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Abstract. In this work, we first prove a stability theorem for traveling waves in a class

of non-cooperative reaction-diffusion systems with nonlocal dispersal of equal diffusivities.

Our stability criterion is in the sense that the initial perturbation is such that a suitable

weighted relative entropy function along with its Fourier transform are integrable. Then we

apply our main theorem to derive the stability of traveling waves for some specific examples

of non-cooperative systems arising in ecology and epidemiology.

1. Introduction

It is well-known that, in contrast to the classical random diffusion, reaction-diffusion

systems with nonlocal dispersal can better model the long range movements and nonadjacent

interactions of individuals. This can be seen from many applied science models arising in

physics, material science, population dynamics and so on (cf. [14, 11, 4, 22]). In fact, when

the dispersal kernel is highly concentrated, it is known that the model with nonlocal dispersal

tends to the classical diffusion model. Moreover, it is noted in [1] that the dynamics of models

with nonlocal dispersal is quite rich. Therefore, the study of models with nonlocal dispersal

has attracted a lot of attention in recent years. However, there are certain difficulties arisen

in the study of nonlocal dispersal models. One of them is that there is no regularizing effect

for the nonlocal dispersal model in contrast to the classical diffusion case [2, 15].

In this work, the following general reaction-diffusion system with nonlocal dispersal is to

be investigated:

(1.1) (ui)t(x, t) = diNi[ui](x, t) + ui(x, t)fi(u(x, t)), (x, t) ∈ R× (0,∞), 1 ≤ i ≤ m,

where u(x, t) := (u1(x, t), . . . , um(x, t)), di > 0, fi ∈ C1([0,∞)m), 1 ≤ i ≤ m, m is a positive

integer and

Ni[ui](x, t) :=

∫
R

Ji(y)ui(x− y, t)dy − ui(x, t) = (Ji ∗ ui − ui)(x, t),

in which the kernel function Ji satisfies the following properties:

(J1) The kernel Ji is nonnegative symmetric (w.r.t. x = 0) and smooth in R;
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(J2) it holds that ∫
R
Ji(y)dy = 1;

(J3) it holds that
∫
R Ji(y)e

λydy <∞ for all λ ∈ (0, λ̂i) and∫
R
Ji(y)e

λydy → ∞ as λ ↑ λ̂i

for some λ̂i ∈ (0,∞].

System (1.1) arises in many applications, such as population dynamics in ecology and

epidemiology. In population dynamics, we are particularly interested in the propagation

phenomena of species in the biological model. More precisely, it describes the invasion of

certain species to other species in ecological systems (cf. [9, 24]), or the spreading of certain

diseases in epidemic models (cf. [7, 23]). Among many different approaches towards the

propagation phenomena, the existence vs non-existence of traveling waves and the spreading

dynamics of solutions with localized initial data are two most important subjects to be

explored. Although there are some well-known difficulties in the study of nonlocal dispersal

models, some abstract theory from dynamical systems can be applied to derive propagation

properties for nonlocal models when it is of cooperative type. For the theory and application

of monotone semiflow to derive the minimal wave speed of traveling waves and the spreading

speed, we refer the reader to, e.g., [3, 26, 21, 27, 20, 18, 16, 10] and the references cited

therein.

We are mainly concerned with traveling wave solutions of (1.1) connecting two different

constant equilibria {E±}. More specifically, the form of a traveling wave solution of (1.1) is

ui(x, t) = ϕi(z), z := x− ct, 1 ≤ i ≤ m,

with an unknown function Φ := (ϕ1, . . . , ϕm) (the wave profile) and an unknown positive

constant c (the wave speed) such that

(1.2) Φ(−∞) = E−, Φ(∞) = E+.

The existence vs non-existence of traveling waves for systems with nonlocal dispersal has

been studied quite extensively in past years. We refer the reader to, e.g., [5, 6] for scalar

equations, [36, 35, 8, 30, 31, 37, 25] for predator-prey systems and [33, 17, 19, 32, 29] for

epidemic models.

The main goal of this work is to derive the stability of traveling wave solutions for system

(1.1). Therefore, we shall always assume that (1.1) admits positive traveling wave solutions

{c,Φ} for all c ≥ c∗ for some positive constant c∗. Hereafter Φ is positive means ϕi > 0 in

R for all i. The stability of traveling wave solutions in cooperative systems with nonlocal

dispersal can be derived by sandwich method using the order-preserving property of the

cooperative systems. See, e.g., [34]. For non-cooperative systems with nonlocal dispersal,

due to the lack of comparison principle, little is done for the stability of traveling waves. In

this work, motivated by [13], we provide a simple approach to tackle the stability of traveling

waves for non-cooperative systems with nonlocal dispersal. Due to some technical difficulty,

we shall only consider the equal diffusivities case in this work. Hereafter, we shall assume
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that di = 1 and Ji = J , 1 ≤ i ≤ m, for some kernel J satisfying (J1)-(J3) with λ̂ ∈ (0,∞].

Also, we set N [ui] := J ∗ ui − ui.

To study the stability of traveling waves, it is more convenient to use the so-called moving

coordinate z = x− ct. Hence, for a positive solution u of (1.1), the corresponding function

{ui = ui(z, t)} in terms of z-coordinate satisfies

(1.3) (ui)t = N [ui] + c(ui)z + uifi(u).

Note that a traveling wave {c,Φ} satisfies

(1.4) N [ϕi] + cϕ′
i(z) + ϕifi(Φ(z)) = 0,

hence Φ is a stationary solution of (1.3) for the given wave speed c.

For a given set of positive constant {σi | 1 ≤ i ≤ m} and a positive function Ψ(z) =

(ψ1(z), . . . , ψm(z)), z ∈ R, we define as in [13] the following relative entropy function

(1.5) E [Ψ](z) :=
m∑
i=1

σiEi[ψi](z), Ei[ψi](z) := ψi(z)− ϕi(z)− ϕi(z) ln
ψi(z)

ϕi(z)
.

It is easy to see that E [Ψ] ≥ 0 in R and E [Ψ](z0) = 0 if and only if Ψ(z0) = Φ(z0). For a

function u(z, t), the relative entropy function can be expressed as follows:

(1.6) W (z, t) := E [u(·, t)](z), (z, t) ∈ R× [0,∞).

Also, for a given positive constant R, we define the quantity

(1.7) cR := inf
0<λ<λ̂

G(λ), G(λ) :=

[∫
R J(y)e

λydy − 1
]
+R

λ
.

Note that the quantity cR is well-defined such that cR > 0. This can be easily seen by the

fact that G(0+) = G(λ̂−) = ∞ and G(λ) > 0 for λ ∈ (0, λ̂).

With the above notation, we now state our main theorem on the stability of traveling

waves for system (1.1) as follows.

Theorem 1.1. Assume cR ≥ c∗ for some positive constant R. Let u be the solution to (1.3)

for a given positive continuous initial data u0. Denote a positive traveling wave solution

of (1.1) for some c ≥ cR by {c,Φ}. Suppose that there exists a set of positive constant

{σi | 1 ≤ i ≤ m} such that

(1.8) Wt ≤ N [W ] + cWz +RW, (z, t) ∈ R× (0,∞)

for the relative entropy function W of u defined by (1.6). Let λc < λ̂ be the smallest positive

root of G(λ) = c. Then, under the condition eλczE [u0] ∈ L1(R) and F [eλczE [u0]] ∈ L1(R),
u(z, t) → Φ(z) as t→ ∞ for all z ∈ R, where F is the Fourier transform defined on L1(R).

The stability provided in Theorem 1.1 for traveling wave of (1.1) is in the sense that

the initial perturbation is such that eλczE [u0] ∈ L1(R) and F [eλczE [u0]] ∈ L1(R) at t = 0.

Although the proof of Theorem 1.1 follows from the same idea as that in [13] for the case

of standard local diffusion, there are some difficulties to be overcome due to the nonlocal

dispersal. With a suitable weight, thanks to the convergence result derived in [2] (see Propo-

sition 2.1 below), we are able to derive the convergence of the weighted relative entropy
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function to zero as t→ ∞. Another key of the proof of this stability theorem is to derive the

inequality (1.8) with an appropriate chosen set of positive constants {σi}. Unfortunately,

as in the case of classical diffusion, our method can only be applied for systems of nonlocal

dispersal with equal diffusivities. Systems with non-equal diffusivities are still left for open.

The rest of this paper is organized as follows. First, we provide a very simple proof of

Theorem 1.1 along with a general calculation towards (1.8) in §2. Then, in §3, we provide

an application of Theorem 1.1 to various non-cooperative systems studied in [8, 31, 37, 25]

for predator-prey systems and in [33, 29] for an epidemic model. Finally, a brief discussion

is given in §4.

2. Proof of Theorem 1.1

First, we consider the linear problem

(2.1)

{
vt(x, t) = (K ∗ v)(x, t)− v(x, t), x ∈ R, t > 0,

v(x, 0) = v0(x), x ∈ R,

where K is non-negative smooth function satisfying
∫
RK(x) dx = 1 and v0 is non-negative.

We have the following result.

Proposition 2.1. Suppose that v0 ∈ L1(R) and F [v0] ∈ L1(R). Then the solution v of (2.1)

converges to zero for all x ∈ R as t→ ∞.

Proof. Let us choose an even function ṽ0 such that ṽ0(x) := v0(x) + v0(−x) ≥ 0. Note that

ṽ0 ≥ v0, and ṽ0 ∈ L1(R),F [ṽ0] ∈ L1(R) and F [ṽ0] is real-valued. We denote the solution of

(2.1) with initial data ṽ0 by ṽ(x, t) Recall from the proof of [2, Theorem 1.3] that

v(x, t) = F−1
[
exp{t(F [K](ξ)− 1)}F [v0](ξ)

]
(x).

The comparison principle gives us

v(x, t) ≤ ṽ(x, t) ≤ 1

2π

∫
R
exp{tRe (F [K](ξ)− 1)}|F [ṽ0](ξ)| dξ, ∀x ∈ R.

Now, since ReF [K](ξ) =
∫
RK(x) cosxξ dx ≤ 1 for all ξ ∈ R and its equality holds only

when xξ = 2πn for some n ∈ Z. Thus, ReF [K] < 1 almost all ξ ∈ R. The condition

F [ṽ0] ∈ L1(R), and the Lebesgue’s dominated convergence theorem yield the result. □

Now we complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Note that w(z) = e−λcz satisfies

N [w] + cwz +Rw = 0, z ∈ R

Define a function V (z, t) = eλczW (z, t). Then, by (1.8), we obtain

Vt(z, t) ≤
∫
R
J(y)eλcyV (z − y, t) dy + (R− 1− cλc)V (z, t) + cVz(z, t)

=

∫
R
J(y)eλcy{V (z − y, t)− V (z, t)} dy + cVz(z, t).
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If we define a function U(z + ct, t) = V (z, t), then

Ut(x, t) ≤
∫
R
J(y)eλcy{U(x− y, t)− U(x, t)} dy, x = z + ct.

Now we introduce a new time variable τ by the relation

τ

t
:=

∫
R
J(y)eλcy dy ∈ (0,∞)

to obtain

(2.2) Uτ ≤ J(y)eλcy

∥J(y)eλcy∥L1

∗ U − U.

Hence the comparison principle for scalar equations and Proposition 2.1 imply that U(x, τ) →
0 as τ → ∞ for all x ∈ R. Returning to the original variables (z, t), Theorem 1.1 is thereby

proved. □

In order to apply Theorem 1.1 to some specific systems, we first assume that system (1.1)

has an invariant set I ⊂ [0,∞)m. Note that any nonnegative nontrivial solution of (1.1) is

positive, by applying the strong maximum principle for scalar equation.

Secondly, we assume that

(2.3) I :=
m∑
i=1

σi (ui − ϕi) {fi(u)− fi(Φ)} ≤ 0 for u,Φ ∈ I

for a given set of positive constants {σi}. Following [13], we now perform a derivation of

(1.8) as follows. By the definition of W and using (1.3), we have

Wz =
m∑
i=1

σi

{
(ui)z

(
1− ϕi

ui

)
− ϕ′

i ln
ui
ϕi

}
Wt =

m∑
i=1

σi

(
1− ϕi

ui

)
(ui)t

=
m∑
i=1

σi

{
(ui − ϕi)fi(u) +

ui − ϕi

ui
N [ui] +

(
1− ϕi

ui

)
c(ui)z

}
=

m∑
i=1

σi

{
(ui − ϕi)(fi(u)− fi(Φ)) +

ui − ϕi

ui
N [ui] + (ui − ϕi)fi(Φ)

}
+c

m∑
i=1

σiϕ
′
i ln

ui
ϕi

+ cWz.
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Set Wi = Ei[ui]. Then N [Wi] = N [ui]−N [ϕi]−N [ϕi ln (u/ϕi)]. Hence we obtain

Wt −N [W ]− cWz

=
m∑
i=1

σi

{
(ui − ϕi)(fi(u)− fi(Φ))−

ϕi

ui
N [ui] + fi(Φ)(ui − ϕi)

+N [ϕi] +N [ϕi ln(ui/ϕi)] + cϕ′
i ln

ui
ϕi

}
=

m∑
i=1

σi

{
(ui − ϕi)(fi(u)− fi(Φ))−

ϕi

ui
N [ui] + fi(Φ)

(
Wi + ϕi ln

ui
ϕi

)
+N [ϕi] +N [ϕi ln(ui/ϕi)] + cϕ′

i ln
ui
ϕi

}
.

By substituting

−ϕi

ui
N [ui] = −ϕi

ui
J ∗ ui + ϕi,

Nϕi = J ∗ ϕi − ϕi,

fi(Φ)ϕi ln
ui
ϕi

= −(J ∗ ϕi − ϕi + cϕ′
i) ln

ui
ϕi

,

N [ϕi ln(ui/ϕi)] = J ∗ (ϕi ln(ui/ϕi))− ϕi ln
ui
ϕi

,

and using (2.3), we deduce that

Wt −N [W ]− cWz −
m∑
i=1

σifi(Φ)Wi

≤
m∑
i=1

σi

{
− ϕi

ui
J ∗ ui + J ∗ ϕi − (J ∗ ϕi) ln

ui
ϕi

+ J ∗
(
ϕi ln

ui
ϕi

)}
.

We further compute that

−ϕi

ui
J ∗ ui + J ∗ ϕi − (J ∗ ϕi) ln

ui
ϕi

+ J ∗
(
ϕi ln

ui
ϕi

)
=

∫
R
J(z − y)

{
ϕi(y)−

ui(y, t)

ui(z, t)
ϕi(z)− ϕi(y) ln

ui(z, t)

ϕi(z)
+ ϕi(y) ln

ui(y, t)

ϕi(y)

}
dy

=

∫
R
J(z − y)

{
ϕi(y)−

ui(y, t)

ui(z, t)
ϕi(z) + ϕi(y) ln

ui(y, t)ϕi(z)

ui(z, t)ϕi(y)

}
dy

≤
∫
R
J(z − y)

{
ϕi(y)−

ui(y, t)

ui(z, t)
ϕi(z) + ϕi(y)

(ui(y, t)ϕi(z)

ui(z, t)ϕi(y)
− 1

)}
dy = 0.

Here we used the inequality lnX ≤ X − 1 for X > 0, by setting

X =
u(y, t)ϕi(z)

u(z, t)ϕi(y)
.

Finally, if we also have

max
1≤i≤m

{∥fi(Φ)∥L∞(R)} ≤ R,
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then we can conclude from (2.3) that (1.8) holds with this R and so Theorem 1.1 is applicalbe.

3. Application of Theorem 1.1

For some non-cooperative systems arsing in ecology and epidemiology, Theorem 1.1 can

be applied to characterize the stability of traveling waves. Here we provide some examples

in the followings.

3.1. Predator-prey models.

First, in [8], we consider

(3.1)

{
(u1)t(x, t) = N [u1](x, t) + r1u1(x, t)[1− u1(x, t)− au2(x, t)], x ∈ R, t > 0,

(u2)t(x, t) = N [u2](x, t) + r2u2(x, t)[−1 + bu1(x, t)− u2(x, t)], x ∈ R, t > 0,

where r1, r2, a, b are positive constants. We assume

(3.2) b > 1, ab < 1.

Then the quantity

(3.3) c∗ := inf
0<λ<λ̂

[∫
R J(y)e

λydy − 1
]
+ r2(b− 1)

λ

is well-defined and c∗ > 0.

For the existence of traveling waves, we recall from [8, 28] that system (3.1) admits a

traveling wave solution {c, (ϕ1, ϕ2)} satisfying (1.2) with

E+ = (1, 0), E− =

(
1 + a

1 + ab
,
b− 1

1 + ab

)
for any c > c∗; while such a traveling wave exists for c = c∗ if we further assume that J is

compactly supported.

Note that, by the comparison for the scalar equation, I := [0, 1]× [0, b− 1] is an invariant

set of system (3.1). We choose σ1 = 1/r1 and σ2 = a/(r2b). Then the quantity I in (2.3) is

computed as

I = −(u1 − ϕ1)
2 − a

b
(u2 − ϕ2)

2 ≤ 0, ∀ (u1, u2), (ϕ1, ϕ2) ∈ I.

Hence (1.8) holds with R := max{r1, r2(b− 1)}.
Then Theorem 1.1 leads us to the conclusion that, for any c ≥ cR, traveling waves for

(3.1) are stable in the sense indicated in Theorem 1.1. If an extra condition r1 ≤ r2(b − 1)

is enforced, then this stability result holds for all c ≥ c∗, .

Secondly, for the predator-prey system with two weak competing predators u1, u2 and one

prey u3 with the nonlinearities in (1.1) defined by
f1(u1, u2, u3) = r1(−1− u1 − hu2 + bu3),

f2(u1, u2, u3) = r2(−1− ku1 − u2 + bu3),

f3(u1, u2, u3) = r3(1− au1 − au2 − u3),
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where r1, r2, r3 > 0, b > 1, 0 < a < 1/[2(b− 1)] and 0 < h, k < 1, the existence of traveling

waves connecting the predator-free state (0, 0, 1) and the unique positive coexistence state

were obtained in [12] for the case of classical diffusion; and in [31] for the case of nonlocal

dispersal. Note that the existence of waves is not restricted to the case of equal diffusivities.

Applying Theorem 1.1 with the same choice of {σi} as in [13], the stability with initial

perturbation in L1(R)∩L∞(R) for traveling waves of the nonlocal dispersal case with equal

diffusivities can be derived. Here we have R = max{r1(b−1), r2(b−1), r3}, since 0 ≤ ϕ3 ≤ 1

and 0 ≤ ϕ1, ϕ2 ≤ b− 1. Moreover, we have

c∗ := inf
0<λ<λ̂

[∫
R J(y)e

λydy − 1
]
+max{r1, r2}(b− 1)

λ
,

and the stability holds for any wave with speed c ≥ cR. Note that cR = c∗, if we assume

that r3 ≤ max{r1, r2}(b − 1). Since it is quite similar to [13, Theorem 3.7], we safely omit

the further details here.

Similarly, for the predator-prey system with two weak competing preys u1, u2 and one

predator u3 with the nonlinearities in (1.1) defined by
f1(u1, u2, u3) = r1(1− u1 − hu2 − au3),

f2(u1, u2, u3) = r2(1− ku1 − u2 − au3),

f3(u1, u2, u3) = r3(−1 + bu1 + bu2 − u3),

where r1, r2, r3, a, b > 0 (with some further restrictions on a, b) and 0 < h, k < 1, we can

obtain a stability result described in Theorem 1.1 for the traveling waves connecting the

predator-free state to the unique positive coexistence state derived in [25] for the nonlocal

dispersal system with equal diffusivities. Here the predator-free state is (up, vp, 0), where

up :=
1− h

1− hk
∈ (0, 1), vp :=

1− k

1− hk
∈ (0, 1),

the critical wave speed c∗ is defined by

c∗ := inf
0<λ<λ̂

[∫
R J(y)e

λydy − 1
]
+ r3[b(up + vp)− 1]

λ
,

and the constant R = max{r1, r2, r3(2b − 1)}, using 0 ≤ ϕ1, ϕ2 ≤ 1 and 0 ≤ ϕ3 ≤ 2b − 1.

Similar to [13], we can only obtain the stability result described in Theorem 1.1 for the

nonlocal dispersal system with equal diffusivities for any wave with speed c ≥ cR, where

cR > c∗, since R ≥ r3(2b− 1) > r3[b(up + vp)− 1].

Thirdly, in [37], they considered a predator-prey system with two preys (without inter-

specific competition between preys) and one predator with/without intra-specific competi-

tion, namely, the nonlinearities in (1.1) are defined by
f1(u1, u2, u3) = r1(1− u1 − a1u3),

f2(u1, u2, u3) = r2(1− u2 − a2u3),

f3(u1, u2, u3) = r3(−1 + b1u1 + b2u2 − γu3),
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where r1, r2, r3, a1, a2, b1, b2 are positive constants with b1 + b2 > 1 and γ is a nonnegative

constant to denote whether there is the intra-specific competition in the predator. It is clear

that I := [0, 1]× [0, 1]× [0, b1 + b2 − 1] is an invariant set of this predator-prey system. By

choosing

σ1 =
1

r1
, σ2 =

a1b2
r2a2b1

, σ3 =
a1
r3b1

,

the quantity I in (2.3) can be computed as

I = −(u1 − ϕ1)
2 − a1b2

a2b1
(u2 − ϕ2)

2 − γ
a1
b1
(u3 − ϕ3)

2 ≤ 0, ∀ (u1, u2, u3), (ϕ1, ϕ2, ϕ3) ∈ I.

Hence (1.8) holds with R := max{r1, r2, r3(b1 + b2 − 1)}.
Now Theorem 1.1 implies the stability of traveling waves connecting the predator-free state

(1, 1, 0) and the unique positive coexistence state with speed c ≥ cR for this predator-prey

system with nonlocal dispersal of equal diffusivities. For the existence of traveling waves, we

refer the reader to [37]. The stability holds for any c ≥ c∗, where

c∗ := inf
0<λ<λ̂

[∫
R J(y)e

λydy − 1
]
+ r3(b1 + b2 − 1)

λ
,

if we further assume that ri ≤ r3(b1 + b2 − 1) for i = 1, 2.

3.2. An epidemic model.

Finally, we present in this section a non-cooperative system arising in epidemiology as

follows. In [33, 29], they considered a nonlocal dispersal Kermack-McKendrick epidemic

model described by (1.1) with

f1(u1, u2) = −βu2, f2(u1, u2) = βu1 − γ,

where u1 is the susceptible population, u2 is the infective population, and β, γ are positive

constants which stand for the infection rate and the removal rate, respectively. Note that

this system has a family of constant stationary solutions {(s, 0) | s > 0}.
Let s∗ > 0 be a fixed constant such that βs∗ > γ. Then, under the assumption that J is

compactly supported, the existence of traveling wave connecting (s∗, 0) and (s0, 0) for some

s0 ≤ s∗ for system (1.1) with equal diffusivities was obtained in [33] for c > c∗ and in [29]

for c = c∗, where the quantity

c∗ := inf
0<λ<∞

[∫
R J(y)e

λydy − 1
]
+ βs∗ − γ

λ

is well-defined and c∗ > 0.

It is easy to see that [0, s∗]× [0,∞) is an invariant set of this epidemic model. By choosing

σ1 = σ2 = 1, the quantity I in (2.3) is identically equal to zero. Hence (1.8) holds with

R = βs∗ − γ. We conclude from Theorem 1.1 that the stability of these traveling waves in

the sense described in Theorem 1.1 holds for all c ≥ c∗.
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Discussion

The main result of our study is the stability of traveling waves for a class of non-cooperative

reaction-diffusion systems with nonlocal dispersal of equal diffusivities. Our stability theorem

has been designed to analyze predator-prey type models and some models in epidemiology.

To our knowledge, to derive the stability of traveling waves of non-cooperative reaction-

diffusion systems with nonlocal dispersal is widely open. The significant outcome of our work

is to give the first blow to this problem, although we need to assume that the diffusivities of

all component are the same. The strategy is to transform the system to a scalar reaction-

diffusion differential inequality for the relative entropy function. This idea is based on the

idea of [13] for the standard local diffusion of the Laplacian type. Improving the results from

the local diffusion problem to the nonlocal diffusion problem requires more computational

effort. For example, we can not use integration by parts as in the local diffusion problem,

and we need to handle the integral kernel to get the suitable differential inequality.
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https://doi.org/10.1016/j.anihpc.2012.07.005.

[7] P. De Mottoni, E. Orlandi, A. Tesei, Asymptotic behavior for a system describing epidemics

with migration and spatial spread of infection, Nonlinear Anal., 3 (1979), 663-675. DOI:

https://doi.org/10.1016/0362-546X(79)90095-6.

[8] A. Ducrot, J.-S. Guo, G. Lin, S. Pan, The spreading speed and the minimal wave speed of a

predator-prey system with nonlocal dispersal, Z. Angew. Math. Phys., 70 (2019), Art. 146. DOI:

https://doi.org/10.1007/s00033-019-1188-x.

[9] W.F. Fagan, J. Bishop, Trophic interactions during primary succession: Herbivores slow a plant rein-

vasion at Mount St. Helens, Amer. Nat., 155 (2000), 238-251. DOI: https://doi.org/10.1086/303320.

[10] J. Fang, X.-Q. Zhao, Traveling waves for monotone semiflows with weak compactness, SIAM J. Math.

Anal., 46 (2014), 3678-3704. DOI: https://doi.org/10.1137/140953939.

[11] P. Fife, Some nonclassical trends in parabolic and parabolic-like evolutions, in: Trends in Nonlinear

Analysis (Ed. by Edited by M. Kirkilionis, S. Krömker, R. Rannacher and F. Tomi), Springer, Berlin,

2003, pp. 153-191. DOI: https://doi.org/10.1007/ 978-3-662-05281-5_3.



STABILITY OF TRAVELING WAVE WITH NONLOCAL DISPERSAL 11

[12] J.-S. Guo, K.-I. Nakamura, T. Ogiwara, C.-C. Wu, Traveling wave solutions for a predator-prey system

with two predators and one prey, Nonlinear Anal. Real World Appl., 54 (2020), Art. 103111. DOI:

https://doi.org/10.1016/j.nonrwa.2020.103111.

[13] J.-S. Guo, M. Shimojo, Convergence to traveling waves in reaction-diffusion systems with equal diffu-

sivities, J. Differential Equations, 375 (2023), 156-171. DOI: https://doi.org/10.1016/j.jde.2023.08.002.

[14] L. Hopf, Introduction to Differential Equations of Physics, Dover, New York, 1948.

[15] L.I. Ignat, J.D. Rossi, A nonlocal convection-diffusion equation, J. Funct. Anal., 251 (2007), 399-437.

DOI: https://doi.org/10.1016/j.jfa.2007.07.013.

[16] Y. Jin, X.-Q. Zhao, Spatial dynamics of a periodic population model with dispersal, Nonlinearity, 22

(2009), 1167-1189. DOI: https://dx.doi.org/10.1088/0951-7715/22/5/011.

[17] W.-T. Li, F.-Y. Yang, Traveling waves for a nonlocal dispersal SIR model with standard incidence, J.

Integral Equ. Appl., 26 (2014), 243-273. DOI: https://doi.org/10.1216/JIE-2014-26-2-243.

[18] X.S. Li, G. Lin, Traveling wavefronts in nonlocal dispersal and cooperative Lotka-Volterra system with

delays, Appl. Math. Comput., 204 (2008), 738–744. DOI: https://doi.org/10.1016/j.amc.2008.07.016.

[19] Y. Li, W.-T. Li, F.-Y. Yang, Traveling waves for a nonlocal dispersal SIR model with delay and external

supplies, Appl. Math. Comput., 247 (2014), 723-740. DOI: https://doi.org/10.1016/j.amc.2014.09.072.

[20] X. Liang, X.-Q. Zhao, Asymptotic speeds of spread and traveling waves for monotone semiflows with

applications, Comm. Pure Appl. Math., 60 (2007), 1-40. DOI: https://doi.org/10.1002/cpa.20154.

[21] R. Lui, Biological growth and spread modeled by systems of recursions. I. Mathematical theory, Math.

Biosci., 93 (1989), 269–295. DOI: https://doi.org/10.1016/0025-5564(89)90026-6.

[22] F. Lutscher, E. Pachepsky, and M. A. Lewis, The effect of dispersal patterns on stream populations,

SIAM J. Appl. Math., 65 (2005), 1305–1327. DOI: https://doi.org/10.1137/S0036139904440400.

[23] J. Medlock, M. Kot, Spreading disease: integrol-differential equations old and new, Math. Biosci., 184

(2003), 201-222. DOI: https://doi.org/10.1016/S0025-5564(03)00041-5.

[24] M.R. Owen, M.A. Lewis, How predation can slow, stop or reverse a prey invasion, Bull. Math. Bio., 63

(2001), 655-684. DOI: https://doi.org/10.1006/bulm.2001.0239.

[25] W.-Y. Tang, F.-Y. Yang, B.-E. Jiang, Minimal wave speed for a predator-prey system with nonlocal

dispersal, Int. J. Biomath. (2024), DOI: https://doi.org/10.1142/S1793524524500177, in press.

[26] H.F. Weinberger, Long-time behavior of a class of biological model, SIAM J. Math. Anal., 13 (1982),

353-396. DOI: https://doi.org/10.1137/0513028.

[27] H.F. Weinberger, M.A. Lewis, B. Li, Analysis of linear determinacy for spread in cooperative models, J.

Math. Biol., 45 (2002), 183-218. DOI: https://doi.org/10.1007/s002850200145.

[28] C.-C. Wu, On the stable tail limit of traveling wave for a predator-prey system with nonlocal dispersal,

Appl. Math. Lett., 113 (2021), 5 pp. DOI: https://doi.org/10.1016/j.aml.2020.106855.

[29] F.-Y. Yang, W.-T. Li, Traveling waves in a nonlocal dispersal SIR model with critical wave speed, J.

Math. Anal. Appl., 458 (2018), 1131–1146. DOI: https://doi.org/10.1016/j.jmaa.2017.10.016.

[30] F.-Y. Yang, W.-T. Li, J.-B. Wang, Wave propagation for a class of non-local dispersal

non-cooperative systems, Proc. Roy. Soc. Edinburgh Sect. A, 150 (2020), 1965-1997. DOI:

https://doi.org/10.1017/prm.2019.4.

[31] F.-Y. Yang, W.-T. Li, R.-H. Wang, Invasion waves for a nonlocal dispersal predator-prey model

with two predators and one prey, Commun. Pure. Appl. Anal., 20 (2021), 4083–4105. Doi:

https://doi.org/10.3934/cpaa.2021146.

[32] F.-Y. Yang, ,W.-T. Li, Z.-C. Wang, Traveling waves in a nonlocal dispersal SIR epidemic model, Nonlin-

ear Anal. Real World Appl., 23 (2015), 129–147. DOI: https://doi.org/10.1016/j.nonrwa.2014.12.001.

[33] F.-Y. Yang, Y. Li, W.-T. Li, Z.-C. Wang, Traveling waves in a nonlocal dispersal Kermack-

McKendrick epidemic model, Discr. Contin. Dyn. Syst. Ser. B, 18 (2013), 1969–1993. Doi:

https://doi.org/10.3934/dcdsb.2013.18.1969.

[34] Z. Yu, J. Pei, Stability of traveling wave fronts for a cooperative system with nonlocal dispersal, Japan

J. Industrial Appl. Math., 35 (2018), 817-834. DOI: https://doi.org/10.1007/s13160-018-0313-0.



12 J.-S. GUO AND M. SHIMOJO

[35] G.-B. Zhang, W.-T. Li, G. Lin, Traveling waves in delayed predator-prey systems with non-

local diffusion and stage structure, Math. Comput. Model., 49 (2009), 1021-1029. DOI:

https://doi.org/10.1016/j.mcm.2008.09.007.

[36] G.-B. Zhang, W.-T. Li, Z.-C. Wang, Spreading speeds and traveling waves for nonlocal dispersal equa-

tions with degenerate monostable nonlinearity, J. Differential Equations, 252 (2012), 5096–5124. DOI:

https://doi.org/10.1016/j.jde.2012.01.014.

[37] X.-D. Zhao, F.-Y. Yang, W.-T. Li, Traveling waves for a nonlocal dispersal predator-prey model

with two preys and one predator, Z. Angew. Math. Phys., 73 (2022), work No. 124, 29 pp. DOI:

https://doi.org/10.1007/s00033-022-01753-5.

(J.-S. Guo) Department of Mathematics, Tamkang University, Tamsui, New Taipei City

251301, Taiwan

Email address: jsguo@mail.tku.edu.tw

(M. Shimojo) Department of Mathematical Sciences, Tokyo Metropolitan University, Ha-

chioji, Tokyo 192-0397, Japan

Email address: shimojo@tmu.ac.jp


