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Abstract. In this paper, we derive the convergence to stationary solutions for a one-species system

of Fisher-KPP type in a simple two-branches river network. Our method is based on the spectrum

analysis of the associated linear operator to a system satisfied by the weighted entropy function of

original solution on a suitable weighted Hilbert space.

1. Introduction

Recently, the study of solution behaviors for certain biological systems defined in river networks

has attracted more and more attention. For this, we refer the reader to, e.g., [6, 7, 5, 2, 1, 4, 8].

Among others, the simplest river network is the two-branches system. In particular, the following

system is considered by Du, Lou, Peng and Zhou ([2]):

(1.1)

{
∂tuL = ∂2xuL − βL∂xuL + uL(1− uL), x ∈ (0,+∞) := RL, t > 0,

∂tuU = ∂2xuU − βU∂xuU + uU (1− uU ), x ∈ (−∞, 0) := RU , t > 0

along with the boundary conditions

(1.2) uL(0, t) = uU (0, t), aL∂xuL(0, t) = aU∂xuU (0, t), t > 0,

where βL, βU , aL, aU are positive constants in which βL, βU are the water flow speeds and aL, aU
account for the cross-section area of the lower and upper river branches, respectively. Note that

the condition

(1.3) aLβL = aUβU

holds due to the conservation of flow at the junction point x = 0.

It is shown in [2] that, under the assumption

(1.4) βU ≥ 2 > βL,

there exists a one parameter family of stationary solutions of (1.1)-(1.2). More precisely, there

exists α0 ∈ (0, 1) such that for each α ∈ [α0, 1) there exist unique positive monotone increasing
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functions ϕL(x;α) and ϕU (x;α) satisfying

(1.5)


−ϕ′′L + βLϕ

′
L = ϕL − ϕ2L, x ∈ (0,+∞),

−ϕ′′U + βUϕ
′
U = ϕU − ϕ2U , x ∈ (−∞, 0),

ϕL(0) = ϕU (0) = α ∈ (0, 1),

aLϕ
′
L(0) = aUϕ

′
U (0),

and

(1.6) ϕU (−∞;α) = 0, ϕL(+∞;α) = 1.

On the other hand, if α ∈ (0, α0), there is no stationary solution satisfying (1.5) and (1.6).

Concerning the asymptotic behavior, according to [2], if u(x, 0) is a compactly supported non-

negative non-zero function, then the solution of (1.1)-(1.2) with this initial function at t = 0

converges to the minimal solution (ϕL(·, α0), ϕU (·, α0)) as t→ +∞ locally uniformly in R. However,
the convergence to non-minimal stationary solutions is left open in [2]. The main purpose of this

short note is to resolve this problem.

To this aim, for a given α ∈ [α0, 1), we define the entropy function

(1.7) Sj(x, t) = Sj(x, t;α) := uj(x, t)− ϕj(x;α)− ϕj(x;α) log
uj(x, t)

ϕj(x;α)
≥ 0, j = L,U,

where (uL, uU ) is a positive solution of (1.1)-(1.2). Here Sj(x, t) ≥ 0 can be shown by using

X − 1− logX ≥ 0 for all X > 0, where X := uj(x, t)/ϕj(x;α). Moreover, Sj(x, t) = 0 if and only

if uj(x, t) = ϕj(x;α).

We now state the main theorem of this paper as follows.

Theorem 1.1. Suppose that βU > 2 and βL ∈ (0, 2). Let (uL, uU ) be the solution of (1.1)-(1.2)

with initial data (uL, uU )(x, 0) satisfying

(1.8) e−
βj
2
xSj(x, 0;α) ∈ L2(Rj), j = L,U,

for some α ∈ (α0, 1). Then uj(x, t) → ϕj(x;α) locally uniformly in Rj as t→ ∞ for j = L,U .

The proof of Theorem 1.1 is given in the next section. We remark that for a given initial data

(uL, uU )(x, 0) there is at most one α satisfying condition (1.8). Indeed, assume that there are

α1, α2 ∈ (α0, 1) such that (1.8) holds for α = αi, i = 1, 2. Then, by Theorem 1.1, uL(0, t) →
ϕL(0;αi) as t→ ∞ for i = 1, 2. Hence α1 = ϕL(0;α1) = ϕL(0;α2) = α2.

2. Proof of Theorem 1.1

In the following, let α ∈ (α0, 1) be fixed. By a simple calculation, we have

(2.1) ∂tSj = ∂2xSj − βj∂xSj + (1− ϕj)Sj − (uj − ϕj)
2 −

(√
ϕj∂xuj

uj
−

ϕ′j√
ϕj

)2

, j = L,U.

See also [3] for the detailed calculation. It is easy to check the boundary conditions

SL(0, t) = SU (0, t), t > 0,

and

aL∂xSL(0, t) = aU∂xSU (0, t), t > 0,

hold. From (2.1), we have

∂tSj ≦ ∂2xSj − βj∂xSj + (1− ϕj)Sj , j = L,U.
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First, we consider the entropy equation

(2.2) ∂tŜj = ∂2xŜj − βj∂xŜj + (1− ϕj)Ŝj , j = L,U,

posed on two half-lines RL = (0,∞) and RU = (−∞, 0), coupled at x = 0 by

(2.3) ŜL(0, t) = ŜU (0, t), aL∂xŜL(0, t) = aU∂xŜU (0, t).

We assume βU ≥ 2 > βL. Define branchwise

(2.4) Ŝj(x, t) = e
βj
2
xẐj(x, t), j = L,U.

Then

∂tẐj = ∂2xẐj + Vj(x)Ẑj , j = L,U

where

Vj(x) = 1− ϕj(x)−
β2j
4
, j = L,U.

Note that Vj ∈ L∞(Rj), j = L,U . For the boundary conditions, the continuity condition in (2.3)

gives us ẐL(0, t) = ẐU (0, t) for all t ≥ 0. Moreover, the flux condition in (2.3) yields

aL

(
∂xẐL(0, t) +

βL
2
ẐL(0, t)

)
= aU

(
∂xẐU (0, t) +

βU
2
ẐU (0, t)

)
for t ≥ 0. Thus we conclude from (1.3) that

aL∂xẐL(0, t) = aU∂xẐU (0, t).

Now we define the operator

LZ := (Z ′′
L + VLZL, Z

′′
U + VUZU )

with domain

D(L) = {Z := (ZL, ZU ) | Zj ∈ H2(Rj), ZL(0) = ZU (0), aLZ
′
L(0) = aUZ

′
U (0)}.

Let us introduce the weighted Hilbert space.

X := L2(aLdx)⊕ L2(aUdx)

with the weighted inner product

⟨Z, Y ⟩X = aL

∫ ∞

0
ZLYL dx+ aU

∫ 0

−∞
ZUYU dx.

Hereafter Yj denotes the complex conjugate of Yj . We compute

aL

∫ ∞

0
Z ′′
LYL dx = −aLZ ′

L(0)YL(0)− aL

∫ ∞

0
Z ′
LYL

′
dx

and

aU

∫ 0

−∞
Z ′′
UYU dx = aUZ

′
U (0)YU (0)− aU

∫ 0

−∞
Z ′
UYU

′
dx.

Therefore, the total boundary contribution is

−aLZ ′
L(0)YL(0) + aUZ

′
U (0)YU (0) = (−aLZ ′

L(0) + aUZ
′
U (0))YL(0) = 0,

by the vertex conditions

ZL(0) = ZU (0), aLZ
′
L(0) = aUZ

′
U (0).



4 J.-S. GUO, M. SHIMOJO, AND C.-C. WU

Thus

⟨LZ, Y ⟩X = −aL
∫ ∞

0
Z ′
LYL

′
dx− aU

∫ 0

−∞
Z ′
UYU

′
dx+ aL

∫ ∞

0
VLZLYL + aU

∫ 0

−∞
VUZUYU ,

and, by symmetry, we conclude that

⟨LZ, Y ⟩X = ⟨Z,LY ⟩X , Z, Y ∈ D(L),

since both VL and VU are real-valued. Therefore, we have proved the following proposition.

Proposition 2.1. The operator L is self-adjoint on the weighted Hilbert space X.

Since Vj ∈ L∞(Rj) and

VL(x) → cL := −
β2L
4
, VU (x) → cU := 1−

β2U
4
,

as x→ ±∞, the operator L is a compact perturbation of the constant-coefficient operators

L∞
L =

d2

dx2
+ cL, L∞

U =
d2

dx2
+ cU

on the corresponding half-lines. Hence, by Weyl’s theorem on the stability of the essential spectrum,

σess(L) = (−∞,max{cL, cU}].

If βU > 2, then cU < 0, and therefore

σess(L) ⊂ (−∞, 0).

We discuss the absence of nonnegative eigenvalues from Sturm–Liouville approach.

Theorem 2.2. If βU > 2 and βL ∈ (0, 2), then L has no nonnegative eigenvalues.

Proof. Suppose LZ = λZ with λ ≥ 0. Since λ lies above the essential spectrum, it must be a

discrete eigenvalue and Z ∈ L2(RL)⊕ L2(RU ).

For |x| sufficiently large, Vj(x) is arbitrarily close to cj , hence the eigenvalue equation becomes

asymptotically

L∞
j W =W ′′ + cjW = λW.

Thus

W ′′ = (λ− cj)W.

Because cj < 0 and λ ≥ 0,

λ− cj > 0.

Hence the asymptotic solutions are proportional to

e±
√

λ−cj x.

On RL = (0,∞) and RU = (−∞, 0), square-integrability forces

(2.5) WL(x) = Const. e−
√
λ−cL x, WU (x) = Const. e

√
λ−cU x.

First, we shall prove that λ = 0 is not an eigenvalue. For contradiction, we assume that there

exists (ZL, ZU ) ∈ D(L) \ {(0, 0)} such that L(ZL, ZU ) = (0, 0). From the standard theory of the

second order linear ordinary differential equation, there exist constants A,B ∈ R such that

(2.6) e
βL
2
xZL(x) = AϕL(x) +BϕL(x)

(∫ x

0

eβLs

ϕ2L(s)
ds
)
.
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Indeed, one can check that F (x) := e−
βL
2
xϕL satisfies

F ′′ +

(
1− ϕL −

β2L
4

)
F = 0, x ∈ RL.

By setting F (x) := e−
βL
2
xϕL(x)G(x), so that G satisfies

G′′ +

(
2
ϕ′L
ϕL

− βL

)
G′ = 0,

then (2.6) follows from the variation of constants method. Note that ZL ≈WL as x→ ∞ for some

WL(x). Therefore, ϕL(∞) = 1, (2.5) and (2.6) give us

Const. ≈ e
βL
2
xZL(x) = AϕL(x) +BϕL(x)

(∫ x

0

eβLs

ϕ2L(s)
ds
)
≈ A+BeβLx +O(1) as x→ ∞.

Thus, we conclude that B = 0.

Similarly, we have

e
βU
2

xZU (x) = CϕU (x) +DϕU (x)
(∫ x

0

eβUs

ϕ2U (s)
ds
)

for some constants C,D. Recall from Theorem 1.1 (iv) of [2], when βU > 2 and α ∈ (α0, 1),

(2.7) ϕU (x) ≈ Const. e
βU−

√
β2
U

−4

2
x as x→ −∞.

Using ZU ≈WU with λ = 0 as x→ −∞, we deduce that

e
βU
2

xZU (x) ≈ Const. e
βU+

√
β2
U

−4

2
x as x→ −∞,

and hence C = 0, due to (2.7). Therefore, we have e
βL
2
xZL = AϕL on RL and e

βU
2

xZU (x) =

DϕU (x)
( ∫ x

0
eβUs

ϕ2
U (s)

ds
)

on RU for some A,D ∈ R. Moreover, by substituting x = 0, we have

ZU (0) = 0. Then the junction condition yields ZL(0) = ZU (0) = 0, which gives us A = 0 and

so ZL ≡ 0. Then aLZ
′
L(0) = aUZ

′
U (0) yields Z ′

U (0) = 0. It follows from the standard uniqueness

theory of initial value problem that ZU ≡ 0. This contradiction shows that λ = 0 is not an

eigenvalue.

Next, we shall prove that λ > 0 is not an eigenvalue. For contradiction, we assume that there

exists (ψL, ψU ) ∈ D(L) \ {(0, 0)} such that L(ψL, ψU ) = λ(ψL, ψU ) for some λ > 0. Without loss of

generality, we may assume that ψL(0) ≥ 0. Because ϕj are positive, the functions

Pj :=
ψj

e−
βj
2
xϕj

, j = L,U,

are well-defined. By a simple calculation, we obtain that

(2.8) P ′′
j + 2

d
dx

(
e−

βj
2
xϕj
)

e−
βj
2
xϕj

P ′
j = λPj , j = L,U

along with the boundary conditions

(2.9) PL(0) = PU (0)

and

(2.10) aLP
′
L(0) = aUP

′
U (0).
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According to (2.5), ϕL(∞) = 1 and (2.7), we have

ψL(x) ≈ Const. e−
√

λ+β2
L/4x, e−

βL
2
xϕL(x) ≈ Const. e−

βL
2
x, as x→ ∞,

ψU (x) ≈ Const. e
√

λ+β2
U/4−1x, e−

βU
2

xϕU (x) ≈ Const. e−
√

β2
U/4−1x, as x→ −∞.

We see that Pj(x) decays to zero exponentially fast as x → ±∞ for j = L,U , respectively. Since

PL(0) ≥ 0, PL(∞) = 0 and, by (2.8), PL cannot take a positive maximum or a negative minimum

in (0,∞), we obtain that PL is monotone decreasing in RL. In particular, PL ≥ 0 ≥ P ′
L in RL.

If ψL(0) = 0, then PL ≡ 0 on RL. Hence PU (0) = PL(0) = 0 and P ′
U (0) = 0, due to (2.10) and

P ′
L(0) = 0. It follows from the uniqueness theory of initial value problem for (2.8) that PU ≡ 0.

This implies that (ψL, ψU ) = (0, 0), a contradiction. Hence ψL(0) > 0.

On the other hand, since PU (0) = PL(0) > 0 and PU (−∞) = 0, it follows from (2.8) again

that PU is monotone increasing in RU . However, P ′
U (0) ≤ 0, due to (2.10) and P ′

L(0) ≤ 0. Hence

P ′
U (0) = 0 and so P ′

L(0) = 0. It then follows from (2.8) that limx→0+ P
′′
L(x) > 0. This implies that

P ′
L(x) > 0 for sufficiently small x ∈ RL, a contradiction to P ′

L ≤ 0 in RL. We conclude that any

positive λ is not an eigenvalue of L. Therefore, we have proved the theorem. □

Now we prove the exponential stability, when βU > 2 and βL ∈ (0, 2). We assume that

e−
βj
2
xSj(x, 0) ∈ L2(Rj), j = L,U.

Let Ŝ(x, t) be the solution of (2.2) and (2.3) with the initial function Sj(x, 0), j = L,U , at t = 0.

Recall Ẑ from (2.4). Since the spectrum of L is contained in (−∞,−η] for some η > 0, the spectral

theorem implies that

∥Ẑj(·, t)∥L2(Rj) ≤ Ce−ηt, j = L,U,

for some positive constant C. Thus, by the comparison principle, we have

e−
βj
2
xSj(x, t) → 0 in L2(Rj), j = L,U, as t→ ∞.

In particular, by the parabolic regularity, Sj(x, t) → 0 locally uniformly in Rj , j = L,U , as t→ ∞.

Thereby we have completed the proof of Theorem 1.1. □
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