STABILITY OF MONOSTABLE TRAVELING WAVES
IN DIFFUSIVE THREE-SPECIES COMPETITION SYSTEMS
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ABSTRACT. In this note, we derive the stability of various monostable traveling waves in
two different classes of three-species competition systems. This includes cases of three weak

competitors and two-weak-one-strong competitors.

1. INTRODUCTION
In this note, we consider the following three-species diffusive competition system
(u;)e = (U)ze + wigi(ug, ug,uz), x € R, ¢ >0, i =1,2,3, (1.1)

where
g1 (w1, ug, uz) := 11 (1 —ug — agug — agus),
92(U1,U2, uz) 1= ro(1 — brug — up — b3u3), (1.2)
g3(u1,ug, u3) :=r3(1 — cru; — coug — ug)
in which the positive parameters r;, 7 = 1, 2, 3, denote the intrinsic growth rates, and a;, by,
are the inter-specific competition coefficients of three species with densities u;, + = 1,2, 3.
Here we assume all species have the same diffusivities 1 and the carrying capacity of each
species is normalized to be 1 which can be done by taking a suitable scaling.
Suppose that (1.1) has two different constant equilibria {E+} such that E_ is unstable
and E, is stable in the ODE sense. A monostable traveling wave of (1.1) connecting F_

and F. is a solution u of (1.1) such that
wi(z,t) = ¢i(2), z:=x+st, i =1,2,3,

for some positive constant s (the wave speed) and function ® := (¢1, @9, ¢3) (the wave profile)
satisfying
O(—00) =FE_, &(c0) = E,. (1.3)
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Then it is easy to see that {s, ®} satisfies
o (2) — 5¢i(2) + 9i9:(P(2)) =0, z € R, i =1,2,3. (1.4)

For the existence of traveling waves in competition systems and non-cooperative systems,
we refer the reader to, e.g., [2, 3, 4, 5]. In particular, in the case of three weak competitors
such that

a2+a3<1, b1+b3<1, Cl+62<1, (15)

there exist a unique positive co-existence state E, := (U, Us, Wy ), With u,, v,, w, € (0, 1), the
semi-coexistence state E, := (0, v, w.) = (0, (1 —b3)/(1 —bsca), (1 —c2)/(1 — bsca)), and the
state B3 := (0,0,1). It is easy to see that both E3 and E. are unstable, while E, is stable in
the ODE sense. Recall from [3] that (1.1) has a positive traveling wave connecting F_ = Fj

and F, = E, if and only if s > 24/71(1 — a3), provided
7’2(1-()3) :7’1<1—&3>. (16)

While, (1.1) has a positive traveling wave connecting £ = E. and F, = FE, if and only if
s> 2yrif, B :=1— asv. — azw,, provided

r1 8 > max{ra(by + bscav.), r3[c1 + c2(1 —v.)]}. (1.7)

On the other hand, for the case of two weak and one strong competitors, under the

assumption

as +asz <1, bg,co < 1, blzl/ag, 6121/(13, (18)
by [2, 3], (1.1) has a positive traveling wave connecting E_ = FE3 = (0,0,1) and E, = E, :=
(1,0,0) if and only if s > 24/71(1 — a3), provided

ro(1 —bs) =1m1(1 —as) >r3(cr+c2—1)4. (1.9)

While, (1.1) has a positive traveling wave connecting £ = E. and E; = F; if and only if
s > 2+/r1 3, provided (1.7) is enforced.

The aim of this paper is to derive the stability of these traveling waves. For the study of
stability of traveling waves in non-cooperative systems using the Evans function’s approach,
we refer the reader to, e.g., [7, 8], and the references cited in [6]. Recently, by a very
fundamental method, a stability theorem was proved in [6] for general reaction-diffusion
systems with equal diffusivities. In [6], an application of this general theorem to derive the
stability of traveling waves in various predator-prey systems was given.

Let Z := [0, 1]>. Suppose that there exists a set of positive constants {o}, 79, 03} such that

3
ZUi (ui — vi) {gi(ur, ug, uz) — gi(v1,va,v3)} <0, ¥V (uy, ug, uz), (v1,v9,v3) €Z. (1.10)

i=1
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Then a distance function

3
U
0):= Y oilti), KfU] = Ui = 61— il (1.11)

is defined for any positive function U = (Uy, Uy, Us) : R +— (0,00)*. Note that K[U](z) > 0
for all 2 € R and K[U](z) = 0 if and only if U(z) = ®(z) for some z € R. For a positive

constant R, we let

—Vs?2—4R
A= A(s;R) = %, s > 2VR. (1.12)
Also, using the moving coordinate z = x + st, (1.1) is re-written as
(ui>t - (uz)zz - S(U’i)z + uzgz(u)J KAS R7 > 07 L= ]-) 27 37 (]‘13)

hereafter u = u(z,t) := (u1(z,t), us(z,t), us(z,t)).

Then we have the following two stability theorems.
Theorem 1. Assume, in addition to (1.5), that either asbscy = asbica or
as+bi+az+c <2, a3 +b+b3+cp <2, a3+cp+b3+cp <2

Let ® be a positive traveling wave of (1.1) connecting E_ € {(0,0,1),(0,v.,w.)} and E, =
E, with wave speed s > 2v/ R, where R := max{ry,ry,73}. Then {s, ®} is stable in the sense
that u(z,t) — ®(2) as t — oo locally uniformly for z € R for any solution u of (1.13) with
initial data ug at t = 0 satisfying e Klug] € L'(R), where A = \(s; R) is defined in (1.12)
and the constants {01, 09, 03} in the definition of K in (1.11) are chosen so that (1.10) holds.

Theorem 2. Assume, in addition to (1.8), that asb; = 1 = azc; and
2a5a3 = asbs + agcz.

Let @ be a positive traveling wave of (1.1) connecting E_ € {(0,0,1),(0,v.,w.)} and E, =
B\ with wave speed s > 2v/R, where R := max{ry,ry,75}. Then {s, ®} is stable in the sense

described in Theorem 1.

In fact, Theorems 1 and 2 follow from an application of the general theorem [6, Theorem
1.1]. We make some remarks on the perturbation of initial data as follows. At the stable
tail of traveling wave, i.e., 2 = oo, the perturbation is allowed to be arbitrarily large due to
condition e M K[ug] € L*(R). Note that A > 0. However, at the unstable tail (z = —o0), the
perturbation can only be made with decay rate faster than e**. This is a typical phenomenon
in the stability of monostable waves in many reaction-diffusion systems, including their
discrete analogues. Note that the exponent A is a function of the wave speed s.

In applying [6, Theorem 1.1], we first note that the constant R is defined by
max sup{gi(®(=))} < R.

1i<3 er
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Hence R = max{ry, 7y, 73} by using ¢; > 0 for all i. Therefore, to prove Theorems 1 and 2,
all we need to do is to find some conditions on the parameters in (1.2) along with a suitable
set of constants {0y, 09,03} such that (1.10) holds. The verification of (1.10) is given in
the next section. The main contribution of this note is providing some conditions on the
parameters in (1.2) to ensure the stability of traveling waves in competition systems. The
importance of this work is that these stability results can be proved by a very simple method
without any hard work on spectral analysis.

Note that R > r1(1 — a3) and R > r1. The stability of wave with speed s < 2v/R is
still left open. In fact, the stability of wave with speed s < 2v/R can be proved if one can
derive sharper lower bounds for wave profiles. We also remark that the conditions on the
parameters in (1.2) imposed in Theorems 1 and 2 may not be optimal. The stability and

instability of traveling waves for the other cases are still left open.

2. VERIFICATION OF (1.10)

For notational convenience, we let

u = (ur, ug, uz), vi=(v1,v9,03), [ :=— Zle{ffi(ui —vi)[gi(u) — g:(v)]},

X :=u—v, Y :=uy — vy, Z:=uz—vs3.
Then [ is computed as

X
I = [X,)Y,Z]B|Y | =o1rX?+ 09raY? + 031327
Z

+<O’17"1(J,2 + O'Q?”le)XY + (0'27“263 + O'3’I"3€2)YZ + (0'1’1"1(13 + 0'37"301)XZ, (21)

where
o171 (017"1@2 +0’2’l”2[)1)/2 (017"1@3 +03T301)/2
B = (01r1a2+027“2b1)/2 0979 (0'2T2b3 —|—0'3T302)/2
(o103 4+ 037r3¢1) /2 (0919b3 + 0373¢2) /2 o373

Our task is to find some conditions on parameters in (1.2) and a suitable set of {o;} so that
(1.10) holds, i.e., I > 0. This is also equivalent to find some conditions on parameters in

(1.2) and positive constants {o;} such that the matrix B is symmetric positive semi-definite.

2.1. Three weak competitors.

Case 1. CLngCl = agblcg, 1.e.,
a2b3 as3Coy

2332 2.2
T e (2:2)
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With (1.5) and the choice
1 (05} as
01 =—, 0= —/—, 03 = —,
Tl 201 r3Cy

we obtain from (2.1) and (2.2) that I > 0, since by using (2.2) we can write

@(1 — by — b)Y+ @(1 —c — )2
bl C1

b
+ar(X +Y)? +as(X + 2)* + %(Y + 2)2.
1

I = (1—@2—6L3)X2+

Case 2. condition
a2+b1+a3—|—cl S 2, a2+b1+bg+02 SQ, a3+01+b3+C2 SQ (23)
is enforced. Setting o; = 1/r;, 1 = 1,2,3, we obtain from (2.1) that

I = XP4+Y?*+ 224+ (ag+ b)) XY + (a3 + 1) XZ + (b3 + )Y Z,

1 (ag+b1)/2 (az+c1)/2
B = |(az+b1)/2 1 (bs + c2)/2
(a3+01)/2 (b3+02)/2 1

Hence I > 0 under condition (2.3), by Gerschgorin’s Theorem [1]. Indeed, we can write I as

b b b
| CL2-21‘ I(X—{—Y)Q—}—CL?’—M(X—FZ)Q—F%(Y—FZ)Q-F {1_(12—1- 1-5&3+C1 X2
4 1_a2+b1+bg+C2 Y2—|— 1_G3+Cl+b3+02 Z2
2 2
so that I > 0, if condition (2.3) holds. Thereby, Theorem 1 is proved. O

2.2. Two weak and one strong competitors.

This case is more delicate. Recall from the fundamental theory of linear algebra that B
is symmetric positive semi-definite if and only if all principal minors of B are nonnegative.

First, we take o1 = 1/r;. Then the symmetric positive semi-definiteness of B requires
130105 — 2r9(2 — aghy)og + a3 < 0. (2.4)
Thus, in order to have some o9 > 0 such that (2.4) holds, we need
2 —agby > 0 and (2 — agby)? > a2b?. (2.5)

Since (2.5) holds if and only if asb; < 1, we obtain from condition asb; > 1 in (1.8) that
asby =1 and so, by (2.4),
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Next, since the symmetric positive semi-definiteness of B also requires
racios — 2r3(2 — azey)os + a3 <0,

a similar argument as before implies that we must have azc; = 1 and

033 = — = Q3.
(&1
It follows that
1 a9 as
B = |ay a’ (a3bs + aicy) /2
az (a3b; + a3cs)/2 a3

Note that
det(B) = —|asas — (a3bs + a3cy) /2.
Hence all eigenvalues of B are nonnegative if and only if
2a5a3 = a3bs + azcs. (2.6)

Recall from (1.8) that b3, co € (0,1). To see (2.6) is admissible for some {b3,c2} € (0,1),
we consider, e.g., a3 = 2as. Then (2.6) is equivalent to bs + 4co = 4, which can be achieved
when we choose ¢ € (3/4,1) and by = 4(1 — ¢2).
Now, using (2.6), B can be re-written as
1 a9 as
B=|ay a3 asas

az asaz a3

It is easy to see that B has the eigenvalues {0, 0, 1+a3+a3} with the corresponding orthogonal

eigenvectors
[0, —as, as)”, [—(a3 + a2),az,a3]", [1,a2,a3)".
We conclude that I > 0, under the assumptions (1.8), asbs = 1 = asc; and (2.6), with
o1 =1/r1, 09 = a3/ry, 03 = a3/rs.

In fact, we have I = (X + apY + a3Z)?. This proves Theorem 2. O
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