STABILITY OF TRAVELING WAVES IN NON-COOPERATIVE
SYSTEMS WITH NONLOCAL DISPERSAL OF EQUAL DIFFUSIVITIES
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ABSTRACT. In this work, we first prove a stability theorem for traveling waves in a class
of non-cooperative reaction-diffusion systems with nonlocal dispersal of equal diffusivities.
Our stability criterion is in the sense that the initial perturbation is such that a suitable
weighted relative entropy function along with its Fourier transform are integrable. Then we
apply our main theorem to derive the stability of traveling waves for some specific examples
of non-cooperative systems arising in ecology and epidemiology.

1. INTRODUCTION

It is well-known that, in contrast to the classical random diffusion, reaction-diffusion
systems with nonlocal dispersal can better model the long range movements and nonadjacent
interactions of individuals. This can be seen from many applied science models arising in
physics, material science, population dynamics and so on (cf. [14, 11, 4, 22]). In fact, when
the dispersal kernel is highly concentrated, it is known that the model with nonlocal dispersal
tends to the classical diffusion model. Moreover, it is noted in [1] that the dynamics of models
with nonlocal dispersal is quite rich. Therefore, the study of models with nonlocal dispersal
has attracted a lot of attention in recent years. However, there are certain difficulties arisen
in the study of nonlocal dispersal models. One of them is that there is no regularizing effect
for the nonlocal dispersal model in contrast to the classical diffusion case [2, 15].

In this work, the following general reaction-diffusion system with nonlocal dispersal is to
be investigated:

(1.1) (ui)e(z, t) = diN;[w;](x, t) + wi(z, t) fi(u(x, b)), (z,t) € R x (0,00), 1 <i<m,

where u(z,t) := (uy(x,t),...,un(z,t)), di >0, fi € C*([0,00)™), 1 < i < m, m is a positive
integer and

N [u](z,t) == /RJz(y)uz(x —y, t)dy — ui(z,t) = (J; x u; — uy)(x, t),

in which the kernel function J; satisfies the following properties:

(J1) The kernel J; is nonnegative symmetric (w.r.t. = 0) and smooth in R;
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(J2) it holds that

[ iy =1
R
(J3) it holds that [, J;(y)edy < oo for all A € (0, ;) and

/ Ji(y)eNdy — 0o as A i
R

for some \; € (0, o0].

System (1.1) arises in many applications, such as population dynamics in ecology and
epidemiology. In population dynamics, we are particularly interested in the propagation
phenomena of species in the biological model. More precisely, it describes the invasion of
certain species to other species in ecological systems (cf. [9, 24]), or the spreading of certain
diseases in epidemic models (cf. [7, 23]). Among many different approaches towards the
propagation phenomena, the existence vs non-existence of traveling waves and the spreading
dynamics of solutions with localized initial data are two most important subjects to be
explored. Although there are some well-known difficulties in the study of nonlocal dispersal
models, some abstract theory from dynamical systems can be applied to derive propagation
properties for nonlocal models when it is of cooperative type. For the theory and application
of monotone semiflow to derive the minimal wave speed of traveling waves and the spreading
speed, we refer the reader to, e.g., [3, 26, 21, 27, 20, 18, 16, 10] and the references cited
therein.

We are mainly concerned with traveling wave solutions of (1.1) connecting two different
constant equilibria { E£}. More specifically, the form of a traveling wave solution of (1.1) is

uz(x7t> = ¢i(2)7 £I=T = Cta 1 é { S m,

with an unknown function ® := (¢1,...,¢,,) (the wave profile) and an unknown positive
constant ¢ (the wave speed) such that
(1.2) P(—o00) = E~, &(c0) = ET.

The existence vs non-existence of traveling waves for systems with nonlocal dispersal has
been studied quite extensively in past years. We refer the reader to, e.g., [5, 6] for scalar
equations, [36, 35, 8, 30, 31, 37, 25| for predator-prey systems and [33, 17, 19, 32, 29] for
epidemic models.

The main goal of this work is to derive the stability of traveling wave solutions for system
(1.1). Therefore, we shall always assume that (1.1) admits positive traveling wave solutions
{c, @} for all ¢ > ¢* for some positive constant ¢*. Hereafter ® is positive means ¢; > 0 in
R for all 7. The stability of traveling wave solutions in cooperative systems with nonlocal
dispersal can be derived by sandwich method using the order-preserving property of the
cooperative systems. See, e.g., [34]. For non-cooperative systems with nonlocal dispersal,
due to the lack of comparison principle, little is done for the stability of traveling waves. In
this work, motivated by [13], we provide a simple approach to tackle the stability of traveling
waves for non-cooperative systems with nonlocal dispersal. Due to some technical difficulty,
we shall only consider the equal diffusivities case in this work. Hereafter, we shall assume
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that d; = 1 and .J; = J, 1 < i < m, for some kernel J satisfying (J1)-(J3) with A € (0, c0].
Also, we set Nu;] := J * u; — u;.

To study the stability of traveling waves, it is more convenient to use the so-called moving
coordinate z = x — ct. Hence, for a positive solution u of (1.1), the corresponding function
{u; = u;(z,t)} in terms of z-coordinate satisfies

Note that a traveling wave {c, ®} satisfies
(1.4) Ndi] + c¢i(2) + ¢1fi(2(2)) = 0,

hence ® is a stationary solution of (1.3) for the given wave speed c.
For a given set of positive constant {o; | 1 < ¢ < m} and a positive function ¥(z) =
(P1(2),...,¥Ym(2)), 2z € R, we define as in [13] the following relative entropy function

(15) ) = S aEE), S = i) - i) - a4
It is easy to see that E[¥] > 0 in R and E[V](zy) = 0 if and only if W(zy) = P(zp). For a

function u(z,t), the relative entropy function can be expressed as follows:
(1.6) W (z,) = Elul, D](2), (2,1) € R x [0,00).
Also, for a given positive constant R, we define the quantity

(1.7) cri= inf G(\), G(\):= e )y — 1] + 1

0<A<A A

Note that the quantity cg is well-defined such that cg > 0. This can be easily seen by the
fact that G(0%) = G(A™) = co and G(A) > 0 for X € (0, \).

With the above notation, we now state our main theorem on the stability of traveling
waves for system (1.1) as follows.

Theorem 1.1. Assume cg > ¢* for some positive constant R. Let u be the solution to (1.3)
for a given positive continuous initial data ug. Denote a positive traveling wave solution
of (1.1) for some ¢ > cr by {c,®}. Suppose that there exists a set of positive constant
{o; | 1 < i < m} such that

(1.8) W, < N[W]+cW, + RW, (2,t) € R x (0,00)

for the relative entropy function W of u defined by (1.6). Let A\, < \ be the smallest positive
root of G(\) = c. Then, under the condition e**Elug] € L'(R) and Fle**E[ug]] € L'(R),
u(z,t) = ®(z) ast — oo for all z € R, where F is the Fourier transform defined on L'(R).

The stability provided in Theorem 1.1 for traveling wave of (1.1) is in the sense that
the initial perturbation is such that e**E[ug] € LY(R) and Fle**E[ug]] € LY (R) at t = 0.
Although the proof of Theorem 1.1 follows from the same idea as that in [13] for the case
of standard local diffusion, there are some difficulties to be overcome due to the nonlocal
dispersal. With a suitable weight, thanks to the convergence result derived in [2] (see Propo-
sition 2.1 below), we are able to derive the convergence of the weighted relative entropy
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function to zero as t — oo. Another key of the proof of this stability theorem is to derive the
inequality (1.8) with an appropriate chosen set of positive constants {o;}. Unfortunately,
as in the case of classical diffusion, our method can only be applied for systems of nonlocal
dispersal with equal diffusivities. Systems with non-equal diffusivities are still left for open.

The rest of this paper is organized as follows. First, we provide a very simple proof of
Theorem 1.1 along with a general calculation towards (1.8) in §2. Then, in §3, we provide
an application of Theorem 1.1 to various non-cooperative systems studied in [8, 31, 37, 25]
for predator-prey systems and in [33, 29] for an epidemic model. Finally, a brief discussion
is given in §4.

2. PROOF OF THEOREM 1.1
First, we consider the linear problem
(2 1) Ut<x7t): (K*U)(x,t)-@(l‘,t), JIGR, t>0,
v(z,0) = vo(x), x € R,

where K is non-negative smooth function satisfying fR K(z)dz =1 and v is non-negative.
We have the following result.

Proposition 2.1. Suppose that vy € L'(R) and Flvg] € L'(R). Then the solution v of (2.1)
converges to zero for all v € R ast — oo.

Proof. Let us choose an even function 9y such that 9g(x) := vo(z) + vo(—2) > 0. Note that
Uo > vo, and vy € LY(R), F[ve] € L'(R) and F[dy)] is real-valued. We denote the solution of
(2.1) with initial data 9y by o(x,t) Recall from the proof of [2, Theorem 1.3] that

v(z,t) = F ' [exp{t(FIK](€) — 1)} Fwo)(€)] ().

The comparison principle gives us

oo 1) < o, 1) < o / exp{t Re (FIK](€) - 1)} Flao] (€)| de, Yz € R.

™

Now, since Re F[K](§) = [, K(x)cosafdr < 1 for all £ € R and its equality holds only
when 2§ = 2mn for some n € Z. Thus, Re F[K] < 1 almost all { € R. The condition
Flog) € L*(R), and the Lebesgue’s dominated convergence theorem yield the result. O

Now we complete the proof of Theorem 1.1.
Proof of Theorem 1.1. Note that w(z) = e~*<* satisfies
Nw]+cw, + Rw=0, z€eR
Define a function V(z,t) = e**W (z,t). Then, by (1.8), we obtain

Vi(z ) < / TV (2 =y, t) dy + (R — 1 — AV (2, 8) + eVa(2,1)

_ /Rj(y)eAcy{V(z —yt) = V(e )y dy + Vi(z, ).
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If we define a function U(z + ct,t) = V(z,t), then

Uyz, ) < /RJ(y)e’\cy{U(q: L)~ U )b dy,  w— o+t

Now we introduce a new time variable 7 by the relation

T .= /RJ(y)e’\cy dy € (0, 00)

+
to obtain

J(y)er
2.2 U, < ————xU-U.
(22) < el

Hence the comparison principle for scalar equations and Proposition 2.1 imply that U(z, 1) —
0 as 7 — oo for all x € R. Returning to the original variables (z,t), Theorem 1.1 is thereby
proved. 0]

In order to apply Theorem 1.1 to some specific systems, we first assume that system (1.1)
has an invariant set Z C [0,00)™. Note that any nonnegative nontrivial solution of (1.1) is
positive, by applying the strong maximum principle for scalar equation.

Secondly, we assume that

(2.3) I—Zal u; — &) {fi(u) — f;(®)} <0 for u,® e

for a given set of positive constants {o;}. Following [13], we now perform a derivation of
(1.8) as follows. By the definition of W and using (1.3), we have

W, = gai{( )(1_%) o/ n E}
W, = gai@—%)(w)t
= i oif (s — 60) fiw) + = ‘fw[uA +(1- %)c@i)z}
- iw{(uz—@)(ﬁ() @) + BN ] + (- 0)£i(®)
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Set W; = &;[u;]. Then N[W;] = Nw;] — N[¢i] — N[¢;In (u/¢;)]. Hence we obtain
W, — N[W| — W,
- m{(ui —GOU) — F(®)) — DN ] + () s~ 6)

N9 + N6 n(ui/ 9] + cgfIn 2}

_ f:a{ — ) (filu) — fi(®)) — ¢’N[uzl+fz< >(W+¢zlna>

N8 + N6 Infus /6] + edfn 5 1

By substituting
—ﬂ/\/’[ul] = —%J * Ui + @,
N¢ - J * ¢Z ¢27

fi(@)diln — = —(J % ¢; — gbz—i—cgb)lng

Nlgiln(u;/¢i)] = J * (di In(ui/$i)) — b ln a,

and using (2.3), we deduce that
Wy = NW] = cW. =Y o, fi(®)W,
i=1

< igl{—@J*uz—l—J*qﬁl (J*qﬁi)ln%JrJ* (qﬁln%)}

=1

We further compute that

i

U; U;
_;J*UH—J*@ (J* ) In— + J x <¢iln%>

i
RS R
(

= [-n{aw - Zﬁéjt 6:2) + 6x(y) In ug ti by
(

) y
ui(y,t) ui(y, 1) ¢i(2) _
< [ =n{am - 2R + ot (LRSS ~ 1) pay o
Here we used the inequality In X < X — 1 for X > 0, by setting

— u(ya t>¢z(z)
U(Zv t)¢z(y) .

Finally, if we also have
maX{Hfz( )HL‘X’(R)} <R,

1<i<m
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then we can conclude from (2.3) that (1.8) holds with this R and so Theorem 1.1 is applicalbe.

3. APPLICATION OF THEOREM 1.1

For some non-cooperative systems arsing in ecology and epidemiology, Theorem 1.1 can
be applied to characterize the stability of traveling waves. Here we provide some examples
in the followings.

3.1. Predator-prey models.

First, in [8], we consider
(3.1) (uy)e(z, t) = Nug](z, t) + rug (2, 0)[1 — up(x,t) — aus(z,t)], x € R, ¢ > 0,
. (u2)t(‘r7t) = N[UQ]('T7t) + T2u2(x7t)[_1 + bul(x7t) - UQ(.T,t)], LS R? t> 07
where 71,19, a,b are positive constants. We assume
(3.2) b>1, ab< 1.
Then the quantity
(3.3) g e @)y —1] 4+ ra(b— 1)

0<A<A A

is well-defined and ¢* > 0.
For the existence of traveling waves, we recall from [8, 28] that system (3.1) admits a
traveling wave solution {c, (¢1, ¢2)} satisfying (1.2) with

1+a b—-1
1+ab’ 1+ ab

for any ¢ > ¢*; while such a traveling wave exists for ¢ = ¢* if we further assume that J is

E* =(1,0), E—:(

compactly supported.

Note that, by the comparison for the scalar equation, Z := [0, 1] x [0,b— 1] is an invariant
set of system (3.1). We choose o1 = 1/r and o9 = a/(r2b). Then the quantity I in (2.3) is
computed as

I=—(ur = ¢1)° = S (uz = 62 SO, ¥ (ur,u2), (61, 62) € T,

Hence (1.8) holds with R := max{ry,72(b—1)}.

Then Theorem 1.1 leads us to the conclusion that, for any ¢ > cg, traveling waves for
(3.1) are stable in the sense indicated in Theorem 1.1. If an extra condition r < r9(b — 1)
is enforced, then this stability result holds for all ¢ > ¢*, .

Secondly, for the predator-prey system with two weak competing predators uy, us and one
prey uz with the nonlinearities in (1.1) defined by

fi(ug, ug,uz) = (=1 — uy — hug + bus),

faur, ug, ug) = ro(—1 — kuy — ug + bus),

fa(ur, ug, u3z) = r3(1 — auy — aug — ug),
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where ri,79,73 > 0,b>1,0<a < 1/[2(b—1)] and 0 < h, k < 1, the existence of traveling
waves connecting the predator-free state (0,0,1) and the unique positive coexistence state
were obtained in [12] for the case of classical diffusion; and in [31] for the case of nonlocal
dispersal. Note that the existence of waves is not restricted to the case of equal diffusivities.
Applying Theorem 1.1 with the same choice of {o;} as in [13], the stability with initial
perturbation in L'(R) N L>®(R) for traveling waves of the nonlocal dispersal case with equal
diffusivities can be derived. Here we have R = max{r;(b—1),r3(b—1),73}, since 0 < ¢35 < 1
and 0 < ¢, 93 < b — 1. Moreover, we have

= inf [f]R J(y)e)‘ydy - 1} + maX{Tl, Tz}(b — 1)
. 0<A<A A ’

and the stability holds for any wave with speed ¢ > cg. Note that cg = ¢*, if we assume
that 73 < max{ry,r2}(b —1). Since it is quite similar to [13, Theorem 3.7], we safely omit
the further details here.

Similarly, for the predator-prey system with two weak competing preys ui,us and one
predator ug with the nonlinearities in (1.1) defined by

fi(ur,ug,ug) = ri(1 — uy — huy — aus),
Ja(ur, ug, ug) = ro(1 — kuy — ug — aus),
f3<U1, UQ,Ug) = 7’3(—1 + bu1 + bUg — Ug),

where 71,79,73,a,b > 0 (with some further restrictions on a,b) and 0 < h,k < 1, we can

obtain a stability result described in Theorem 1.1 for the traveling waves connecting the

predator-free state to the unique positive coexistence state derived in [25] for the nonlocal

dispersal system with equal diffusivities. Here the predator-free state is (u,, vy, 0), where
1—h 1—k

€(0,1), wv,:= TR

YT T Tk

the critical wave speed ¢* is defined by

. e Jw)eNdy — 1] + r3(b(uy + v,) — 1]
¢ := inf ,
0<A<A A
and the constant R = max{ry,r2,73(20 — 1)}, using 0 < ¢y, ¢ < 1 and 0 < ¢p3 < 2b — 1.
Similar to [13], we can only obtain the stability result described in Theorem 1.1 for the
nonlocal dispersal system with equal diffusivities for any wave with speed ¢ > cg, where
cr > ¢, since R > r3(2b — 1) > r3b(u, + v,) — 1.
Thirdly, in [37], they considered a predator-prey system with two preys (without inter-

€ (0,1),

specific competition between preys) and one predator with/without intra-specific competi-
tion, namely, the nonlinearities in (1.1) are defined by

fi(ur, ug, uz) = ri(1 —uy — aqus),
folur, ug, us) = ro(1 — ug — agus),

fa(ur, uz, uz) = r3(—=1+ brug + boug — yus),
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where 11,719,173, a1, as, by, by are positive constants with b; + b, > 1 and ~ is a nonnegative
constant to denote whether there is the intra-specific competition in the predator. It is clear
that Z := [0, 1] x [0, 1] x [0,b; 4 by — 1] is an invariant set of this predator-prey system. By
choosing

1 a1by ax

01 = —, 02 = , 03 = )
™ Toa2b; T3b1

the quantity I in (2.3) can be computed as

a1 by

I= —(Ul - <Z51)2 - —(U2 - </52)2 - VE(W - <Z53)2 <0, V(Ul,uzaus), (¢1’¢27 ¢3) el
(lle b1

Hence (1.8) holds with R := max{ry,72,73(by + by — 1)}.

Now Theorem 1.1 implies the stability of traveling waves connecting the predator-free state
(1,1,0) and the unique positive coexistence state with speed ¢ > cg for this predator-prey
system with nonlocal dispersal of equal diffusivities. For the existence of traveling waves, we
refer the reader to [37]. The stability holds for any ¢ > ¢*, where

c*:= inf [f]R J(y)eNdy — 1} +r3(by + b2 — 1)
‘ 0<A<A A ’

if we further assume that r; < r3(by + by — 1) for i =1, 2.

3.2. An epidemic model.

Finally, we present in this section a non-cooperative system arising in epidemiology as
follows. In [33, 29], they considered a nonlocal dispersal Kermack-McKendrick epidemic
model described by (1.1) with

fl(u1,U2) = —Puy, f2(u1,u2) = fuy — 7,

where u; is the susceptible population, us is the infective population, and 3, are positive
constants which stand for the infection rate and the removal rate, respectively. Note that
this system has a family of constant stationary solutions {(s,0) | s > 0}.

Let s* > 0 be a fixed constant such that Ss* > ~. Then, under the assumption that J is
compactly supported, the existence of traveling wave connecting (s*,0) and (sg, 0) for some
sop < s* for system (1.1) with equal diffusivities was obtained in [33] for ¢ > ¢* and in [29]
for ¢ = ¢*, where the quantity

*

A [fR J(y)eNdy — 1] + Bs* —
' 0<A<o0 A

is well-defined and ¢* > 0.

It is easy to see that [0, s*] x [0, 00) is an invariant set of this epidemic model. By choosing
01 = 09 = 1, the quantity [ in (2.3) is identically equal to zero. Hence (1.8) holds with
R = pBs* —~. We conclude from Theorem 1.1 that the stability of these traveling waves in
the sense described in Theorem 1.1 holds for all ¢ > ¢*.
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DiscussioN

The main result of our study is the stability of traveling waves for a class of non-cooperative
reaction-diffusion systems with nonlocal dispersal of equal diffusivities. Our stability theorem
has been designed to analyze predator-prey type models and some models in epidemiology.

To our knowledge, to derive the stability of traveling waves of non-cooperative reaction-
diffusion systems with nonlocal dispersal is widely open. The significant outcome of our work
is to give the first blow to this problem, although we need to assume that the diffusivities of
all component are the same. The strategy is to transform the system to a scalar reaction-
diffusion differential inequality for the relative entropy function. This idea is based on the
idea of [13] for the standard local diffusion of the Laplacian type. Improving the results from
the local diffusion problem to the nonlocal diffusion problem requires more computational
effort. For example, we can not use integration by parts as in the local diffusion problem,
and we need to handle the integral kernel to get the suitable differential inequality.
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