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ABSTRACT. We study the structure of stationary solutions of a micro-electro mechanical
system with fringing field. It is known that there is a positive critical value such that no
stationary solutions exist for the applied voltage beyond this critical value, at least two
stationary solutions exist for the applied voltage below this critical value and there is a
unique stationary solution at this critical value. In this paper, we verify that there are
exactly two solutions below this critical value analytically. Moreover, the stability of the

smaller stationary solutions is derived.

1. INTRODUCTION

In this paper, we are concerned with the dynamic deflection of an elastic membrane inside
a micro-electro mechanical system (MEMS). We consider the case when the distance between
the plate and the membrane is relative small compared to the length of the device. In the case
when we ignore the inertia, the device embedded in an electric circuit without a capacitor,
and the system is with the fringing field, the equation describing the operation of the MEMS
is reduced to the following single parabolic equation
1+ 6|Vul?

(1 —u)?

where A and § are positive constants, A is proportional to the square of the applied voltage,
§|Vu|? describes the fringing field, € is the domain of the plate and u = u(z,t) denotes the

deflation of the membrane. Here we normalized the gap between the membrane and the

(1.1) u = Au+ A , 1 €QCRY >0,

plate on the boundary to be 1. Since the edge of the membrane is kept fixed, we have the
zero Dirichlet boundary condition for v on the boundary of €.
For the physical background of MEMS, we refer the reader to, e.g., [22, 23, 24, 18]. There

were extensive works on the analysis of MEMS model, we refer the reader to [13, 3, 6, 8,
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4,5, 14, 9, 16, 15, 10, 11] for model without fringing field, and [26, 1, 20, 25, 7, 19, 21] for
model with fringing field. However, there are still many interesting mathematical questions
open, especially for model with fringing field (see, e.g., [26]).

In this paper, we are mainly interested in the stationary solutions of (1.1) with zero
Dirichlet boundary condition. For this aspect, we refer to the earlier works [17, 12, 8]. We
recall from [17] that, when § = 0 and N = 1, there is a positive finite critical value A,
such that there are exactly two stationary solutions to (1.1) with zero Dirichlet boundary
condition when A € (0, \,); exactly one solution when A = A, and no solutions for A > A,.

For (1.1), we shall only focus on the case when €2 is of one-dimensional and without loss of
generality we assume that 6 = 1 and Q = (—1,1). Then it is reduced to study the following
boundary value problem (BVP) for u = u(x):

1+u?
(1 —u)*
(1.3) u(£1) = 0.

(1.2) Uy = A z e (—1,1),

Recall from [26] that problem (1.2)-(1.3) has no solution for A > A*, a unique solution for
A = \*, and at least 2 solutions for A € (0, \*) for a finite A\* > 0. However, the exact number
of solutions for A € (0, \*) remains open.

On of the main purposes of this paper is to prove that there are exactly 2 solutions to (1.2)-
(1.3) for each A € (0,\*). At a first glance, this question seems a simple-looking standard
problem. In fact, there is a well-known method in dealing with this problem which consists of
two steps, namely, first we transform (BVP) to an algebraic equation describing the relation
between the maximum, say 7, of a solution and the parameter A of (BVP), then we analyze
the derived algebraic equation to obtain our solution structure. This method is proved to
be very effective for many problems, even for nonlocal problem (cf., e.g., [2, 12, 9, 15, 10]).

Depending on problems, there are different functions in the algebraic equation. The success
of the above mentioned method is because an explicit formula, such as A = A(n) for some
function A, can be derived, although the function A(n) might be very complicated. However,
due to the gradient term in (1.2), we are unable to find an explicit formula A(n) for A to
(BVP). This is one of the major difficulties in dealing with this exact multiplicity problem,
but we are able to derive an implicit relation for A and 7 (see (2.7) below). Furthermore,
to deal with the singularity of the integrand in (2.7), we successfully transfer (2.7) to an
equivalent (implicit) relation of A and 7 in which only proper integral is involved (see (3.3)
below).

On the other hand, our exact multiplicity problem is equivalent to the uniqueness of
critical points of A (as a function of n), since A(n) = 0 when n = 0,1. One of standard ways

to derive this uniqueness is to prove that \’(n) < 0 whenever X'(n) = 0. However, both
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derivatives of A are implicitly defined in terms of A\. This is actually the major difficulty of
this work. To overcome this difficulty, we derive some more accurate estimation for A (see
Lemmas 2.4 and 2.5 in §2), by introducing a higher order interpolation (see (2.11) below).
Moreover, A”(n) > 0 when 7 is close to 1, by our numerical simulation, and we do not know
where the target critical point is, a good a priori estimate for the location of critical points
is needed (see Lemma 3.2 in §3). Combining these two points, the whole proving process of
the uniqueness of X' (n) is carried out with a quite involved analysis.

The rest of this paper is organized as follows. In §2, we first derive an implicit formula
for A and 7 (the maximum of a solution to (1.2)-(1.3)). Then we give some upper and lower
bounds estimation for A(n). Next, §3 is devoted to the proof of the uniqueness of critical
points of A\(n). Finally, in §4, we prove the stability of the smaller stationary solutions for
A € (0,\"). Moreover, for reader’s convenience, we provide in Appendix the derivation of

some non-standard integrals used in this paper.

2. PRELIMINARIES

In the sequel, we let u = u(z; A) be a (classical) solution of (1.2)-(1.3) for a given A > 0.
Our question is to determine the number of solutions of (1.2)-(1.3) for a given A € (0, A*). In
this section, we first derive a relation between A and the maximum of u, i.e., u(0; A). Then
we shall provide some estimates needed for the later purposes.

First, using a transformation introduced by Wei and Ye ([26])

(2.1) v(x) =v(z; ) = / MI=9 s,
0
problem (1.2)-(1.3) is transformed into
N (1—u)
(2.2) —Ugy = )\1——u)2’ z € (=1,1),

(2.3) v(£1) =0.

Note that any solution u of problem (1.2)-(1.3) is strictly concave and symmetric (with
respect to x = 0). Hence v is also strictly concave and symmetric.
Next, using (2.1) and (2.2), we rewrite (1.2) as

A
A Ael—u
(24) Sl =g i

Multiplying both sides of (2.4) by ey (which is v"), we have

A
Ael—u A

m(‘?mu'),

—(emnuY (™) =
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then integrating it from 0 to = > 0 gives

(eﬁu’)2 _ oo — eTon
2 2 :
hereafter, n := u(0; A). It follows that
2, 2 2
el-uvy = — el-n — el-u
and so
(2.5) eﬁ(e% — e%)flmu' =—1.

By integrating (2.5) from 1 to z € [0,1), we obtain

u(z) AN oy \ —1/2
el-s (el—n —el—s) ds=1—=x
0
and this gives

u(z) ~1/2
(2.6) / (3“&—1:@) _ 1) ds —1— 1.
0
It follows that

n 1 1 —1/2
(2.7) / <e2)‘(ﬂ’175) _ 1) ds =1,
0

which is an implicit relation between A and 7.

Lemma 2.1. For each n € (0,1), A = A\(n) is defined uniquely such that (2.7) holds.

Proof. Given n € (0,1). Let
n ~1/2
I(n,a) = / <e2a(ﬁ—1is) - 1) ds.
0

It is clearly that I(n,a) is continuous and decreasing in a. Since I(n,a) — oo as a — 07,

and I(n,a) — 0 as a — oo, there is a unique positive A such that I(n, \) = 1. Hence (2.7)
is satisfied uniquely by this A for the given 7. O
From Lemma 2.1 it follows that the corresponding solution u(z) of (1.2)-(1.3) can be
determined from (2.6) for a given n € (0,1) with u(0) = n and A = A(n).
The singularity of the integrand in (2.7) occurs at s = 7, using the Taylor expansion of

the integrand about s = 7, we have that
A

Tf1-n 1 1_1—
2.8 —(n - g —s)Y2+O((n —5)3?) | ds = 1.
25) A(m(” 7V = ) 4 Ol = 9) ) s
Therefore,

_
2(1 —n) )1/2 + 1 1-n )3/2 + 0(775/2) -1

3\/5(71
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The leading term implies that A\ = 21y + o(n) as n — 07. Hence A\(n) has a simple zero at
n = 0. Furthermore, A = 2n — 21 + o(n?) as n — 0.
On the other hand, applying the transformation s = nt to (2.7) for ¢ € [0, 1], we have

1 -1/2
(2.9) n/ (ewﬁ—lfm) — 1) dt =1.
0

It is easy to see from (2.9) that A(n) — 0 as n — 17. Otherwise, if liminf, ,;- A(n) > 0,

then there is a sequence 7 T 1 with A(n,) — « as k — oo for some positive constant a.. This
implies that the left-hand side of (2.9) with n = n; tends to 0 as k — oo, a contradiction.
Hence A\(17) = 0.

Since A has two zeros at 1 = 0,1, we may assume A has the form A(n) = n(1 — n)A(n),
where 5\(17) is positive for n € [0,1). Note that 5\(0) = 2. Applying this transformation to
(2.7), we have

n . _
/ <€2x\n(7{:2) _ 1) 12 ds = 1
0

At 5 = 1, it is easy to compute that A(1) = In(v/2). Hence A(n) also has a simple zero at
n =1
In fact, we have the following upper and lower bounds of A(7) in terms of the quadratic

polynomial n(1 — 7).

Lemma 2.2. It holds c;n(1 —n) < A1) < con(1 — 1) for all n € (0,1), where ¢; = In(v/2)

and ¢y = 2.

Proof. First, we show the upper bound for A\ as follows. For a positive constant C', we

compute

1

n
/ ds
o V2o 1/0-9] _ |

I(n,C) =

ds

" |
= /0 V2Cn(n — ) /(1= s)

1 /77 1 2
ds =4/ —,
V2Cn Jo /N —35 C

using e* — 1 > x for all x > 0 and 1 — s < 1 for all s € (0,n). Therefore, by (2.7) and a

contradiction argument, we deduce that A(n) < 2n(1 —n) for any n € (0,1).
For the lower bound estimate, we also argue by a contradiction and assume that there is
an 7 € (0,1) such that (Inv/2)n(1 —7n) > A(n). Then, by (2.7), we have I(n,In/2) < 1. On
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the other hand, we observe that
A :
0 \/e2(nv2na-n)/1-n-1/(1-s)] _ |

I(n,Inv2) = ds

K 1 K 1 n
—dsz/ —ds=— > 1,
/o o= o V2Ir—1  V2r—1

a contradiction. Here we have used 0 < 2°° — 1 < 22 for all z € (0,1). This can be checked
by observing that there is a unique critical point for the function g(x) := 27" — 22 — 1in
(0,1) such that its second derivative is positive at this unique critical point. Notice that
g(0) = g(1) = 0. Hence the lower bound estimation of A\(n) is proved. O

Notice that the best estimated value of ¢; is In(v/2), because A(1) = 0 and N (1) =
—1In(v/2). Similarly, ¢, = 2 is the best estimation.

Corollary 2.3. It holds \(n) < 1/2 for all n € (0,1).

Proof. By Lemma 2.2, A\(n) < 2n(1 —n). Since 2n(1 —n) < 1/2 for all n € [0, 1]. Hence the
corollary follows. 0

Now, we derive an implicit form of X' (n) as follows. Set

f(n,1) = exp{2Ag(n. )} =1, g(n,t) := 5 i no1 —1nt'
Then
_Ognt) L ¢
_9f(n.1)

fn(nvt) : 877 = (f + 1) [2)\/9(77,75) + 2)‘h(777t)] s

Differentiating (2.9) with respect to 7, we obtain
1
L—n°X [, <§§}§hdt

1
0 Jy Yt

(2.10) N(n) =

Using (2.10), we are able to plot the curves of A and X, see Fig. 1. We observe from these
curves that there is exactly one critical value A\* in (0,1). Therefore, we can expect that
(1.2)-(1.3) has no solutions for A > A*, two solutions for A < A*, and exactly one solution

when A = \*, where the critical value
A" 2 0.32302 45671 at n = n* ~ 0.35329 45430.

Our aim, as indicated in the introduction, is to derive the exact number of solutions of
problem (1.2)-(1.3) for any given A > 0. One way to reach this goal is to prove that A" (n) < 0

whenever X' (n) = 0. However, this is not the case from the numerical simulation (as in Fig. 1)
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FIGURE 1. (Left) Curve of A(n) derived from (2.7). (Right) Curve of X(n)
from the implicit relation in (2.10).

when 7 is close to 1. Due to this difficulty, we need to derive a more precise estimate for the
range of 7 such that N (n) = 0.
For this purpose, we shall establish a better bound estimation of A in terms of the following

cubic polynomial
(2.11) H(n) == [(Inv2)n + 2(1 — n)]n(1 — n).

In the sequel, we let c3 be the positive root of the quadratic equation

4(In2)(eM -1 - M)
(4 —1n2)M?

2
(2.12) 2?2+ (In2)x —1=0, M := 0.86 - 5 %0

7(4—1n2)%

—In(2)++/(n(2))24+4m
2m

~ 0.8599799, where m := A2 _1-M)

Note that c3 = (4—In2)M?

Lemma 2.4. [t holds A\(n) > czH(n) for alln € (0,1).

Proof. For 0 < s <n <1, let

1 1

a(n,s) = QCSH(U)[E T 1

| = 2C(In(v2)y + 20 = m)ln—, >0,

where C' = ¢3. Since

256

0 < 2[In(v2)n +2(1 —n)n* < (A —m2?

Vn € (0,1),

we obtain that

256

— . — M.
27(4 — In2)?

0 < a(n,s) < 2C[In(v2)n + 2(1 —n)]n* < 0.86 -

We also observe the inequality

eM—_1-M

e —1<zx+ e

2 Yz €0, M].
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This inequality can be seen by observing that (e* — 1)/x is a convex function for z € (0, 00)

and so the inequality

et — 1 eM_1-M
Sl e

holds for x € (0, M].
It is clear that

0<[In2)z+4(1 —x)x < 4 for x € (0,1).

~— 4—1In(2)
Then we obtain
n 1 K 1
/ ds > / ds
o ver—1 0 \Ja+ M g2
1 " 1
(2.13) 2 == T / = ol
VOW@p+ 4 —mnJo | fizs 4 Soziod - (122)
1
= [(77>7
VC(In(2)n +4(1—n)n
where

ds

n 1
1) =
i JE) o)

1—s 1-s

and the constant D := CeMﬁ;Mﬁn@) ~ 0.677509.

By Property 5.4 (in Appendix), we have
(-In(1—n)+2In(v/Dyp+1+vDn+n))(D+3)(1—n)

I(n) = D+ 1)
V(D +1)(Dn + n)
(D +1)3/2
Let
D +1)32]
e = \/(11(1(2)77 . 4(1@77»77'
Then
ol = (=In(1—=n)+2mn(v/Dy+1++Dn+n)) (D+3)(1—n)

V(W(2)n + 41 =)y
V(D +D)(Dn+n)
V(W(2)n + 41 =)y
We shall show that G(n) is decreasing on (0, 1).




MEMS WITH FRINGING FIELD 9

For this, we first compute

G'(n) = (—ln(l—n)+21n(\/Dn+1+\/Dn+n)>( (D+3)(1—n) >

V(n(2)n+4(1 —n))n
>’ (D+ 3)(1—=mn)
V@) +41—n)n

In(1—n)+2In(/Dn+1++/Dn+n)

(-
) ( V@O0 + (D +1) )’
VIn(2)n+4(1—=n))n
(D+3) (-=In(1 —n)+2In(vDn+1+Dn+n) (In(2) — 2)n +2)
(In(2)n +4(1 —n))n)3/2

D(In(2) — 2)n + (4D + 2)
N S (@) + 40— )P

To show G’ > 0, we consider the function

((In(2)n +4(1 —n)n)*? _,
(Mm@ —2n+2 W

k(n) == —

Then

k(n) = (D+ %) ( In(1—n)+2In(y/Dn+1+ \/Dn—|-17>
D(In(2) — 2)n + (4D + 2)
((In(2) = 2)n +2)v/Dn + T’
and G'(n) < 0 is equivalent to k(n) > 0.

To show k& > 0, we compute

S
S
]
=3

vn € (0,1),

() = D+3 D+1
) = 1—n vDn+1vDn+n
- 42D +1) +2(1 — D)(2 — In(2))n + D(2 — In(2)) (4D — In(2) + 6)n?
D+l 2 /(D + 1P2((In(2) — 2)n + 2)°
_ (D +1)*2n(ag + ar1n + azn?)
2(1 = n)(Dn +1)32/m((In(2) — 2)n + 2)?’
where

ag == 8D + 61n(2) — 8 ~ 1.57962,
a; := (12In2 — 24)D + 8 — 6In2 + (In2)* ~ —6.30458,
as = [2(In(2))? — 121n(2) + 16]D ~ 5.85652.

On (0,1), K(n) = 0 only at n = —“EVITAR0 6 39684 0.67966. Tt follows that

2a2
. . —al—\/a 4a2a0 —a1+\/a2 —4daszag —al—\/a2—4a2ao
k(n) is decreasing on ( : - 23 );

2a9 2a2

) and increasing on (0,
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(ZUtVeiTa00 4y - Gice k(0) = 0 and k(Z2EVUTAR90) 0001271 > 0, we deduce that

2a2 2a2

k(n) > 0 for all n € (0,1). Hence G'(n) < 0 for all n € (0, 1).
Then we have G(n) > G(1). From (2.13) and (2.12), it follows that

/n ! ds > ! G(1) = !
0 Ver—1 VC(D +1)3/2 VC(D +1)1n(2)
M ~1/2
_ (C(Oe _Mlg_ M4 _?n@) + l)ln(Q))
(4111(2)(6M —1-M)
(4 — In(2))M?
Therefore, by (2.7), the lower estimation is derived. O

—1/2
C? + ln(Q)C) =1.

The following lemma is one of the crucial estimates in this paper. If we only require a

coarser bound (a larger constant c,), then the proof can be much simpler.
Lemma 2.5. [t holds \(n) < csH(n) for alln € (0,1), where ¢, = 1.1.

Proof. As before, for 0 < s <n < 1, we let

1 1

a(n,s) = 264H(77)[m 1 s

| = 2C0n(V2)n +2(1 =y — >0,

where C' = ¢4 = 1.1. To estimate the upper bound of X in terms of H(n), we observe the

following inequality

ds

n 1 n 1
[ < [
o ver—1 0 \/a+ ia?

_ 1 /77 ! ds
VOW@n+40—mnJo (1) 4 p (122)?
= \/%J(T],D),

where
D= D(y) = %C(ln(2)n (1 =) >0, ¥ e (0,1).

By Property 5.4 (in Appendix), we have
(=In(1=n)+2Wn(v/Dyn+1++Dy+n))(D+1)(1-n)
(D + 1)3/2

V(D +1)(Dn+1n)
(D +1)3/2

J(%D) =

We consider the function
D +1)3/?
Gy = 2+

D+ —n)(@_ J(n, D)), n € (0,1).
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Then we have

G = P HD*V2D — /(D + 1)(Dn + 1)
! D+ H1—-n)

(\/Dn+1+\/D77+77)2)
1—n '

— In(

Note that G(0) = 0 and G(17) = 0.
Now, we show that G’ > 0 on (0, 1). For this, we compute the following three derivatives.

Firstly, we compute

2 D+nD’ 1+D+nD’
Ay WP TV o e
dn 1—mn VDn+1++Dn+n 1-n
B (%Zfﬁ13@21?)(\/Dn+1—x/Dn+n)+ 1

1—n 1—mn
—(Dn+n)(D+nD")+ (Dn+1)(1+ D +nD’")
(1 —=n)vDn+1yDn+n
P3(77)
(I =n)v/Dn+1yDn+n’

where the cubic polynomial P; is defined by

31n(2)

Py(n) := (14 D) +n(L —=n)D" =1 +4Cn + (=8 + —=)Cn” + (4 — In(2)) O,
Secondly, we have
d /(Dn+1)(Dn+mn) _ 1+ D+2p(D+ D?) + (n+n*(1 +2D))D'
dy  (D+3)(1—-1m) 2y/(Dn+1)(Dn+n)(D + 5)(1—n)

V(Dn+1)(Dn +n) (=3 = D+ (1 —n)D’)
(D + 3)%(1 —n)?
Pr(n)
2D+ 1v/Dn+n(D + 5)*(1 = n)?’

where P; is a polynomial of degree seven defined by

1

P(n) := (14714 20D)(D + (D + 3) + 01 = n)(~5 + 30— D)D
1

- 1 N/ (12 — 3122) Cn’ + {—14+ 13in2 + (24 - 1n2)C] Cn?

2 ' 2
2
+ {2— m72+ (—48+131n2— %) C + 1602} Cn'*

In 2)2
- 24—121n2+3(2) +(—48+121n2)0} C*nP

In 2)3
+ [48 — 24In2+ 3(In2)%] C°n° + [—16 +12In2 — 3(In2)* + %} C*n".
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Thirdly, we compute
(4D+1)(D+1)2D’

dJ/DO+1D)2D oo V2 /D+1PD(=3-D+(1-nD)
dn(D+3)(1=n)  V2AD+3)1 -1 (D +3)(1 = n)?
VD + 1Ps(n)

VEVD(D+ (1 — )
where Pg(n) is a polynomial of degree six defined by
1 1
Ps(n) :=2D(D + 5)(D +1)+(1— 77)(5 + D +2D*) D’

— Ot (-1t @ +4C)Cn + (—4 + 31n(2) + 16C)C%?

+(—4 — In(2) + w + (=64 4+ 161n(2))C)C?*n?

+(4 — 2In(2) + GH?)Q + (96 — 441n(2) + 5(In(2))*)C)C*n*

+(—64 + 401n(2) — 8(In(2))* + w)o@nf’
+(16 — 121n(2) + 3(In(2))* — W)C%ﬁ.
We deduce that

G'(n) =

V2D +1,/m(D +1)Ps — VDP; —2V/D(D + $)%(1 — ) Ps
2V DD+ 1D+ (D + 5)2(1 —n)?

V2D +1/7(D +1)Ps — VD (Pr +2(D + 1)*(1 — n)Py)
2V D\/Dy+1v/Dn+ (D + §)2(1 — n)?

Therefore, for 0 < n < 1, G'(n) = 0 if and only if

V2y/Dn+17(D +1)Ps =D (P7 +2(D + %)2(1 - n)Pg)

1 2
& 4(Dn+1)(D+1)*(Ps)* = C(In(2)n + 4(1 — 7)) (P7 +2(D + 5)2(1 — T])Pg) :
Hence we are reduced to consider the following real polynomial of degree 19
1 2
Pig :=4(Dn+ 1)(D + 1)*(Ps)* — C(In(2)n + 4(1 — n)) (P7 +2(D + 5)2(1 — n)P3> :

Using Matlab, we know that P has 5 real roots and 14 complex roots ~ —0.35207, —0.35207,
1.48106, 1.56168, 1.56168, —0.10171 4 0.142722, —0.19230 £ 0.165017, 0.04204 £ 0.15679:,
0.9029540.96819:, 0.9070440.02790:, 1.2719740.046567, 1.453504+0.456647. Hence G'(n) # 0
on (0,1). Because G'(n) has no zero point on (0,1), and G’(3) > 0, we deduce that

G' > 0on (0,1).
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Since G is increasing on (0,1) and G(0) = 0, so G(n) > 0,Vn € (0,1). It follows that
V2D > J(n,D),Vn € (0,1). This implies that

" 1 1
 ~_ds< ——J(n,D)<1,¥n¢e(0,1).
| o=t < =i D) < 1wme 0)

Hence the upper bound estimation is proved. 0

3. UNIQUENESS OF CRITICAL POINT

This section is devoted to the proof of our main result, namely, there are exactly 2 solutions
o (1.2)-(1.3) for each A € (0,A*). This is equivalent to show that A(n) has only a critical
point 7 in (0, 1).
First, we recall from (2.7) that
n eAr(s)—r(n)] 1

3.1 ds = 1 =
(3:1) Nipr oo S

Hereafter we always have A = A(n). Note also that
A=l <1 Vs e (0,7).
Observe that for any integer n we have

d
%{arcsin(eA[T(S)—T(n)})(1 !

N eAlr(s)—r(n)] (1= )" — (n+2) arcsin(eA[r(s)*T(ﬂ)})(l — 5)n+1.
V1 = e2r(s)—r()]

This implies that

Ar(s)—r(n)]
2 1—s)"
82 [ s

n
= § (1-— 77)n+2 — arcsin(e >\777”(77)) + (n+ 2)/ arcsin(e)\[r(s)—r(n)])(l _ s)”“ds,
0

In particular, taking n = 0 and using (3.1), we deduce from (3.2) that

1
(3.3) A= g(l —n)? — arcsin(e M) + 2/ arcsin (e (1 — g)ds.
0
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Next, differentiating (3.3) with respect to n and using (3.1), for 0 < n < 1, we obtain

(B4) X = —m(lom) A1) - X — )] 4 (1)
1 — e—2Mr(n)
1 e L
#2 [ (A=) Xlrls) — O} s
e—Anr(n)

= =M T N )T 2N

N Alr(s)—r(n)]

—2N1=n)"2 4+ N(1—n)t
[A( n) "=+ N( n~] o V1= D)

(1 — s)ds.

For convenience, we define
e—Anr(n) 1

— e—2Mr(n) \/ e2r(n) — 1’

Ao .
Q/ N @Mwsrwn<__@ Snes

Jn(n) == /0 arcsin (e (1 — 5)ds, n € Z.

Q@WZ

Note that J, is positive and

71— (1—mn)ntt
85 g <

Hence, by (3.2), I,,(n) is well-defined and

(3.6)  L(n) =\ {ga —p)™*2 — arcsin(e T + (n + 2)Jn+1(n)} Ve (0,1).

On the other hand, rewriting (3.4) as

Cifn £ —1; —gmu—m,ﬁn:—L

N=AL=n)2+ XN —n)71Qn) +2X = 2A(1 —n)"2+ XN (1 —n)"'[L(n),

or equivalently,
A(n)[

(3.7) [211(n) — nQ(n) — (1 = n)]X'(n) = -
we obtain the following formula for the first derivative of A

C A(n) —211(n) + Q(n)
(38) A:Amﬂzl—n'ﬂﬂm—nQWY—ﬂ—nV

if 2I(n) — nQ(n) — (1 —n) # 0. In particular, when 271;(n) — nQ(n) — (1 —n) # 0,
(3.9) N(n) =0 if and only if Q(n) = 2L(n).

Note that
T a—s)e

I(n) =
() ) e — 1

ds, n € 7.
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Using that the function y/(e¥ — 1) is decreasing in y for y > 0 and observing that

) =) = == < Ty S € (O e 0,
we obtain
B 1—s B (s)] 1—s
hln) = / \/ew o / \/ew ”)]—1\/2)\ ErO

2)\777" —s (1- 3)3/2

() _1 \/2)\ T )]ds_\/_Q( )/ s

From Property 5.2 (see Appendix)

n (1 — 3)3/2 - 1 2 + \/ﬁ
/0 s = 716 = 3)i+ 30— in(20)

we deduce that
(3.10) 1) 2 Q)15 — 3y + 3L — ) ()
Using (3.10), we now prove the following important lemma.
Lemma 3.1. It holds 2I,(n) — nQ(n) — (1 —n) > 0 for all n € (0,1).
Proof. First, we consider the quartic function (polynomial of degree 4)
Pi(z) = [(1+ §>(1 — )+ 12— [(In2)z +4(1 —2)], z € R.
We compute

Pj(x) = g{(:zr +1)* = T(z +1) +9(1 - lnf) )}

lnf) ), the cubic polynomial Pj(x)

Then, using Cardano’s formula with p = —7 and ¢ = 9(1 —

has only one (real) root at

Hence P,(z) is increasing for x € [O, 1]. Since P,(0) = 0, we have Py(z) > 0 for = € (0, 1).

Therefore, we have

VIn2)z +4(1—2)—1
1—=x

3.11 <1+ 2 2e(0,1).
3

On the other hand, when = € (0, 1), using

(3.12) In (1 il f)

l—m

Pﬂg
l\)\»—t

2k+1
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Therefore, we obtain from (3.11) that

(3.13)

we have

y(z) ==

1+ x 42
—1 =1
() 1 a1
1 1 In2 41 —x2) -1
_1n< +ﬁ>>”“)“< D71 e o),
NG V1i—=x 1—=x
Next, it is easy to see that 2y > e¥ — 1 when 0 < y < 1. Since
256
In2)x +4(1 — z)]z°} =
max {{(In2)z +4(1 - 2)lz"} 7 —nae
alm2)z+ 401 — 222 < s ——20 <1 Yo e [0,1]
! =274 —m2)? o

Here the last inequality follows due to the constant ¢, = 1.1 derived in Lemma 2.5. So

Then we have

for z € (0,1),
that

204[(1n 2)1‘ + 4(1 — $)]$2 > 664[(1112)14-4(1_:5)}362

2\/EC4[(1n 2)et+d(l-a)a? _ |

< 224/2c4[(In2)z + 4(1 — )] = VBeyzy/(In2)z + 4(1 — 2)
1+
V-1

< 3zy/(In2)z +4(1 — 2) < 37 + 3v/2(1 — x) In(

-1, 0<z<1.

using 8¢y < 9 and (3.13). From (3.10) and the above estimation, it follows

>

>

21 (n) —nQ(n) — (1 —n)

Q3L =W+ VA =~ () (1)

Q(n)l%77 (377 +3y/n(1 —n) In(

L+ /7
Vi

) — 2/ e2nr(n) — 1>

Qm)(1—n) <\/ cealn 2 a(—ml? _ 1 — /g2t — 1) >0,

using Lemma 2.5. The lemma is proved.

From Lemma 3.1 and (3.9), we see that A\'(n) = 0 if and only if Q(n) = 2/1(n).

0

The following lemma gives an important fact that any critical point of A is away from 1.

Lemma 3.2. If N'(n) =0, then n < ry, where ro € (0.38,0.39) is the unique root of

n (0,1).

2=(5-3n)n+3yn(l—n)n <

1+ /7
VT

)
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Proof. Set

a(z) == 3yzIn QT__@) . bla) = 21__35.

It is easy to check that a(z) is increasing on (0, 1), b(x) is decreasing on (0,1), a(0) =0 <

2 =10(0), a(17) = +o0 and b(1~) = —oo. Hence there is exactly one intersection of a(z) and
b(z) on (0,1), say o (=~ 0.38834 67189), such that

1
(3.14) (5 —32)r +3yx(1 —z)*In (\/—I__\/i> < 2 for x € (0,13),

1
(3.15) (5—37)r +3yz(1l —2)*In (H) > 2 for x € (rq, 1).
It follows from (3.10) and (3.15) that I;(n) > Q(n)/2 for n € (r2,1). Hence the lemma is
proved by using (3.9). O

Our goal is to derive that A has a unique critical point in (0,1). This can be done if we
can derive that A”(n) < 0 when N (n) = 0. In the sequel, we let 77 € (0, 2] be any point such
that \'(77) = 0 and set A = A(7)). At 7, since 211(7) = Q(7), it follows from Lemma 3.1 and

211(17) = 1Q(7) — (1 — 1) = [Q(7) — 1}(1 = 17)
that Q(7) > 1.
To compute \’(7), using X' () = 0, (3.8) and (3.9), we can easily derive that
"ne=\ __ 5‘ _2]{(77) + Q/(ﬁ)
(310 MO =TS G e - ()

To proceed further, we use (3.6) to compute the first derivative of I1(n) as follows. First, we

can easily compute from the definition of J, that

1= T —\2 A _
=5@%—§ﬂ—n)—(Tj%Fbm)
Then, by (3.6) with n = 1, we obtain
, o 1( 3 i i 11
1) = 3 {=3r -0+ 20 + 3 b = Q) — 38
On the other hand, we have
Q'(n) = — A - ! Q(7) < 0.

(1—7)21 — e-20/0-0)

Hence we deduce that

310 20+ Q) = e {600 - 2 | Q-

Finally, we prove
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Lemma 3.3. It holds

A
6[2(77) — |2+ 1 — e—2M\/(1-n) Q(W) <0

forn € (0,75].

Proof. First, since e — 1 > z for all positive x and

T — s 5/2 x
/0 <1—xf_)sds = i[\/}(?{a — 40z + 152%) + 15(1 — )? ln(%)]

for all x € (0,1) (see Property 5.3 in Appendix), it follows that

318) L) = [ 1= s
o, oo
_ mim@g — 401 + 150) + 15(1 — n)® m%ﬂ
mi[n(% — 401 + 157%) 4+ 15/5(1 — n)? ln(i;%/z)]-

To proceed further, we consider the following two auxiliary functions for z € (0, 1)

a(z) == (33 — 40z + 152%) + 15v/z(1 — z)? ln(1 + \/E),

V1—=x
b(z) =2 [4+ ! - xeyy_ 1] e\y/g_ =y = y(z) = il(n2)x + 41— a)la”

Set zg := 8/[3(4 —In2)] ~ 0.8. Since y(z) is increasing for 0 < x < zp and z/(e* — 1) is
decreasing for positive z, so the composition y(x)/[e¥® — 1] is decreasing for 0 < z < .
Moreover, (1 —z)/x is also decreasing for x € (0,1). Therefore, b(x) is decreasing for
0 <z < xg, where xg > 7s.

For a(x), we compute
()

oy L 2 o821
(3.19) a'(z) = 5 1052% — 190z + 81 + 15(1 — x)*(1 — Tx) NG

5

By (3.12), In(&

11—z

) > /x for x € (0,1). Then we have o'(x) > p(z)/2 for x € (0,1/7),
where

p(x) := 1052 — 190z + 81 + 15(1 — 2)*(1 — Tx).
Since p'(z) = —5(632? — 1322 + 65) which has two zeros at %ﬁ ~ 0.79,1.30, p(x) is
decreasing on (0,1/7). Hence p(z) > p(1/7) > 0 and so a(x) is increasing for « € (0,1/7).
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On the other hand, for x € [1/7, 7], it follows from (3.14) and (3.19) that
5(1—7z) 2—(5—3z)x
VT Vi

Hence a(x) is also increasing for x € [1/7,19).

1 1
a(z) > 3 10522 — 190z + 81 + } = 2—(10 — 14x).

X

Using the definition of 75 in Lemma 3.2, we compute

alrz) = r2(33 = 40r; +15r3) + 5(1 = 12) - 3y/r3(1 — 72)°In (%)

= 79(33 —40ry + 15r2) +5(1 —73) - [2 — (5 — 3ry)ra] = 10 — 27y,
Moreover, it is easy to check that a(ry) < b(re). We conclude that
(3.20) a(z) < b(x) for z € [0,ry],

since a(z) is increasing and b(zx) is decreasing for x € [0, 7).
Now, it follows from (3.18), (3.20), and the decreasing property of y/(e¥ — 1) with y >
2 nr(n) that

1 1 1—n 2\nr(n) 2 nr(n)
6[2 (77) < m ' 5 ’ |:4 + n 62)\777"(17) —1 62)\177"(77) -1
A\ Ae—2Anr(n)
= {2 + m} Q(n) = [2 + m} @)
A

< [2 M pgpeTvm) emr(n)} Q(n)

for n € (0,73]. Hence the lemma follows.
O

Now we are ready to prove the following uniqueness theorem on the critical points of A(n).

Theorem 3.4. There is a unique point n* on (0,1) such that N(n) > 0 for 0 < n < n*,
N(n*) =0, and N(n) <0 forn* <n<1.

Proof. Since N'(07) > 0 and M'(17) < 0, there exists a point n* € (0, 1) such that X' (n*) = 0.
By Lemma 3.2, n* € (0,73]. From (3.16), (3.17) and Lemma 3.3 it follows that \"(n*) < 0.

Hence A(n) cannot have another critical point than n* and the theorem is proved. OJ

4. STABILITY ANALYSIS

In this section, we study the following initial boundary value problem

1+u?
(41) ut—um:)\m, S (—1,1),t>0,
(4.2) u(z,0) = ug(x), x € [-1,1], wu(£l,t)=0.

We shall derive the stability of some stationary solutions of (4.1)-(4.2).
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First, we prove

Lemma 4.1. For each A € (0, \*), the corresponding two solutions uy,us of (1.2)-(1.3) are
ordered in the sense that u; < ug in (—1,1) if u1(0) < u2(0).

Proof. Fix A € (0, A*). Let u; and uy be two solutions of (1.2)-(1.3) with 0 < 7y < 19 < 1,
where 7; := u;(0), i = 1,2. We claim that u; < ug in (—1,1).
For contradiction, we assume that there is a £ € (0, 1) such that ui(Z) > uy(Z). Without

loss of generality we may assume that uy(Z) = ug(Z). From (2.6), at « = z, we have

u1(5c)
/ |:(€2>\(1_1771_113) _ 1)—1/2 . (e2>\(1 s =) ) 1/2} ds — 0.
0

Since =4 < —— we have
1-m 1-m2

1

|:(e2)‘(1,1n1_1i5) _ 1)71/2 ( 2>\(1 79 Ts) — 1)71/2] > O

for all s € [0,u;(7)], which leads a contradiction. Hence the lemma is proved. O

Corollary 4.2. For 0 <m <y <1, set Ay = A1) and g = A(n2). Let u; be the solution
of (1.2)-(1.3) with A = \; and u;(0) = n;, i = 1,2. If £ ’\“71 < {\222, then we have u, < ug in
(—1,1).

Proof. We claim that the following inequality holds for s € (0, 1)
e Ve
If the claim is true, then the proof of this corollary is similar to that for Lemma 4.1.

If Ay < Ay, then it is easy to show that the claim holds using 77 < 7. Suppose that
A1 > Xg. Then we have, at s =0,

(e 22 (7=75 -1 _ 1)—1/2 N (62/\2(ﬁ*1) _ 1)—1/2’

since {\i% < %If the claim is not true, then there exists a w € (0, 1) such that

1

( 2A1(1 71 1w/ __ 1)_1/2 ( 2)\2(1 n9 17111) —_ 1)_1/2

It follows that

A1 — Ay
w=1+ > 1,
Ao/(1=m2) = A/ (1 —m)
a contradiction with w € (0,1). Hence the corollary follows. U
From (3.8), it follows that

A1 )l 21 (n) — 1
4.3 ) =) _
- (725) = Brmr—om ===

Using this identity, we prove
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0.5

0.4

0.3

Anl(L-m)

0.2

0.1

FiGURE 2. Curve of IAT”

Lemma 4.3. It holds 1)‘777— < %77—7 forn* <n <1, where A = A(n) and \* = A\(n*).

Proof. First, we claim that {\T”n is increasing for n € (0,1/2). When 0 < s <7 < 1/2, since

s < 1—s, we have

1-—s K S
ds > ds.
/ \/62>‘ —r(s)] — 1 5 /0 \/62)\[7"(77)_7”(3)] —1 °
By (2.7), we know that

/ 1—s - /’7 s ds — 1
S =
\/62)\[7’(77) r(s)] _ 1 0 \/62)‘[7’(77)_7"(5)] —1
Hence I;(n) > 1/2. Recall Lemma 3.1. Then, using (4.3), 1’\_—"7] is increasing for n € (0,1/2)
and so the lemma holds for n* <n < 1/2.

Next, we set
q(x) = [In(v2)z +2(1 — 2)]2?, z € [1/2,1].

It is easy to see that ¢(z) is increasing on (0, ), xo := 8/[3(4 —In2)] ~ 0.8, and decreasing
on (zg,1). Then we have q(z) > ¢(1/2) for all = € [1/2,1], since ¢(1/2) < ¢(1). Recalling
from Lemma 3.2 that n* € (0,72) and 75 € (0.38,0.39). Then ¢(0.39) > ¢(n*) and it is easy
to check that c3q(1/2) > ¢4q(0.39). By using Lemmas 2.4 and 2.5, we deduce that
)\ . A* *
T esal) 2 esal1/2) > a(039) > eugl’) > {0
for n € [1/2,1). This complete the proof of the lemma. O

Remark 4.4. The above lemma can be observed numerically (see Figure 2). This figure

also implies that u; solutions in Corollary 4.2 are ordered for n; € (0,0.82].

For convenience, we let U3 (z) be the larger stationary solution for A € (0, X*), U*(z) be
the smaller one for A € (0, \*), and U*(z) be the unique stationary solution for A\ = \*.

From Lemma 4.1, Corollary 4.2, and Lemma 4.3, we have proved the following theorem.
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Theorem 4.5. It holds U (z) < U*(z) < U}(z) for all X € (0, \).

Now, for the initial boundary value problem (4.1)-(4.2), we have

Lemma 4.6 (Comparison Principle). If u and v are solutions of (4.1)-(4.2) with initial data
ug and vy, respectively, such that uy > vo, then u(x,t) > v(x,t) for z € [-1.1], t > 0.

Proof. Set w = u — v. Then w satisfies w(+1,t) = 0, w(z,0) > 0 for z € [-1, 1] and

Wy — Way = Naw, + bw), z € (—=1,1), ¢t >0,

where
1
a = (1 _ U)2(1 _ ,U)Q{[uﬂﬂ(l - U) + vdf(l - u)](]' - ?J)},
1
b= e 0)2{(2 —v—u)+ [u(1 —v) + v, (1 —u)v. }.
By the maximum principle, we have w > 0. Hence the lemma is proved. U

Note that the existence of local (in time) solution to (4.1)-(4.2) with smooth initial data
ug satisfying 0 < wy < 1 in [—1,1] follows easily from the standard argument with the

parabolic regularity theory. As a consequence of Lemma 4.6, there exists a unique solution
to (4.1)-(4.2) as long as u < 1.

Theorem 4.7. Let A € (0,\*) and let u be the corresponding solution of (4.1)-(4.2) with
initial data ug satisfying 0 < ug(x) < U*(x) for all x € [~1,1]. Then u converges to U* as
t — o0.

Proof. First, we let w be the solution of (4.1)-(4.2) with initial data U* for a given A € (0, \*).

Set z = w;. Then z satisfies

Wy 1+ w?
Since
. L+ [Us ()] L+ [Uz ()]

it follows from the maximum principle that z < 0 for all ¢ > 0. Therefore, the limit
W(z) = limy,oo w(x,t) exists for all x € [—1,1]. Note that W is a stationary solution of
(4.1)-(4.2) for the given A, since wy(x,t) — 0 as t — oo for all x € [—1,1]. Hence we have
either W = U or W = U?. However, U*(0) < U3(0). Hence we must have W = U?>.

Next, we consider the solution v of (4.1)-(4.2) with zero initial data. Note that v;(z,0) =
A >0 forall x € (—1,1). It follows from the maximum principle that v; > 0 for all ¢ > 0.
Hence the limit V(z) := limy o v(z,t) exists for all x € [—1,1]. As above, V is also a
stationary solution of (4.1)-(4.2) for the given \. This gives that V = U>.
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Finally, since 0 < ug < U*, we have v < u < w, by Lemma 4.6. We conclude that u — U?
as t — oo. The proof is complete. O
The stability of U? follows immediately from Theorem 4.7.

Corollary 4.8. For A € (0,\*), U? is stable.
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5. APPENDIX

In this appendix, for reader’s convenience, we provide the derivation of some non-standard

integrals used in this paper.

Property 5.1. It holds

T(-s)? IR
| s = v+ =

for all n € (0, 1).

Proof. For 0 <s<mn<1,sett=,/{=. Then
1 /1—s 1-—
dt = —=4/ 270 g
2Vn—s(1—s)?

Tt Vi
=2 [

= 2(1—-n) (iln(l—i—t)—ﬁ—iln(l—t)—i-#)

and we have

= 2(1—n) (iln(l—k\/ﬁ)—m—iln(l—\/ﬁ)—i-;)

= i+ (=G [T

— Vi (=i,

The property is derived. U
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Property 5.2. We have

T LT R N V4]
/0 —\/m d —4 |:(5 377)\/’7]+3(1 77) 1 (m)}
for all n € (0,1)

Proof. Similar to the proof of the previous property, set t = (/{=, for 0 < s <7 < 1.

Then we have

(1 — 3/2 V1
/&S_Ql_ 2/ —
0o Vn—s o (1—12)

= 2(1—p)’ (136 In(1 +1) - 16(13+ ) 16(11+ t)?
_%ln(l —t) + 16<13_ D + 16(11_ t>2> Oﬁ
= 2(1-n) (16 ln(i . \\/f;) i 16(1 —1\/ﬁ 1 +1\/ﬁ) ' 11_6((1 —1ﬁ)2 o +1\/ﬁ)2)>
_ }L [(5 — 3n) /71 + 3(1 — )2 In( i—\\j—z)
_ 411 [(5 — 3n)y/ +3(1 —n)? mf—fm -
The property is proved. -

Similar technique can be used to obtain the following property.

Property 5.3. It holds

/Ti %ds = 2—14 [\/'7](33 — 400 + 151%) + 15(1 — n)® In( i \/ﬁ)

for all n € (0,1).

—_
=)
|
3

Finally, we prove

Property 5.4. For D > 0 and n € (0,1), it holds that

:/77 ! ds
0 =)+ ()
(12_(3)i233;:1> {_ln(l—n)+21n(\/Dn+1+\/Dn_i_n)}_i_@'

Proof. Set
1—s
n—s

t =

, s€(0,n), ne(0,1).
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Then t € (1/n,00) and

dt

ds = (1— n)m

We obtain

snp) = () [

e 1 e 1
= -0 {/1/n NOETTEE /1/,7 VD it — 1)2dt}
= (1=n)(J1+J2).

To compute J;, © = 1,2, we first set /D +t = u and then set u = /D + 1sec. This
gives (without the upper and lower bounds of the integrals)

2 2 VD +t \/D+1)
J o= — 0df = — 1 + e
L \/D+1/CSC VD11 n(\/15—1 N

)
JZ = W/CSC@COtQQdH

VD +1 1 vD+t VD+1
(D+1)(t—1)+(D+1)3/21n(\/m * \/m>+c’

where C' is a constant. Here we have used the following standard integrals

/csc@d@ = —In(|cscl + cot 0]) + C,

1
/csc@cot2 0do = 5 {=csclcot b+ In(|csch + cot0])} + C.

Then the property is derived. U
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