TRAVELING WAVE SOLUTIONS FOR A PREDATOR-PREY
SYSTEM WITH TWO PREDATORS AND ONE PREY
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ABSTRACT. We study a predator-prey model with two alien predators and one abo-
rigine prey in which the net growth rates of both predators are negative. We char-
acterize the invading speed of these two predators by the minimal wave speed of
traveling wave solutions connecting the predator-free state to the co-existence state.
The proof of the existence of traveling waves is based on a standard method by con-
structing (generalized) upper-lower-solutions with the help of Schauder’s fixed point
theorem. However, in this three species model, we are able to construct some suitable
pairs of upper-lower-solutions not only for the super-critical speeds but also for the
critical speed. Moreover, a new form of shrinking rectangles is introduced to derive
the right-hand tail limit of wave profile.

1. INTRODUCTION

Due to the diversity of ecology, it is very important to understand the interactions
of multiple species. There have been a tremendous works done in the past years for
one or two species ecological systems from both biological and mathematical points of
view. Two typical examples are the competition systems and predator-prey models.
However, the more species involved the more complicated dynamical behaviors are ex-
pected. Recently some three species models have attracted a lot of attention, including
non-cooperative competition systems (|4, 20]), food chain models (|7, 6, 8, 19]) and

predator-prey systems (|9, 15, 16, 3]).

In this paper, we are concerned with some 3-species predator-prey models. There
can be one predator with two preys, or two predators with one prey. There are
aborigine species living in a habitat and we would like to know what happen to the

ecological system if we introduce some alien species into the habitat. Our aim is to
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determine the invading speed of the alien species such that these three species can live
together. Mathematically, there are at least two approaches to answer this question,
namely, to characterize the asymptotic spreading speed(s) and to find the minimal
wave speed of traveling wave solutions connecting an appropriate constant state O to

the co-existence state. The latter approach is taken in this paper.

To describe the interaction of 3 species in a predator-prey system in terms of
traveling wave solutions, there are the following scenarios. In [9, 15, 16], it is assumed
that all three species are alien species so that O = (0,0,0). In these works, it is also
assumed that the growth rate of the predator is positive, which is equivalent to that
the predator has other food resources than the prey so that the predator can survive
without the prey. On the other hand, less is known when the (net) growth rate of
predator is negative. In this case, the predator cannot survive without the prey. In
[3], the (net) growth rate of the predator is assumed to be negative. Also, one alien

predator and one alien prey are introduced into the habitat of an aborigine prey so

that O = (0,0, 1) is taken.

In this paper, we are interested in a predator-prey system with two alien predators
and one aborigine prey in which the (net) growth rates of both predators are negative.

More precisely, we study the following predator-prey system

(1.1) U = diUge + mu(—1 —u — kv +aw), x € R, t >0,
(1.2) Uy = doUpy + 120(—1 — hu — v+ aw), x € R, t > 0,
(1.3) wy = d3Wyy + r3w(l —bu —bv —w), z € R, t >0,

in which v = u(z,t) and v = v(z,t) are the densities of two predators and w = w(z,t)

is the density of the single prey. The parameters are all positive such that

1.4 1 1 A
(1.4) a>1, 0<hk<l, 0<b<2@—U

In system (1.1)-(1.3), dy, da, ds are diffusion coefficients of species u, v, w, respec-
tively, the prey w follows the logistic growth with carrying capacity 1 and intrinsic
growth rate r3, both predation rates of predators u and v are equal to r3b and their
biomass conversion rates are assumed to be r1a and ra (for simplicity). Moreover, the
parameters 1,7, denote the death rates of predators u, v, respectively, and h, k are
the interspecific competition coefficients (so that two predators are weak competitors,

by (1.4)). Note that, under condition (1.4), there is the unique co-existence (positive)
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state (u*,v*, w*), where
ot (1—hk)+b2—-h—-k) ., 1-h 1k

A—mh) ra@—h—h = 1=k

Also, there is an unstable predator-free state (0,0,1). We are concerned with the

invading speeds of two alien predators to the habitat of the aborigine prey.

A solution (u,v,w) of (1.1)-(1.3) is a traveling wave solution if
u(z,t) = g1z +st), vz, t) = da(x +st), w(x,t) = @s(x + st)

for some constant s, the wave speed, and some functions ¢;, i = 1,2,3, the wave
profiles. Then (s, ¢1, ¢, ¢3) satisfies

(1.5) d1d(2) = s¢1(2) + 11¢1(2) (=1 — 1 — ko + ags)(2) = 0, z € R,

(1.6) dody(2) — 595(2) + raga(2)(—1 — hoy — ¢o + ags3)(z) =0, z € R,

(1.7) d3¢3(z) — sd3(2) + 13¢3(2)(1 — bd1 — b — ¢3)(2) =0, z € R.

The main purpose of this paper is to study the minimal wave speed of traveling wave

solutions of (1.1)-(1.3) connecting the predator-free state (0,0, 1) and the co-existence

state (u*,v*, w*). Hence we also imposed the following boundary condition

(18) (¢17¢27¢3)(_OO> = (07071>7 (¢17¢27¢3>(OO) = (u*,v*,w*).

Set s* := max{2y/r1di(a — 1), 2¢/rads(a — 1)}. Our main result of this paper

reads as follows. It determines the invading speed of these two alien predators.

Theorem 1.1. Under condition (1.4), there is a bounded positive solution (¢1, o, P3)
of (1.5)-(1.7) such that the left-hand boundary condition (¢1, ¢o, ¢3)(—00) = (0,0, 1)
holds, if s > s*. Moreover, this solution satisfies the right-hand boundary condition
(01, o, P3)(00) = (u*,v*, w*), if we further assume that

1
(1.9) 0<b< 2—min{1—h,1—k}.
a

On the other hand, there is no positive solution of (1.5)-(1.7) with boundary condition
(1.8), if s < s*.

Since system (1.1)-(1.3) does not have the comparison principle, the classical
monotone iteration method is not applicable for deriving the existence of traveling wave
solutions. To treat non-monotone systems, the method of applying Schauder’s fixed
point theorem with the help of (generalized) upper-lower-solutions has been proved
to be very successful. Since the works [17| and [18|, there have been a lot of works

done for various reaction-diffusion systems in past years. We refer the reader to, for
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examples, [10, 11, 13, 6, 12, 14, 5, 21] for 2-component systems and [9, 15, 20, 16, 3]
for 3-component systems. For 2-species case, there is a nice paper by Zhang and Jin
[21] which contains not only a quite complete collection of literature on the methods
of deriving traveling wave solutions, but also some valuable biological interpretations

of models. Moreover, the advection terms are also taken into consideration in [21].

The main contribution of this paper is the construction of suitable pairs of upper-
lower-solutions for the 3-speices predator-prey model (1.1)-(1.3). Just as the construc-
tion of Lyapunov functional in the study of asymptotic behavior for evolution systems,
if one can find a suitable Lyapunov functional then (plus some a priori estimates) the
asymptotic behavior of solutions can be readily derived. However, the construction
of upper-lower-solutions is by no means trivial in general, as it is well-known that a
Lyapunov functional for a given evolution systems is not always available. In this pa-
per, we are able to derive the existence of traveling wave solutions also for the critical
(minimal) speed based on an idea from [5]. In fact, the critical speed case is left open

in [15, 16, 3] and our method might be applicable for those models.

The traveling waves constructed in this paper are such that two predators propa-
gate simultaneously. Ecologically, this means that these two alien predators invade the
habitat of the aborigine prey with the same speed. This can be visualized by putting
the constructed wave on the negative x-axis and reflecting it on the positive z-axis,
so that an entire (in time) solution with two fronts is formed (formally). However, in
practice, these two predators may have different invading speeds to the habitat of the
prey. To find such traveling waves is a very interesting question. We leave it open
in this paper. On the other hand, as we mentioned earlier, the invading phenomenon
can also be studied by the (asymptotic) spreading speed(s). We provide here some
heuristic observation as follows. Assume that rid; > raods. At the leading edge of the
invading front, we have w = 1 (i.e., the prey is saturated). Without the predator v,
the predator u should propagate with the speed 2\/m . In fact, this is the
case if the predator v propagate with a slower speed. However, this fact is not easy to

verify rigorously. We also leave this question as another open problem.

The rest of this paper is organized as follows. In section 2, we first give the
definition of upper-lower-solutions for system (1.5)-(1.7). Then we provide a theorem
for deriving the existence of solutions to (1.5)-(1.7) with a outline of its proof. In
section 3, we construct some suitable upper-lower-solutions for system (1.5)-(1.7) for

all speeds s > s*. This proves the first part of the existence of traveling waves to
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system (1.5)-(1.7) stated in Theorem 1.1. Then, in section 4, using the idea of shrinking
rectangles (|9, 5]) we derive the right-hand tail limit of wave profile obtained in section
3. It is worth to remark that our construction of two end points of these rectangles
is different from that in [9, 5|. Finally, in section 5, we provide a proof for the non-

existence part of Theorem 1.1. Hence the minimal wave speed is determined.

2. GENERAL THEORY

In this section, we shall provide a general framework for deriving the existence of

traveling wave solutions.

We first introduce the following definition of upper-lower-solution to (1.5)-(1.7).

Definition 2.1. Given s > 0. Continuous functions (¢,, ¢y, ¢3) and (¢, 9,.¢,) de-
fined on R are called a pair of (generalized) upper-lower-solutions of (1.5)-(1.7) ifg_b;/,
gﬁ;’, 5:, 9;, 1=1,2,3, are bounded functions such that the following inequalities hold:

(21)  lh(2) d1¢1()—8<_b'1()+7"1¢1( >[1—<‘m<z>—k¢<z>+a53< >1<o7
(2.2)  Us(2) = dady(2) — 565(2) + 120(2)[~1 — hos () — By(2) + adhy(2)] <
(23)  Us(2) = dsdy(2) — 505(2) + 1304(2)[1 — b, (2) — b, (2) — Bs(2)] < 0,
(24)  Li(2) = did(2) — 50, (2) + 110, (2)[ -1 — ¢, (2) — kdy(2) + ap, <z>]z
(25)  La(2) = dag)(2) — 50, (2) + 120, (2)[~1 — (=) — & ,(2) + ag, <z>]
(2.6)  La(2) = dyg!(2) — 56 (2) + 130, (2)[1 — 0y (2) — by (2) — 6,(2)] =

for z € R\E with some finite set E = {z1,29,...,2m}.

Then a standard argument (cf., e.g., [17, 18, 9]) gives the following proposition

for the existence of solution to system (1.5)-(1.7).

Proposition 2.2. Given s > 0. Suppose that system (1.5)-(1.7) has a pair of upper-
lower-solutions (¢y, ¢y, ¢3) and (¢, d,, ¢,) such that

(2.7) 0.(2) < ¢i(2), V2 €R, i =1,2,3,

(28)  lim §(z) < lm §(2), lim ¢( ) < lim, ¢( ), V2 €E, i=1,23.

Then system (1.5)-(1.7) has a solution (¢1, ¢2,¢3) such that ¢ < ¢; < ¢ i=1,2,3.

Since the proof is by now very standard, we safely omit it. In fact, there are the

following major steps to derive the above existence theory.
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First, we transform the differential system to an integral system with operator P
so that the existence of a solution to the differential system is reduced to a fixed point
of P. Indeed, take a constant x such that

k>max{r[l+ 2+ k)(a—1)],m2[l+ (2+ h)(a —1)],r3[1 + 2b(a — 1)]},

so that the function f;(y1,v2,ys) is non-decreasing in y;, i = 1,2,3, for (y1,¥y2,y3) €
0,a — 1] x [0,a — 1] x [0, 1], where

iy, y2,y3) = sy + iy (=1 — g1 — kye + ays),

fo(y1, 92, y3) == Kya + raya(—1 — hyn — y2 + ays),

f3(y1,92,y3) = Kys + r3ys(1 — by — bya — y3).
Then the operator P := (Py, P, P3) is defined by

Rl 62 00)() = g [ Rn(s) ). (o))

b [ 01(5),0n(o). e 1= 1,23
for z € R, where \;; < 0 < \;p are roots to

AN —sA—k=0,i=1,2,3.

Secondly, using the pair of upper-lower-solutions, we define the set

Xi={(d1,¢2,03) | ¢, < ¢ < ¢;, i =1,2,3}

and show that P maps ¥ into itself. Indeed, this follows from the definition of upper-

lower-solutions and the choice of P.

Thirdly, we show that the operator P is completely continuous with respect to a
suitable complete weighted normed space on the nonempty bounded closed convex set
>.. Then we are done, since Schauder’s fixed point theorem gives a fixed point of P in

¥.. For more details, we refer the reader to [9].

3. UPPER-LOWER-SOLUTIONS

This section is devoted to the construction of suitable upper-lower-solutions.

For s > s*, we define \; to be the smaller positive root of g;(A) = 0, where

(3.1) gi(\) = diN* — sA +ri(a— 1),
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for i = 1,2. We also denote the larger positive root of g;(A) = 0 by \;, i = 1,2.

Moreover, we let A3 be the unique positive root of

d3)\2 —S)\—T’g =0.

Now, we introduce the following continuous functions

(3.2) ¢,(2) == min{BeM?, B}, ¢, (2) =B max{eM* — g e"M? 0},
(3.3) 0y(2) 1= min{Be?*, B}, B,(2) = B max{e?® — ge?*?% 0},
(3.4) 53(2) =1, 93(2’) = max{l — (e>‘3z +pe°‘A3z), 1 —af},

where parameters f; = S =a—1, f € [2b(a—1)/a,1/a), and p; > 1, ¢; > 1,i=1,2,
p >0, a € (0,1) are positive constants to be determined. Note that the constant /3 is

admissible due to the last condition in (1.4).
Then we check that the above functions is a pair of upper-lower-solutions.

First, for z > 0, ¢,(z) = f3, since ¢, =0 and ¢5 = 1 we have
U(z) = ripi(=1—= P +a) =0,
since ) = a — 1. For z < 0, ¢,(2) = B1eM* gives
Ui(2) = BieM*{diA] — s\ } + e {—1 — BreM* +a — ko, (2)}
= =SB + ko (2)} <0,
using g1(A1) = 0. Hence U (z) < 0 for all z # 0.

Similarly, we can easily check that Us(z) < 0 for all z # 0.

For (2.3), since ¢; = 1, we have
Us(z) = —7’31)@1(2) —i—%(z)] <0
for all z € R.
Next, we claim that £3(z) > 0 for all z # 23, where 23 is defined by
e)\323 +p€aASZ3 — aﬁ.

Note that 23 < 0, since a8 < 1. For z > 23, ¢,(2) = 1 — af. Then, using ¢:(2) < Bi,

1 = 1,2, we obtain

L3(z) > r3(1 —aB){aB —b(B1 + B2)} > 0,
since 3 > 2b(a — 1)/a.
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For z < z3 < 0, we have

B (2) =1— (€% 4 pe®3?)| ¢.(2) = Bie*, i =1,2.

Hence we have

L3(z) = —e*{ds)\2 — s\3} — pe®3*{dz(ar3)® — s(ars3)}
+T3{1 . <6>\3Z +peaA3z)}{(€A3z +p€aA3z) . bﬁle)\lz o bﬁ2€)\2z}

> —eMH{ds) — shs — 13} — pe” {ds(adg)”? — s(akg) — 13}
—7"3{(6)‘3Z + pea)\3z)2 4 bﬂle’\lz 4+ 6526)\2Z}
> e (p{—[da(aks)? — s(as) — 7]}
_Tg{aﬁe(l—a))\gz + aﬂp + bﬁle()\l—a)\g)z + b62€(>\2_a>\3)z}>
= e (2)
using (€% + pe®*3?) < af for all 2 < z3. Now, choosing a constant a such that
(35) O<a< Iﬂin{/\l/)\3,)\2//\3,()é0},

where ay is the positive constant such that
ds(coAs)? — s(ap)s) — (1 — aB)rs = 0.
Note that, by the definition of A3, ag < 1. Hence
ds(a)3)® — s(ads) — (1 —aB)rs < 0.
On the other hand, due to z3 < 0 and (3.5), we conclude that
I3(2) > p{—lds(a)3)* — s(aXs) — (1 — aB)rs]} — r3(aB +bBy +bBs) >0

for all z < z3, provided that

r3(af + bB1 + bf)
(3.6) P2 Tldylong)? — s(ars) — (1 — aB)rs)

Finally, set z;, i = 1,2, to be the unique point such that Q;(z;) = 0, where
Qi(2) = e — gierih=,
Note that z; < 0 and Q;(z) > 0 for z < z;, due to y; > 1 and ¢; > 1, for i = 1, 2.
For 2 > 21, ¢, (2) = 0 and so it is easy to see that £y(z) = 0. For 2z < 21, we have

0, (2) = Bu(eM — que" M), hy(2) = o, @, (2) > 1 — (27 4 pe™).



MINIMAL WAVE SPEED 9
Hence
L1(2)
> 516)‘”{611)\% —s\i} — %516“1/\12{611(#1)\1)2 — s(pA1)} + Tlﬁl(ehz - Q1€”1/\1Z) :
{—1 = Bi(eM® — qre"™M?) — kBoe™* + a — a(e™® + pe™?3?)}
= B {di A — sh +ri(a— 1)} — qfie™M {di (1 M)? — s(uad) + (e — 1)}
—r151(eM — e M) {Br(eMF — et NF) + By 4 (e + peto¥)}
> —q B M {di (i) = s(uA) +ri(a— 1)}
1 B {BreP f kBN H7 | g(ePit)z y ppitads)ayy
= A (@ [ (A = sGud) +rafa = 1)) =7
{ﬂle(zxrmxl)z + kBpetatre—mA)z | a(e(xlﬂgfmxl)z +pe(xl+axsfmxl)z>})
= Bre"ME(2).
Now, we choose a constant j; such that
(3.7) 1< g <min{ A /A1, 2,1+ Aa/A, 14 adg/A )
Due to z; < 0 (using ¢; > 1), we deduce that
L(2) > q{—[di(mA1)® — s(uh) +ri(a— 1))} = ri(By + kB +a+ap) > 0

for all z < 2z, provided that

(3.8) ¢ > max {1, =

r1(B1 + kB2 + a + ap) }
di(pnA)? = s(paAr) +rifa—1)1 )

Similarly, we can show that Lo(2) > 0 for all z # z5, provided that

(39) 1 < U < min{j\g/)\g,Z,l—1—/\1/)\2,1—1—&)\3//\2},
ro(hfBy + B2 + a + ap) }

3.10 > max < 1, .

(3.10) & { —[dy(p2A2)? — 5(paAe) +ra(a — 1)]

We summarize the above discussions as the following lemma.

Lemma 3.1. For s > max{2y/ridi(a — 1), 2y/rads(a — 1)}, the functions (¢y, ¢o, ¢5)
and (¢,,9,,d,) defined by (3.2)-(3.4) are a pair of upper-lower-solutions of system
(1.5)-(1.7), provided that parameters o, p, p1, qu, pho, g2 are chosen such that conditions
(3.5)-(3.10) hold.

Next, we consider the critical speed case when s = s*. In the sequel, without loss
of generality we may assume that r1d; > radsy so that s* = 24/rdy(a — 1).
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We divide our discussions into two cases.

Case 1. rid; > rads. In this case, we have s = 24/rdi(a — 1) and s > 24/rads(a — 1)
when s = s*. Hence g;(\) = 0 has a positive double root A\; and g>(\) = 0 has two
positive roots Ay, Ay with Ay < Ay. Following [5], we replace the functions in (3.2) by

(3.11)

— v ha(=2)e 2 <z, _ [h(=2) = qi(=2)"%eME, 2 <z,
Pul) = { B, Z 2 210, 9,(2) = 0, Z 2 201,

where hy := Bi\ie, z10 := —1/A\1, 201 := —(q1/M)?* and ¢; > 1 is a constant to
be determined. Also, s = 2d;\;, due to that A; is a double root of ¢g;(\) = 0.
Similar to the above calculations, we can easily check that the functions (¢,, @y, ¢3)
and (¢,,¢,,®,) defined by (3.11), (3.3) and (3.4) are a pair of upper-lower-solutions
of (1.5)-(1.7), provided that «a, p, ua, q2, q1 satisfy conditions to be specified below.

For reader’s convenience, we provide some necessary details as follows. First, it
is easy to see that
sup (-2} = (2 )
2<0 ve

for any given positive constants v and ~.

That Uy (z) < 0 for all z # 210, Ua(z) < 0 for all z # 0 and Us(z) <0 for all z € R

are obtained by direct calculations.

For L3, as before, we have £3(z) > 0 for all z > z3. For z < 23, we first choose
the constant a (instead of (3.5)) such that

(3.12) 0 < a<min{\/(2X3), A2/A3, a }-

Also, to make sure z3 < zj9, we also choose p > afly/e. Then the term (appeared
in I3(z) above) bBe*1=2%)* becomes bhy(—z)e®17%)7 So. due to a < A/(2A3), we

have the estimate
bh
. (M —aX3)z < . al3z < 1 <0.

bhi(—z2)e < bhi(—=z)e S e Vz2<0

Then we choose p such that
T3 [aﬁ + bhl/(@)\ge) + bﬁQ]
3.13

(3:13) b= max {“5 Ve Ziare = s(ad) — (1 — af)rs

to conclude that £3(z) > 0 for all z < z3.

Similar argument as for £3 and using

hy(—z)ePMitremmdz < (—)ek2re2 <y [(pghge),
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by choosing s satisfying
(3.14) 1< pp <minfAa/As, 2, (14 A /X2)/2,1 4 adg/As}

and g satisfying

(3.15) ¢2 > max {1 ra(B2 + hhi/(p2dee) + a + ap) }

[da(p2A2)? — s(p2A2) + 12(a — 1)]
we obtain that £5(z) > 0 for all z < z; and so Lo(2z) > 0 for all z # z,.

Finally, for £, it is evident that £1(z) > 0 for all z > zp;. For z < 2, after a

simple computation, we end up with

1
Li(z) > (—2)*3/26A1z{1d1q1 - Tl(—2)3/2[h1(—z) _ Q1(—2)1/2]2€/\IZ
_T1k52h1(—z)5/26)\2z . rlahl(_z>5/2(e)\sz + pea)\gz>}
1
> (—z)*3/2€)\1z{l_1d1q1 o h2 (=) 2N

_T1k52h1(—z)5/26)\2z . rlahl(_z>5/2(e)\sz + pea)\gz>}
1 7 \/? 5\
- (_2)73/2&%{?1‘1”1 b (2Ale> — 11kBaln (2)\26)

5\ 52 5\ 52
~Tieh (2>\ e> rahip (204)\ e) } =0,
3 3

if we choose ¢; > 1 such that

47’1h1 7 7/2 5 5/2 5 5/2 5 5/2
3.16 n k |
( ) = d1 ! <2>\1€> + ﬁQ 2)\26 ta 2)\36 +ap 20[)\36

We conclude that the functions defined by (3.11), (3.3) and (3.4) are a pair of upper-
lower-solutions of (1.5)-(1.7), provided that (3.12)-(3.16) hold.

Case 2. rid; = rads. In this case, we have s = 2¢/ridi(a — 1) = sy/reds(a — 1)

when s = s*. Hence ¢;(\) = 0 has a positive double root \;, i = 1,2. Note that
s = 2dy\; = 2dy\y. Then we replace the functions in (3.3) by

(3.17)

— v ha(=2)e, 2 <z, [ [ha(=2) = qa(—2)%e7, 2 < 2,
9a(2) = { P2, z 2 220, 9,(2) = 0, z 2 Z02,
where hy := fadge, 220 := —1/Xa, 202 := —(q2/h2)? and ¢ > 1 is a constant to be

determined.

As in Case 1, we can verify that the functions (¢, ¢y, ¢5) and (¢, ?,: ¢,) defined
by (3.11), (3.17) and (3.4) are a pair of upper-lower-solutions of (1.5)-(1.7), provided
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that o, p, ¢ > 1 and ¢; > 1 satisfy conditions

0 < o <min{\;/(2X3), A2/ (2A3), ap },

e 3 aB/e. 3 [aB + bhyi/(aXse) + bhy/(a)ze)]
’ { e —[d3(a)3)? — s(ars) — (1 — af)rs] } ’

4T2h2 7 7/2 7 7/2 5 5/2 5 5/2
hh h |
@ > dg |: ! (2)\16) + R 2)\26 ta 2)\36 + a 20(/\36 ’

4T1h1 7 7/2 7 7/2 5 5/2 5 5/2
h kh B
n = d1 |: ! (2)\16) * 2 2)\26 ta 2)\36 * a 205)\36

Combining this with Lemma 3.1 and Proposition 2.2, we conclude this section
with

Theorem 3.2. Under condition (1.4), for each s > s*, there is a bounded positive
solution (¢1, 2, ¢3) to system (1.5)-(1.7) such that (¢1, o, P3)(—00) = (0,0, 1).

Indeed, the existence of a solution (¢1, ¢2, ¢3) to system (1.5)-(1.7) follows from
Proposition 2.2 and clearly this solution is nonnegative and bounded in R, due to
the properties of our constructed upper-lower-solutions. Moreover, it follows from the
strong maximum principle for scalar equation that each component of the solution is

positive in R. Hence Theorem 3.2 follows.

4. EXISTENCE OF TRAVELING WAVE SOLUTIONS

To derive the existence of traveling wave connecting (0,0, 1) and (u*, v*, w*), it
suffices to derive the right-hand tail limit of (¢1, ¢o, ¢3) such that

(4.1) (01, @2, @3)(00) = (u”, 0", w")
for solution (¢, ¢2, ¢3) obtained in Theorem 3.2.

To derive the right-hand tail limit of wave profile, we need to make the further
restriction (1.9) on b. Moreover, we change the range of g from [2b(a — 1)/a,1/a)
to (20(a — 1)/a,min{l — h,1 — k}(a — 1)/a?). Note that, under condition (1.9), it is
evident that

0 # (2b(a —1)/a,min{l — h,1 — k}(a — 1)/a?) C [2b(a — 1)/a, 1/a).

With this choice, the functions, (3.2)-(3.4), (3.11), (3.17), constructed before are also

upper-lower-solutions. Also, we have w* > 1 — af.
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To proceed further, we set

¢; = liminf ¢;(2), ¢; := limsup ¢;(2), i = 1,2, 3.
Z—00

Z—00

First, we prepare a lemma as follows.

Lemma 4.1. Let
(4.2) by € (0, (a—1)(1 — k) —a®B], by € (0,(a—1)(1—h)—a®F].
Then ¢; > b; >0,1=1,2.

Proof. We first consider (1.1) with (u,v,w)(x,t) = (¢1, P2, ¢3)(x + st). Using w =
¢3 > 1—af and v = @9 < [y, it follows from (1.1) that u = ¢; satisfies
gy > ditg, +mu{—1—kBy+a(l —apf) —u}, x € R t >0,
along with u(z,0) = ¢1(x). We compute that
~1—kBy+a(l —apf) =(a—1)(1—k)—a*B > b.
Recall that u(z,t) = ¢1(x + st) for s > s* > 0. Therefore, it follows from [1, 2| and

the comparison principle that

¢; = liminf ¢;(2) = liminfu(0, z/s) > by > 0.
Z—r00

Z—00

Similarly, we can derive that ¢, > by > 0 and the lemma follows. U

Next, we follow a method used in [5] (see also [9]) by constructing a sequence of

shrinking rectangles as follows. For 6 € [0, 1], we define
my(0) :== Ou* + (1 —0)(by —e), Mi(0) := (1 —0)(By +¢) + Ou*,
ma(0) = 0v* + (1 —0)(by — €), Ma(0) := (1 —0)(P2 +¢) + Ov",
3(8) == O™ + (1 — B)(bs — ), My(8) == (1 — )(Bs + ) + bur”,
where 81 = o = a— 1, 83 := 1, by and by are defined by (4.2), b3 :=1—af and ¢ is a

small positive constant such that

£ < min 1—-h 1-k& aﬁ—Qb(a—l) b1+b2
a ' a 20 T2 )

One should note that the above choices of left and right endpoints of rectangles are

(4.3)

different from the ones in [9, 5].

It is clear that £y > u*, By > v* and f3 > w*. By choosing b; and by smaller,

if it is necessary, we can ensure that Lemma 4.1 holds such that 0 < b; < u* and
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0 < by < v*. Then, since w* > bz, we see that m;(6) (resp. —M;(#)) is a monotone
increasing function of 6 € [0,1], ¢ = 1,2, 3, such that
(my, mg,m3)(1) = (My, My, M3)(1) = (u*, 0", w").
Then it suffices to show that the set

B:={0€[0,1) | m(0) < ¢;

)

< ¢f < M;(0),1=1,2,3.}
is nonempty and sup B = 1.

Clearly, B is nonempty, since 0 € B. Indeed, it follows from Lemma 4.1 and the

definitions of upper-lower-solutions that
mi(0) =by —e <by < ¢y < @f < B < fi+e=M(0),
Mma(0) =by —e <by < dy < 3 < Pp < P+ = Ms(0),
ms(0) = by —e® < by < ¢5 < ¢f < P35 < B3+ ¢ = M;(0).
Hence 0 € B and B # 0.

To show sup B = 1, we argue by a contradiction and assume that sup B = 6, €
(0,1). For notational simplicity, we omit the index and let § = sup B € (0,1). We
also set [; = 1;(0) and r; = r;(0), i =1,2,3, by

l1:=—=1—mq(0) — kEMz(0) + ams(0), 11 :=—1— M(0) — kma(0) + aM3(0),

ly := —1—hM;(0) — ma(0) + ams(f), 1ro:=—1—hmi(0) — My(0) + aM3(0),
I3 :=1—0bM(0) — bM5(0) — m3(0), r3:=1—>bmy(0) —bms(0) — M3(0).
Then it is easy to verify, using condition (4.3), that

L >(1—-0)(1— —ae)] >0, 1 =—(1—0)[kby+e(1 —k—ae)] <0,
lo >(1=0)[c(1—h—ae)] >0, rg=—(1 —0)[hby +(1 —h —ae)] <0,
Is=(1—=0){[aB —2b(a—1)] —e(2b—¢)} > 0,

r3 = —(1 — 0)[b(by + by — 2¢) + %] < 0.

Now, by passing to the limit, we have
mi(0) < o7 < of < M;(0), i=1,2,3,
for # = sup B. Then one of the following equalities must hold
¢, =mi(0), ¢f = M;(0), i=1,2,3,
since 0 ¢ B.
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Finally, we derive a contradiction as follows. We only treat the case that ¢; =
my(0), since the other five cases are similar. Suppose that ¢; = my(f). If ¢, is
ultimately monotone, then ¢;(0c0) = m4(#). By integrating (1.5) from 0 to n for any

n € N, we obtain
(1) —du0 () + 4 0)-+301(m) = 562(0) = 11 [ 61(2)(~1 =01~ ko ) (2}
Since

i inf (61 ()(~1 — 61 — K6+ ad)(2)} = my(O)14(6) > 0,

the right-hand side of (4.4) tends to infinity as n — oo. But, the left-hand side of

(4.4) is bounded uniformly for all n € N, a contradiction.

On the other hand, suppose that ¢;(z) is oscillatory as z — oco. We then choose
a sequence of local minimal points {z,} of ¢; such that z, — oo and ¢;(z,) — m4(0)
as n — oo. Note that dy¢{(2,) — s¢}(z,) > 0 for all n. But,

iminf(0n (20) (—1 — 61 — ko + adn) (2]} = ma(O)1(6) > 0,

again a contradiction. We conclude that sup B = 1 and so (4.1) is proved.

5. DETERMINATION OF THE MINIMAL WAVE SPEED

In this section, we show that there are no traveling wave solutions with speed
s < s* connecting (0,0,1) to (u*,v*,w*) for system (1.1)-(1.3). Hence we conclude

that s* is the minimal speed for traveling waves connecting (0,0, 1) and (u*, v*, w*).

Proposition 5.1. For s < s*, system (1.5)-(1.7) has no positive solution such that
(1.8) holds.

Proof. For contradiction, suppose that there is a traveling wave solution of (1.1)-(1.3)
with speed s < s* = max{2y/r1d;(a — 1), 24/rads(a — 1)}. Without loss of generality
we may assume that rid; > rody. Hence s < 24/rdi(a — 1).

First, we claim that s > 0. Indeed, since (¢1, 2, ¢3)(—00) = (0,0,1) and a—1 > 0,
there is a sufficiently large constant R > 0 such that

—1—¢1(y) — ka(y) + aps(y) > (a—1)/2, Vy < —R.
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By integrating (1.5) from —oo to any z < —R, we obtain

ri(a—1) / o (y < 7“1/_ {01(—1 — ¢1 — koo + ag3) }Hy)dy
= —di¢}(2) + sp1(z) < —dr ¢ (2),

if s < 0. Integrating over z from —oco to any —R, we deduce that

_ -R z
W/_Oo /_Oo ¢1(y)dydz < —di11(—R) <0,

a contradiction. This shows that s > 0.

Then the proposition can be proved as that of [5, Theorem 2.6] with the help of
the spreading property for logistic parabolic scalar equation derived by [1, 2].

For reader’s convenience, we provide some details as follows. First, we choose a
positive constant € such that 6 := a(1 —¢) — ke —1 > 0 and s < 24/r;d;0. Note that
the function (u,v,w)(x,t) = (¢1, P2, ¢3)(x + st) satisfies

(5.1) up = ditgy +ru(—1—u—kv+aw), x € R, t >0,
such that u(z,0) = ¢1(x).

Next, due to (1.8), we can find two positive constants K; and K, such that
(5.2) (Kiu+w)(z) >1—¢€ v(z) < Ku(z) +¢€ Vz €R.

Indeed, (5.2) can be easily seen by using (1.8), a positive lower bound for u in compact
interval, the positivity of w and the boundedness of v. It follows (5.1) and (5.2) that

u satisfies the inequality

up > ditgy +mu{d — (1 +aky + kKy)u}, z € Rt > 0.

Finally, setting y(t) := —(2v/r1d10 + $)t/2, we obtain from [1] and the comparison
principle that

liminfu(y(t),t) >

1—€)—ke—1
a(l —e) — ke -0,
t—o0 1

aK1 + ]{IKQ
since |y(t)| < 2v/r1diot for all ¢t > 0 (using s > 0 and s < 2y/71d;0). However, since

— 2v/r1dy0
y(t)—i—st:%t—)—oo as t — 00,

we have u(y(t),t) = ¢1(y(t) + st) — 0 as t — oo, a contradiction. This proves the

proposition. ]
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Remark 5.2. We remark that the non-existence result also holds under a weaker

assumption on the right asymptotics than in (1.8), for example,

liminf ¢ (2) > 0, 0 < liminf ¢9(2) < limsup ¢o(z) < oo, liminf ¢3(z) > 0.
Z—00 Z—>00

Z—00 2Z—00

Indeed, (5.2) holds under the above weaker condition and so Proposition 5.1 follows.

REFERENCES

[1] D.G. Aronson, H.F. Weinberger, Nonlinear diffusion in population genetics, combustion, and
nerve pulse propagation, in: J.A.Goldstein(Ed.), Partial Differential Equations and Related
Topics, in: Lecture Notes in Math., vol. 446, Springer, Berlin, 1975, 5-49.

[2] D. G. Aronson, H. F. Weinberger, Multidimensional nonlinear diffusions arising in population
genetics, Adv. Math., 30 (1978), 33-76.

[3] Z.Bi, S. Pan, Dynamics of a predator-prey system with three species, Boundary Value Problems,
2018:162 (2018).

[4] C.-C. Chen, L.-C. Hung, M. Mimura, D. Ueyama, Exact traveling wave solutions of three species
competition-diffusion systems, Discrete Contin. Dyn. Syst. (Ser. B) 17 (2012), 2653-2669.

[5] Y.-Y. Chen, J.-S. Guo, C.-H. Yao, Traveling wave solutions for a continuous and discrete diffusive
predator-prey model, J. Math. Anal. Appl. 445 (2017), 212-239.

[6] Y. Du, R. Xu, Traveling wave solutions in a three-species food-chain model with diffusion and
delays, Int. J. Biomath. 5 (2012), 1250002 (17 pages).

[7] R. D. Holt, G. A. Polis, A theoretical framework for intraguild predation, Amer. Natur. 149
(1997), 745-764.

[8] S.-B. Hsu, S. Ruan, T.-H. Yang, Analysis of three-species Lotka-Volterra food web models with
omnivory, J. Math. Anal. Appl. 426 (2015), 659-687.

[9] Y.-L. Huang, G. Lin, Traveling wave solutions in a diffusive system with two preys and one
predator, J. Math. Anal. Appl. 418 (2014), 163-184.

[10] J. Huang, X. Zou, Existence of traveling wave fronts of delayed reaction-diffusion systems without
monotonicity, Disc. Cont. Dyn. Systems 9 (2003), 925-936.

[11] W.T. Li, G. Lin, S. Ruan, Existence of traveling wave solutions in delayed reaction-diffusion
systems with applications to diffusion-competition systems, Nonlinearity 19 (2006), 1253-1273.

[12] G. Lin, Invasion traveling wave solutions of a predator-prey system, Nonlinear Anal. 96 (2014),
47-58.

[13] G. Lin, W.T. Li, M. Ma, Traveling wave solutions in delayed reaction diffusion systems with
applications to multi-species models, Disc. Cont. Dyn. Systems, Ser. B 13 (2010), 393-414.

[14] G. Lin, S. Ruan, Traveling wave solutions for delayed reaction-diffusion systems and applications
to diffusive Lotka-Volterra competition models with distributed delays, J. Dyn. Diff. Equat. 26
(2014), 583-605.

[15] J.-J. Lin, W. Wang, C. Zhao, T.-H. Yang, Global dynamics and traveling wave solutions of
two-predators-one-prey models, Discrete Contin. Dynam. Syst. Ser. B 20 (2015), 1135-1154.

[16] J.-J. Lin, T.-H. Yang, Traveling wave solutions for a diffusive three-species intraguild predation
model, Int. J. Biomath. 11 (2018), 1850022 (27 pages).

[17] S. Ma, Traveling wavefronts for delayed reaction-diffusion systems via a fixed point theorem, J.
Differential Equations 171 (2001), 294-314.

[18] J. Wu, X. Zou, Traveling wave fronts of reaction-diffusion systems with delay, J. Dynam. Differ-
ential Equations 13 (2001), 651-687.

[19] T.-H. Yang, W. Zhang, K. Cheng, Global dynamics of three-species omnivory models with Lotka-
Volterra interaction, Discrete Contin. Dynam. Syst. Ser. B 21 (2016), 2867-2881.

[20] T. Zhang, Minimal wave speed for a class of non-cooperative reaction-diffusion systems of three
equations, J. Differential Equations 262 (2017), 4724-4770.



18 J.-S. GUO, K.-I. NAKAMURA, T. OGIWARA, AND C.-C. WU

[21] T. Zhang, Y. Jin, Traveling waves for a reaction-diffusion-advection predator-prey model, Non-
linear Analysis: Real World Applications 36 (2017), 203-232.
DEPARTMENT OF MATHEMATICS, TAMKANG UNIVERSITY, TAMSUI, NEwW TAIPEI CITY 25137,

TAIWAN

Email address: jsguo@mail.tku.edu.tw

FAacuLTy OF MATHEMATICS AND PHYSICS, KANAZAWA UNIVERSITY, KANAZAWA 920-1192,
JAPAN

Email address: k-nakamura@se.kanazawa-u.ac.jp

DEPARTMENT OF MATHEMATICS, JOSAI UNIVERSITY, SAKADO 350-0295, JAPAN

Email address: toshiko@josai.ac. jp

DEPARTMENT OF APPLIED MATHEMATICS, NATIONAL CHUNG HSING UNIVERSITY, TAICHUNG
402, TAITWAN

FEmail address: chin@email .nchu.edu.tw



