CONVERGENCE TO STATIONARY SOLUTIONS IN A ONE-SPECIES
SYSTEM OF FISHER-KPP TYPE OVER A RIVER NETWORK
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ABSTRACT. In this paper, we derive the convergence to stationary solutions for a one-species system
of Fisher-KPP type in a simple two-branches river network. Our method is based on the spectrum
analysis of the associated linear operator to a system satisfied by the weighted entropy function of
original solution on a suitable weighted Hilbert space.

1. INTRODUCTION

Recently, the study of solution behaviors for certain biological systems defined in river networks
has attracted more and more attention. For this, we refer the reader to, e.g., [6, 7, 5, 2, 1, 4, 8].
Among others, the simplest river network is the two-branches system. In particular, the following
system is considered by Du, Lou, Peng and Zhou ([2]):

(11) Owup, = 0%up — Brozur +ur(l —ug), x € (0,+00) :=Rp, t >0,

' dyuy = 02uy — Bydyuy +up(l —uy), @ € (—00,0) :=Ry, t >0

along with the boundary conditions
(1.2) uL(O,t) = UU(O,t), aLamuL(O,t) = aUaxuU(O,t), t >0,

where B, Bu,ar,ay are positive constants in which 3y, Sy are the water flow speeds and ay, ay
account for the cross-section area of the lower and upper river branches, respectively. Note that
the condition

(1.3) arfrL = avPu

holds due to the conservation of flow at the junction point x = 0.
It is shown in [2] that, under the assumption

(1.4) Bu > 2> P,

there exists a one parameter family of stationary solutions of (1.1)-(1.2). More precisely, there
exists ag € (0,1) such that for each a € [ag,1) there exist unique positive monotone increasing
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functions ¢ (z; ) and ¢y (z; o) satisfying

¢ + BLo), = oL — ¢7, x € (0, +00),
_¢/é + 6U¢/U = d)U - gb%{v S (—OO, 0)7

(1.5)
¢2(0) = ¢y (0) = a € (0,1),
ar¢y,(0) = av¢y (0),
and
(1.6) du(—oo;a) =0, ¢r(4o0;) = 1.

On the other hand, if a € (0, ap), there is no stationary solution satisfying (1.5) and (1.6).
Concerning the asymptotic behavior, according to [2], if u(z,0) is a compactly supported non-
negative non-zero function, then the solution of (1.1)-(1.2) with this initial function at ¢ = 0
converges to the minimal solution (¢ (-, ag), du (-, ap)) as t — +o0o locally uniformly in R. However,
the convergence to non-minimal stationary solutions is left open in [2]. The main purpose of this
short note is to resolve this problem.
To this aim, for a given « € [, 1), we define the entropy function

uj(x,t)
¢j(z; )
where (ur,uy) is a positive solution of (1.1)-(1.2). Here Sj(x,t) > 0 can be shown by using
X —1—1logX >0 for all X >0, where X := u;(z,t)/¢;(x; ). Moreover, S;(z,t) = 0 if and only
if uj(z,t) = ¢j(x; o).

We now state the main theorem of this paper as follows.

(1.7) Sj(x,t) = Sj(x,t; ) := uj(z,t) — ¢j(x; ) — ¢j(x; ) log

207 j:L7U7

Theorem 1.1. Suppose that Sy > 2 and B, € (0,2). Let (ur,ur) be the solution of (1.1)-(1.2)
with initial data (up,uy)(z,0) satisfying

ﬁ.
(1.8) e 778i(x,0;0) € LX(Ry), j =L, U,
for some a € (ag,1). Then uj(z,t) = ¢j(z; ) locally uniformly in R; ast — oo for j = L,U.

The proof of Theorem 1.1 is given in the next section. We remark that for a given initial data
(ur,ur)(z,0) there is at most one « satisfying condition (1.8). Indeed, assume that there are
a1,as € (ap,1) such that (1.8) holds for o = ay, i = 1,2. Then, by Theorem 1.1, ur(0,t) —
or(0; ;) as t — oo for i = 1,2. Hence a1 = ¢(0; 1) = ¢1,(0; a2) = .

2. PROOF OF THEOREM 1.1

In the following, let a € (e, 1) be fixed. By a simple calculation, we have

j Vi

See also [3] for the detailed calculation. It is easy to check the boundary conditions

Sr(0,t) = Sy(0,t), t>0,

’ 2
(2.1)  8S; =028 — Bi0xSj + (1 — 0;)Sj — (uj — ¢5)% — (@aﬂcu] - ) ,j=L,U.

and
aLaxSL(O,t) = aUaxSU(O,t), t> 0,
hold. From (2.1), we have

018 < 028, — B;0.8; + (1 — ¢;)S;, j=L,U.
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First, we consider the entropy equation

(2.2) 0Sj = 028; — Bj0.5; + (1 — ¢;)S;, j=L,U,
posed on two half-lines Ry = (0,00) and Ry = (—00,0), coupled at = = 0 by
(2.3) Sp(0,t) = Sp(0,1), ard.SL(0,t) = ayd.Sy(0,1).
We assume By > 2 > (1. Define branchwise
~ Bj A

(24) Sj(w,t) = e2"Zi(x,t), j = L,U.
Then

WZ;=0Z; +Vi(x)Zj, j=L,U
where

2
Vi(@) =1=¢;a) = =, j = L.U.

Note that V; € L>*(R;), j = L,U. For the boundary conditions, the continuity condition in (2.3)
Z

gives us Z1,(0,t) = Zy(0,t) for all t > 0. Moreover, the flux condition in (2.3) yields

az (a 21(0,1) + ﬁ—LZL(O t)) - aU<8 Z1(0,1) + @ZU(O t))

for t > 0. Thus we conclude from (1.3) that
ar,8:21,(0,t) = aydy Zu(0,1).
Now we define the operator
L7 :=(Z]+ViZy, Z; + Vu Zy)
with domain
D(L) ={Z = (Z1, Zv) | Zj € H*(R;), ZL(0) = Zu(0),arZ1,(0) = av Z;;(0)}.
Let us introduce the weighted Hilbert space.
X := L*(apdz) ® L*(apdz)

with the weighted inner product

e 0
<Z,Y>X:CLL/ ZLYde—FaU/ ZU?Ud$.
0

—00

Hereafter ?] denotes the complex conjugate of Y;. We compute

aL/ ZNYy da = —aLZ/L(O)YL(O)—aL/ 7Y da
0 0

and
0

0 .
aU/ Z( Yy dx = ay Z;;(0)Yy (0) — aU/ Z{]YU/dx.

—0o0 —00

Therefore, the total boundary contribution is

~ar Z(0)Y2(0) + av Zy (0)Yy (0) = (—ar Z1(0) + av Z;;(0))Y2(0) = 0,

by the vertex conditions
Z1(0) = Zy(0), arZ1(0) = av Zy(0).
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Thus

(LZ,Y)x = —ay, / 707 dx — ay /

0 —00

0 o] 0
Z4 Yy dx + ay / ViZLYL + au / Vo ZuYy,
0 —00

and, by symmetry, we conclude that
(LZ)Y)x =(Z,LY))x, Z,Y € D(L),
since both V7, and Vi are real-valued. Therefore, we have proved the following proposition.
Proposition 2.1. The operator L is self-adjoint on the weighted Hilbert space X .
Since V; € L*>®(RR;) and

_ B B
Vi(z) — e = R Vu(z) = cu .—1—7,
as r — to0o, the operator L is a compact perturbation of the constant-coefficient operators
d? d?
LY =—+cL, LF=-—+c

da? dz?
on the corresponding half-lines. Hence, by Weyl’s theorem on the stability of the essential spectrum,
Oess (L) = (—oo, max{cr, cy }]-
If By > 2, then ¢y < 0, and therefore
Oess(L) C (—00,0).
We discuss the absence of nonnegative eigenvalues from Sturm—Liouville approach.

Theorem 2.2. If By > 2 and B, € (0,2), then L has no nonnegative eigenvalues.

Proof. Suppose LZ = AZ with A > 0. Since A lies above the essential spectrum, it must be a
discrete eigenvalue and Z € L?(Ry) ® L*(Ry).
For |z| sufficiently large, Vj(x) is arbitrarily close to ¢;, hence the eigenvalue equation becomes
asymptotically
LW = W" + ;W = AW.
Thus
W” == ()\ - Cj)W
Because ¢; < 0 and A > 0,
A — cj > 0.
Hence the asymptotic solutions are proportional to
e:i:\ /A—c; T
On Rz = (0,00) and Ry = (=00, 0), square-integrability forces
(2.5) Wi (z) = Const. e VALT Wy (x) = Const. eV "V,

First, we shall prove that A = 0 is not an eigenvalue. For contradiction, we assume that there
exists (Zr, Zy) € D(L) \ {(0,0)} such that £(Z1, Zy) = (0,0). From the standard theory of the
second order linear ordinary differential equation, there exist constants A, B € R such that

ebrs

(2.6) ¢F2 7, (2) = Adr(z) + Bér(w) ( /0 ’ d)%(s)ds).
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8
Indeed, one can check that F(x) := e~ 2%, satisfies

Bi

F”+<1¢>L 4>F:0,x€RL.

8
By setting F(z) := e~ 2 %¢1(2)G(x), so that G satisfies

1 ?bl r
G+<¢L 5L>G—0,

then (2.6) follows from the variation of constants method. Note that Z; ~ Wy as z — oo for some
Wi (x). Therefore, ¢r(00) =1, (2.5) and (2.6) give us

B, T eﬁLs

Const. me2"Zp(x) = A¢r(z) + BQSL(:L’)( )ds) ~ A+ BePr* + O(1) as x — oo.

0 ¢%(S
Thus, we conclude that B = 0.
Similarly, we have

¢ Bus
7o)

for some constants C, D. Recall from Theorem 1.1 (iv) of [2], when Sy > 2 and « € (v, 1),

Bu

e ¥ 2u(w) = Cgu(w) + Dou () |

Bu—~/BE -4
(2.7) ¢u(x) = Const. e e a1 —o0.

Using Zyy = Wy with A =0 as x — —o0, we deduce that

2 _
eﬂTUxZU(x) ~ Const. erﬁlﬁf\/ﬁ[]ﬁé{'r as T — —00,

and hence C' = 0, due to (2.7). Therefore, we have eﬁTL””ZL = A¢r on Ry and eﬂTU:”ZU(:L‘) =
Doy (z <fx efus ds) on Ry for some A,D € R. Moreover, by substituting x = 0, we have
Zy(0) = 0. Then the junction condition yields Z1(0) = Zy(0) = 0, which gives us A = 0 and
so Zr, = 0. Then arZ}(0) = ayZ[;(0) yields Z[;(0) = 0. It follows from the standard uniqueness
theory of initial value problem that Zy = 0. This contradiction shows that A = 0 is not an
eigenvalue.

Next, we shall prove that A > 0 is not an eigenvalue. For contradiction, we assume that there
exists (Y1, Yr) € D(L)\ {(0,0)} such that L(vr,vr) = AN, ¢y) for some A > 0. Without loss of
generality, we may assume that t,(0) > 0. Because ¢; are positive, the functions

P; = % , Jj=1LU,
733 é;
are well-defined. By a simple calculation, we obtain that
/" d;v( _7I¢J) L
(2.8) P42 5 = A\P;, j=LU
e é;
along with the boundary conditions
(2.9) P(0) = Py(0)
and

(2.10) ar,P;(0) = ay P(0).
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According to (2.5), ¢r(0c0) =1 and (2.7), we have

N 8 8

Yr(x) =~ Const. e AL/ e_TL‘%L(x) ~ Const. e 3%, as x — o0,
AT 8 ST TAT

Yy (x) =~ Const. e AMBg /A1 e_TU’”QSU(x) ~ Const. e VPT/A=12 a5 0 5 — 0.

We see that Pj(x) decays to zero exponentially fast as @ — +oo for j = L, U, respectively. Since
Pr(0) > 0, Pr(c0) = 0 and, by (2.8), P, cannot take a positive maximum or a negative minimum
in (0,00), we obtain that Pj, is monotone decreasing in Ry. In particular, P, > 0 > P; in Ry.
If ¢7,(0) = 0, then P, = 0 on Ry. Hence Py(0) = Pr(0) = 0 and P/;(0) = 0, due to (2.10) and
P (0) = 0. It follows from the uniqueness theory of initial value problem for (2.8) that Py = 0.
This implies that (¢, ¢v) = (0,0), a contradiction. Hence v1,(0) > 0.

On the other hand, since Py(0) = Pr(0) > 0 and Py(—o0) = 0, it follows from (2.8) again
that Py is monotone increasing in Ry, However, Pf;(0) < 0, due to (2.10) and P (0) < 0. Hence
P[,(0) = 0 and so P (0) = 0. It then follows from (2.8) that lim, .o+ P/ (z) > 0. This implies that
P} (xz) > 0 for sufficiently small € Ry, a contradiction to P, < 0 in Rz. We conclude that any
positive A is not an eigenvalue of L. Therefore, we have proved the theorem. g

Now we prove the exponential stability, when Sy > 2 and g, € (0,2). We assume that
_Big 2 .
e 2%8(x,0) € L*(R;), j=L,U.

Let S(x,t) be the solution of (2.2) and (2.3) with the initial function S;(x,0), j = L, U, at t = 0.
Recall Z from (2.4). Since the spectrum of £ is contained in (—oc, —7] for some 7 > 0, the spectral
theorem implies that

1Z;( )l 2,y < Ce™, j =L, U,
for some positive constant C'. Thus, by the comparison principle, we have

B.
e_TJ‘USj(m,t) —0 in L*(R;), j=L,U, ast— oo.

In particular, by the parabolic regularity, S;(z,t) — 0 locally uniformly in R;, j = L, U, as t — oo.
Thereby we have completed the proof of Theorem 1.1. ]
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