as n — oco. Since 0(z,) — 0 as n — oo,
V' (z,) = 0 and ¢"(z,) < 0 for all n, we obtain

0 = lim [d3" (z0) + 59/ (z0) + 00(z0)(20) — tb(zn) = 89(z0)0(20)] < —ett <0,

a contradiction. On the other hand, when 9 is monotone ultimately at z = +o00, we can find
a sequence {z,} tending to +o0o such that ¢’(z,) — 0. Since ¢ (00) = 1™ > 0 and (c0) = 0,
we can find a sufficiently large integer m such that

0(z) <U(z), Vz > zp.

By an integration of ¥-equation in (1.6) from z,, to z, with n > m, we obtain that

o[t (zm) = ¥ (2n)] + [0 (2m) — P(2n)] = /n 00(2)(2) — cib(2) = 60(2)¥(2)]dz. (4.1)

Since ¥(z,) — ¥ as n — oo, the left-hand side of (4.1) is uniformly bounded for all n.
However, the right-hand side of (4.1) tends to —oo as n — oo, a contradiction. Hence we
have proved that ¥ = 0.

Now, suppose that ¢™ > 0. If ¢ is oscillatory near z = +oo, then there is a sequence of
maximal points {z,} of ¢ such that ¢(z,) — ¢ and z, — oo as n — oco. Since ¥(z,) — 0
as n — 00, ¢'(z,) = 0 and ¢"(z,) < 0 for all n, we have a contradiction as that for ¢ in
above.
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Suppose that ¢ is monotone ultimately at z = +0o0. Then we can find a sequence {z,}
such that ¢/(z,) — 0 and z, — oo as n — oco. Since 1(00) = 0 and ¢(c0) = ¢* > 0, there
is a sufficiently large integer m such that

at(z) < 79(2)/2, V2 > 2.

Integrating the ¢-equation of (1.6) from z,, to z,, we have

[¢ (2m) — &' (2n)] + 5[0 (2m) — 6(zn)] = /Zn[—w(Z) +a(z) —ag(z)(2)ldz.  (4.2)

Again, as before, the left-hand side of (4.2) is uniformly bounded for all n and the right-hand
side of (4.2) tends to —oo as n — oo, a contradiction. Therefore, we must have ¢t = 0 and
so the proposition is proved. 0

To derive (¢, 1)(—00) = E* = (¢4, 1), we use the idea of shrinking rectangles (see, e.g.,
16, 5, 12)).

Proposition 4.2. [t holds (¢,¥)(—00) = (¢x, V), if (1.9) is enforced.
Proof. First, set
p~:=liminf, , o ¢(2), p*:=limsup,_,__ o(2),

g~ :=liminf, , ¥(2), ¢ :=limsup,, . ¥(z),

ko := min{¢(—00), P (—00), ¢s, 1. }.
Note that ko > 0 due to (3.5). From the construction of upper-lower solutions, we have
ko <p” <Pt < g, ko <@ < g < (4.3)
Define the set
A={vel0,1)|p >m{v), ¢ > M)},
where
m(v) = (1 —v)k+vd., M(v):= (1 —v)k+ v, ve|01],

in which x € (0, ko) is constant such that

k< min{l —y/a,1— o/8, 6,16,/ (6, + ). (4.4)

It is well-defined due to (1.9). Note that m(v) ¢, and M(v) /. asv /1. Also, 0 € A,
thanks to (4.3). Then the quantity vy := sup A is well-defined and vy < 1.
Next, we claim that vy = 1. Otherwise, if vy < 1, then we have

D > m(V0)7 q > M(Vo)a (4’5)

by passing to the limit. Due to the continuities of m and M in v, we must have either
p~ =m(vp) or ¢- = M(vp). Assume that p— = m(rp). Then, along a sequence {z,} tending
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to —oo such that ¢(z,) — m(vy) as n — oo, we have
lim inf{—¢(z) + ath(zn)[1 = &(20)]} = —ym(wo) + aM(o)[1 = m(1y)]
= k(1 —wv){a[l — (1 —w)K] — v} — av(l — vy)Ko.
+V0(_7¢* + Oﬂﬁ*) - aVO(l - VO)MZ}* - aV§¢*¢*
= Kl —w){a[l = (1 —w)k] =7} + (1 — vo)a{ gt — k(9w +10u)} > 0,

using (4.5), —v¢« + ah. = ap,ib,, (4.4) and vy € (0,1). This leads to a contradiction by
following the method used in [5, 12]. We do not repeat it here.

Similarly, when ¢— = M(1), along a sequence {z,} tending to —oo such that ¢(z,) —
M (vy) as n — oo, we also have

i in80(:0)[0(z0) — ()] — b)) 2 dmOo)[1 ~ M)~ M (o)
= k(1 —1){0[1 — (1 —wy)K] — ¢} + (1 — 10)0{Psths — K(Ps + i)} > 0,

using (4.5), (—o00) = 1, d¢, — cth, = Iy, (4.4) and 1y € (0,1). This again leads to a
contradiction. We conclude that vy = 1 and so ¢~ = ¢, and ¢y~ = .. Hence the proposition
is proved. 0

Summarizing the above results, we thereby complete the proof of Theorem 1.1.
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