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ABSTRACT. We study a singular diffusive prey-predator system with nonlocal dispersal for
which the carrying capacity of the predator is proportional to the density of prey. We show
the existence of positive one-dimensional traveling waves connecting the predator-free state
and the constant co-existence state. The set of admissible wave speeds is proved to be equal

to the semi-infinite interval [s*, 00), for some s* > 0 which is characterized by a variational
formula.

1. INTRODUCTION
We consider the following diffusive prey-predator model with nonlocal dispersal

Ui(z,t) = MU ))(x) + [aU(1 = U) — V](x,t), v € R, t > 0,
Vi(x,t) = dNL[V (-, 0)](x) + [bV (1 — V/U)](z,t), z € R, ¢ > 0,

where the unknown functions U,V stand for the population densities of prey and predator
species at position x and time ¢, respectively, d, a, b are positive constants such that 1,d are
diffusion coefficients and a,b are intrinsic growth rates of species U,V respectively. The
functional response of predator to prey is normalized to be 1. The prey obeys the logistic
growth and its carrying capacity is normalized to be 1. However, the density of predator
follows logistic dynamics with a varying carrying capacity proportional to the density of

prey. Moreover, for i = 1,2, N; formulates the spatial nonlocal dispersal of individuals and
is defined by

(1.1)

Nifu( D) (z) = / (e —y,0)dy — u(, 1), w=U,V.

where J; is a probability density function satisfying the following conditions:

(H1) J; is a nonnegative continuous function defined in R;
(H2) [, Ji(y)dy =1 and J;(y) = Ji(—y) for all y € R;

Date: June 15, 2026.

Corresponding author: C.-C. Wu.

Keywords: Prey-predator system, nonlocal dispersal, traveling wave, minimal speed.

2000 Mathematics Subject Classification: Primary: 35K55, 35K57; Secondary: 92D25, 92D40.

This work is partially supported by the National Science and Technology Council of Taiwan under the
grants 114-2115-M-032-005 (JSG) and 114-2115-M-005-004 (CCW), and by the French Agence Nationale
de la Recherche (ANR) in the framework of the ReaCh project (ANR-23-CE40-0023-02). We thank the
anonymous referees for the careful readings and some valuable comments.

1



2 J.-S. GUO, F. HAMEL, AND C.-C. WU

(H3) there exists \; € (0,00] such that Jo Ji(y)eMdy < oo for any A € (0, Ai), and
Ja 2 (y)edy — oo as At Ao
Note that there is always the predator-free state (1,0), and there is the unique constant
co-existence state (a*,a*), a* :==1—1/a € (0,1), when a > 1.

When the nonlocal dispersal in system (1.1) is replaced by the classical diffusion, the
dynamical behaviors of the corresponding system were investigated in the survey paper [2].
See also [1] for more general reaction terms. In fact, system (1.1) without diffusion (the ODE
system) arises in the control of introduced rabbits to protect native birds from introduced cat
predation in an island (cf. [4]), when we consider the case without rabbits and control. For
the detailed biological background of the full ODE system including the rabbits and control,
we refer the reader to [4, 5]. However, it is reasonable and more realistic to take into account
the influence of spatial movements of birds and cats, namely, the effect of diffusion. On the
other hand, to model the long range movements and nonadjacent interactions of individuals
it is more realistic to consider the nonlocal dispersal instead of the random movement with
classical diffusion. This motivates us to study system (1.1).

The main purpose of this paper is to study the existence and nonexistence of traveling
wave solutions to (1.1) connecting the predator-free state and the co-existence state. Here a
solution (U, V') to (1.1) is called a traveling wave solution of (1.1), if there exist a constant
s € R (the wave speed) and a function (¢, 1)) (the wave profile) of class C*'(R) such that

(U, V) (z,t) = (p,0)(2), z:=x— st.

We are interested in the traveling waves connecting the predator-free state (1,0) to the
co-existence state (a*,a*). Therefore, {s, ¢, 1} satisfies the following system of equations:

M](z) + s¢/(2) + ad(z) [L = 6(2)] = (2) =0, z€R,

(1.2) AN [Y](2) + s’ (2) + b (2) {1 — zéj))} =0, z € R,
together with the following asymptotic boundary conditions
(1.3) (¢,¥)(00) = (1,0), (¢,9)(—00) = (a",a).

For convenience, for ¢ = 1, 2, we set

LX) = / Ji(y)eMdy, X\ €R.
R

Note that, by (H3), I;(A) € (0,00) if 0 < A < A, 4 = 1,2, and I,(\) = oo if A > Ay. Also,
due to the symmetry of J;, the function I; is even, and it is also strictly convex in (—\;, A;).
Then we introduce the quantity

(1.4) oo g AN ZHED
)\6(07:\2) )\

Note that s* is well-defined, the infimum is reached, and s* > 0.
We now state our main theorem as follows.
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Theorem 1.1. Let a, b and d be given positive constants such that a > 4 and d < b. Then
there ezists a positive solution (¢,v) of (1.2)-(1.3) for each s > s*. This existence also
holds for s = s*, if we further assume that Jo has compact support. Moreover, there exist no
positive solutions of (1.2)-(1.3) for s < s*.

Hereafter, a function (¢,) is positive if ¢,% > 0 in R. A corresponding theorem to
Theorem 1.1, under the condition a > 4, on the traveling waves in the classical diffusion case
was derived in [2]. Theorem 1.1 characterizes the minimal speed s* in the nonlocal dispersal
case, but it needs the extra condition d < b in the construction of lower and upper solutions
to (1.2).

Remark 1.1. In condition (H3), when Ay = 00, we must have

lim [ Ju(y)edy = oo.

A—00 R

Indeed, due to conditions (H1) and (H2), there exist positive numbers 0 < § < y such that
Jo(y) > Jo(yo)/2 > 0 for all y € [yo — 6, yo + 6] C (0,00). This implies that

/ L)y > 8.5(0)e 5D 5 00 as A — 0o,
R

Also, the infinite limit in the case when Ao < oo is natural. This assumption covers the
important case when Jo(y) ~ Cae™2 as y — oo, for some Ay € (0,00) and Cy > 0. On the
other hand, if Ay € (0, 00) is such that Jo J2(y)eMdy is finite for any A € (0, o), infinite for
any A > Ao and has a finite limit as A T A (for instance if Jy(y) ~ Cge_&y/yp as y — +00
for some Cy > 0 and p > 1), then the quantity s* in (1.4) might not be reached in the open
interval (0, Ay), and the proofs (see especially Section 2.1) would not extend as such.

It is worth noting that there are some difficulties in the study of system (1.1). It is a
non-monotone system which is lack of comparison principle and a singularity may occur in
the V-equation when U reaches zero in a finite time which has been confirmed numerically
in [4]. Thus system (1.1) is named as a singular prey-predator model due to the latter fact.
This is in contrast to the system with U-equation in (1.1) replaced by

Ui(x,t) = Mi[U(, 0)](x) + [aU(1 = U) — kUV](z,t), x € R, t > 0,

in which the functional response of predation is a linear function of prey. In this case, the
strong maximum principle for the scalar equation gives that U > 0 for all ¢ > 0. Hence no
singularity can occur for the nonlinear term V/U in the V-equation.

The existence of wave profiles (¢,v) to (1.2)-(1.3) for all speeds s > s* is based on the
construction of lower and upper solutions, which is new for this singular nonlocal system.
The case s = s* is more involved, it requires a special care and uses the boundedness of the
support of Jy to control the convergence rates of suitable upper and lower solutions at +oo.
If the support of J5 is not compact and if J5 is approximated in a suitable sense by compactly
supported kernels, the wave profiles with the minimal speeds associated to the approximated
kernels might lose at the limit their simultaneous limiting conditions (1.3) at 4+o00. It would
definitely be a very interesting question to remove this compactness assumption on the
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support of Jy, but actually we do not exclude in general the non-existence of wave profiles
with minimal speed when Js is not compactly supported. We leave this as an open question.
In Section 2.2, whether s is larger than or equal to s*, the characterization of the limiting
state behind the front, that is, (¢,1)(—00) = (a*,a*) is carried out with a squeezing method
and an argument by contradiction. The proof of the nonexistence of wave profiles for all
speeds s < s* is also done by contradiction. Section 2 is devoted to the existence part in
Theorem 1.1, while the nonexistence is shown in Section 3.

2. EXISTENCE OF TRAVELING WAVES

This section is devoted to the derivation of the existence of positive traveling waves, under
the assumptions a > 4 and d < b. First, we give the definition of upper and lower solutions
as follows.

Definition 2.1. Positive continuous functions (¢, ) and (¢, ) are called a pair of upper
and lower solutions of (1.2) if ¢(z) < ¢(z), 1¥(z) < ¥(z) for all z € R and the following

inequalities

(2.1) U (2) == Mi[)(2) + 56 (2) + ad(2)[1 — §(2)] — (2) <0,
(2.2) Up(2) = dN[D)(2) + 5T (2) + b (2)[1 — B(2) /(2)] <0,
(2.3) L1(2) == M[g](2) + ¢ (2) + ad(2)[1 — ¢(2)] — ¥(2) >0,
(2.4) La(2) = dNR[¥)(2) + 51/ (2) + b (2)[1 — () /()] = 0

hold for all z € R\ E, where E is some finite subset of R.

The following result can be proved by applying Schauder’s fixed point theorem (cf., e.g.,
[3, 7, 11] and references cited therein). We safely omit its proof.

Proposition 2.1. Let s > 0 be given. Let (¢,v) and (¢,%) be a pair of bounded upper and
lower solutions of (1.2). Then system (1.2) admits a positive solution (¢,%) of class C*(R)
such that

B(2) < d(2) < d(2), P(2) <Wh(2) <Y(2), 2 €R.
2.1. Upper and lower solutions. To derive the existence of traveling waves, we need to

find some suitable pairs of upper and lower solutions of (1.2). For this, we divide the analysis

into two cases: s > s* and s = s*. The main idea of the following construction is motivated
by [2, 7].

2.1.1. The case s > s*. For a given s > s*, we consider the quantity
AN = A(X; ) == d[Io(A) = 1] = sA+b, A > 0.

It follows from the definition of s* and the strict convexity of A(A) that there are two positive
constants A\; < Ay < Ay such that

A) = AQs) = 0
and A(\) < 0 for all A € (A1, \y). Also, set
B(X) = B(\;s) :== [[1(A) — 1] — sA.
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Since B(0) = 0 and B'(0) = —s < 0, we can choose a constant Ay € (0, min{A;, \;}) small
enough such that

B(\o) < 0.
Now, for a fixed constant p € (1, min{A\2/A,2}), we choose
2b
2.5 >max{1,—}.
Then, the function f(z) := e "% — ge7#** has exactly one zero 2y > 0 and exactly one

maximum point zp, € (29,00), and there holds f(zy;) > 0. Thus, usinga >4 > 1 and d < b,
we can choose § such that

O<5<min{f(zM),1—é,%<1—g)},
——

=a*

and a point z; € (2o, zpr) such that f(z1) = J. Note that

(2.6) d < b(1—26).
Furthermore, the inequalities z; > 2y > 0, Ay > 0 and p > 1 imply
(2.7) ez 5 plu=Dhizo — o

With these choices of u, g, d, we finally choose € such that

5 e(u_l)A121 —q
1+ sh+a (14 sA +a)elt=Dh=n }

(2.8) 0<e< min{

Note that the constant ¢ is admissible, due to (2.7), and that 0 < e < < 1/2.
Then we introduce the following bounded positive continuous functions

— 1— €, z S 0, l, z S 07
P(z) = { Mz @(Z) = { i_ %eonz’

1—ce™ z >0, z >0,

(2.9 1 <0 ) <
- . ) z >V, . 3 Z > 21,
2/1(2) - { e*’\lz, z >0, %@) - { e MF qe*‘”‘lz, z > 2.

Lemma 2.2. Assume that a > 4 and d < b. For s > s*, the functions (¢,7) and (¢,)
defined in (2.9) are a pair of upper and lower solutions of (1.2).

Proof. Step 1. Note that ¢ < 1in R. For z < 0, ¢(z) = 1 — &, whence N [¢](z) < € and so
Ui(z) <[e+a(l—e)]—-0<0, 2<0,

due to 0 < e < /(1 + s\ +a) <d/(1+a). For z> 0, we have ¢(z) = 1 — ce~M* and so
Ni[¢](2) < ee™™%. Hence

U (2) < ee™ 4 eshie ™M + age M7 — P(z) = e(1+ s + a)e M* — P(z), 2> 0.
For z € (0, 1), there holds ¥(z) = §, which implies that
Z/{l(z) < 8(1 + s\ —|—CL) —0< 0,
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since € < 8/(1+ s\ 4 a). For z > z, we have ¢(z) = eM* — ge™*** and so
Ui(2) < e M e(1 + s\ +a) — 1] + ge "M7 <0,
provided
(2.10) q<[1—e(l+s\ + a)erDh=,
But (2.10) holds due to (2.8). Therefore, (2.1) holds for all z € R\ {0, z1}.
Step 2. For z < 0, since ¢)(z) = 1 and ¢ < 1 in R, we have N;[¢](z) < 0. Hence
Us(2) <b(1—1/¢(2)) <0, z <0,
due to 0 < ¢ < 1in R. For z > 0, from () = e™*% and (2 — y) < e"CGY) for all y € R
it follows that
Us(2) < d[I(Ny) — 1]e™7 — sAje™% 4 be ™7 = A(\))e ™% =0,

due to A(A1) = 0. Therefore, (2.2) holds for all z € R\ {0}.

Step 3. For z < 0, we have ¢(z) = 1/2. Since ¢ > 1/2 in R, we obtain N[¢](z) > 0
for = < 0. Then £4(2) > a/4—1 > 0 for z < 0, using a > 4. For z > 0, we have
¢(z) =1—e /2> 1/2 and P(z) = e M. Since ¢(z —y) > 1 —e M=V /2 forally € R
and ¢ > 1/2 in R, we get, for z > 0,

Li(2) > [1—e 1 (N)/2] — (1 —e29%/2) + shge /2 + (a/2)e 207 /2 — e~ M7
1
> ée_koz{—[fl()\o) —1—sX|+a/2—-2} >0,
due to e™*1* < 7% B()\g) < 0 and a > 4. Therefore, (2.3) holds for all z € R\ {0}.
Step 4. For 2 < z1, ¥(2) = § and we compute

Lo(z) > —do 4+ bé(1 —20) >0,
using ¢ > 0, ¢ > 1/2 and (2.6). For z > z, since ¢(y) > e ¥ — ge™#MY for all y € R, we
compute
Lo(z) = d{[e™hL(M) = geT "™ ()] — (67N — geM2)}
—s(Ae™M = quAie™MF) + b(emMF — ge )1 — Y(2) /(2)]
> e MFA(N) — ge "M EFA(puN) — 2be2MF
2b€(,u'_2)>\lz
= {—ethzYy LA {q — —} > 0,
{ VA A
uSing ﬂ(z) < e_MZ; ? > 1/25 A()‘l) = 07 A(,u)\l) < 07 < 27

e=Dhz < o=Ddz 155 55 Q)

and (2.5). Here we have used (o — 3)? < o for any a > 3 > 0, applied to a := e~ ** and
B := ge #M#. Therefore, (2.4) holds for all z € R\ {z;}.

Lastly, it is clear by construction that 1/2 < ¢ < ¢ < 1and 0 < <3 < 1in R. The
lemma is thereby proved. a B U
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2.1.2. The case s = s*. In this case, we have A\ = Ay > 0, i.e., \; is a double root of
A(N; ) =0,

with necessarily \; < 5\2. In this case, we also have

2.11 d | Jo(y)yeM¥dy = s*.
(2.11) W)y y
R

Suppose that J, has a compact support such that its support is contained in [—S, 5] for
some S € (0,00). We also choose a small positive constant Ay € (0, min{A;, A\;}) such that

B()\Q; S*) < 0.

First, we choose a fixed constant h > ;e large enough such that the equation hze % = 1
has exactly two roots 2y, zo with

1
0<z1<)\—<22<oo and z9 — 23 > S.
1

Note that hze ™* > 1 for all z € (z1,2), and that the map z + hze * is decreasing
in [z9,00). Secondly, we choose z3 > 2, large enough such that

A1 — Aoe
2.12 he 0% < “<1—°.
(2.12) e < 1

Thirdly, for any positive constant ¢, one can check that the function

g(2) = (hz — qv/2)e ™%, 2>0,

has a zero zp := (q/h)* € (0,00) such that g > 0 in (zp,00), g(20) = 0 and g has a unique
maximal point zp; € (20,00). Note that g(zy) > 0. Furthermore, g is increasing in [2o, za/]
and decreasing in [z, 00). We choose a constant ¢ large enough such that zg > 2z, and

16bh? max,~o{2%(z + §)%/2e M%)

2.13 >
(2.13) e d [ J2(y)y*ervdy
Then we choose z4 in (29, zpr7) such that g(z4) = 6, for a fixed § satisfying
1 d
0 < < min {g(zM),a*, 5(1 — Z)}’

so that (2.6) still holds. Lastly, with the above choices of h, g, d, we choose ¢ such that

min{d, hzy — q\/24}

2.14 O<e<
( ) c 1+s*\ +a

Note that 0 <e < § < 1/2.
Then we define the bounded positive continuous functions

— 1-— g, z S 07 la
(b(Z) = { A1z ?(z) = { i_ %67)\0(2*23)7

1—ee™™* 2>0,

2§Z37
z > z3,

(2.15)

- _ 17 z S 22, _ 67 z S 24,
¥(z) = { hze ™% 2> 2z, W(z) = { (hz — q/2)e™% 2> 2.
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Lemma 2.3. Assume that a > 4, d < b, and that Jo has a compact support such that
its support is contained in [—S, S| for some S € (0,00). For s = s*, the functions (¢,v)
and (¢,v) defined in (2.15) are a pair of upper and lower solutions of (1.2).

Proof. As before, we also divide our proof into 4 steps.
Step 1. Note that ¢ < 1 in R. For z < 0, we have U, () < [e +a(l —¢)e] — 6 < 0, due
to (2.14). For z € (0, z4), we have

Up(2) <e(l+ s\ +a)e ™ =35 <0,
using € < 0/(1 4 s*A; 4 a). For z > z;, we have 1(2) = (hz — ¢/z)e”* and so
Un(2) < {e(1+ 5" +a) — (b2 — /) }e ™ <0,

due to (2.14) and hz — qy/z > hzy — q/z4 for all z > z, > z,. Therefore, (2.1) holds for all
z € R\ {0, z4}.

Step 2. For z < 2, since ¢(2) = 1 and ¢ < 1 in R, we have N3[¢](z) < 0. Hence
Uy(z) <0 for z < 2, since 0 < ¢ < 1in R. For z > z,, we have (z) = hze™* and

[ 2B = iy = [ 23— iy < [ R - ey,

S

since z —y > 2z, — S > 2 for all y € =S, 5] gives ¥(z —y) < h(z —y)e G7Y). Hence we
get, for z > zy,

Uy(2) < {d[Iy(N\y) — 1] — 5"\ + b} (hze ™7) — [d /R Jo(y)yevdy — 5*1 (he %) =0,

using A(A;s*) =0 and (2.11). Therefore, (2.2) holds for all z € R\ {z2}.
Step 3. For z < z3, we have ¢(z) = 1/2. Hence Li(z2) > a/4 —1 > 0 for z < z3,

using ¢ > 1/2in R, < 1in R, and a > 4. For z > z;, using ¢(z) = 1 — e MGE"%) /2,
Pz —y)>1—eMEv=) 2 for all y € R, and ¢ > 1/2 in R, we get

16—)\0(2—23){_[11()\0) —1—8"A| + a/2} — hze ™7,

Li(2) 5
1
2

>

e*’\O(Z’Z?’){a/Q — the’Alze’\O(k%)} > 0,

due to B(\g;s*) < 0 and (2.12). Here we have also used

2herozs

Qhze MFerolz—z3) « 277
- (/\1 — /\0)6

, Vz>0.
Therefore, (2.3) holds for all z € R\ {z3}.
Step 4. For z < 24, ¥(z) = J implies that
Lo(2z) > —dd + bd(1 — 20) > 0,

using ¥ > 0, ¢(z) > 1/2 and (2.6). Recall that 24 > 20 > 2 > 21 + 5 > S and Jy(y) = 0 for
y € R\[-S,S]. Now, let z > z4. Using z—y > 24—y > 20— S5 > 2z > 0 for y € [-S5, 5] and

Y(€) > (hE — qv/§)e™™ for all £ > 0,



SINGULAR PREDATOR-PREY MODEL WITH NONLOCAL DISPERSAL 9

we get that

S
/RJQ(@/)%(Z —y)dy = /S J2(y) (2 — y)dy

S
- / L(y)[h(z —y) — ¢v/z = yle M
-s
S S
= hze‘klz/ JQ(y)e)‘lydy—he_’\lz/ Jo(y)yeVdy — qe / Jo(y)V/z — yeMdy
= hze M (\) — / Jo(y)yeVdy — / Jo(y)v/z — yevdy.

Then, using ¢ > 1/2, A(A1;5%) =0 and (2.11), we obtain
Lo(2) > hzeM*{d[Iy(\) — 1] — s* A\ + b} — he ™= {d/ Jo(y)yeM¥dy — 8*}
R

o 1
—agee{ [ ntvE ey - VE s v e
s 2z

_bq\/ze_,\lz N 2bh2226—2)\1z
= e M gQu(2) — Qa(2)),

where
Qi(2) = —d {/S Jao(y)V/z = yeidy — \/5} + 5" |:>\1\/_ - —} — b/,

s NE;
Q ( ) —Qbh2 2 —)qz

Note that, using A(A;;s*) =0 and (2.11), we get
S d S
@) = d[ Rz vE=at =g [ ne
_ -5

= [VE- v gl ey

K
d

_ ° 1 2 A1y 2,M
= d/_SQﬁ(\/EJr —Z_wsz(y)y edy > 8 T+S)3/RJ2(Q)y dy.

Hence we conclude that

de—M* 16bh2[2%(2 + S)3/2e~217]
r > J 2009 4 ) { _ } >0
B = SvErey ([omierwar) fa=225 Je Pgpendy J

for z > z4, due to (2.13). Therefore, (2.4) holds for all z € R\ {z}.
One can also check that 1/2 < ¢ < ¢ <land0< Y < 1 < 1in R, and the lemma is thus
proved. [l
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2.2. Tail limits for s > s*. First, for any s > s*, the existence of a C*(R) solution (¢, )
to (1.2) such that 1/2 < ¢ < ¢ < p < land 0 < < ¢ <3 < 1 in R follows from
Lemmas 2.2-2.3 and Propc?sition 2.1. Moreover, by the construction of upper and lower
solutions, it is clear that (¢,)(c0) = (1,0).

Next, we claim that the limit (¢, ¢)(—o00) exists, by applying the method used in [16]. For
the reader’s convenience, we provide an outline as follows. To show the limit exists, we let

¢~ = liminf ¢(z), ¢ :=limsup@(z), ¥~ :=liminfy(z), %' := limsup(z).
200 2——00 200 2——00

By the construction of upper-lower solutions, we have
1/2<¢" <¢" <1 and 0<d<¢ <ot <1,

for some § € (0,a*), in both cases s > s* and s = s*.

Now, from (1.2) and the positivity of s, both functions ¢ and v have bounded derivatives
¢’ and ¢/, and by differentiating (1.2), the functions ¢ and 1 are of class C?(R) with bounded
second-order derivatives (¢ and ¢ are actually of class C°°(R)). From the definition of ¥+,
there exists a sequence (z,)nen diverging to —oo such that ¥(z,) — ¥*, ¥/(z,) — 0, and
&(zn) — v as n — oo, for some v € [¢—, 1] C [1/2,1]. By evaluating the second equation
in (1.2) at z, and passing to the limit as n — 0o, one gets, by the same argument as that
for [16, (2.6)], that byp™ (1 — ™ /) > 0, whence

P <ot
We omit the details here. Similarly, one has
o <.
On the other hand, by considering a sequence ({,)nen diverging to —oo such that ¢(¢,) — ¢,

@' (¢n) — 0, and ¢(¢,) — T'asn — oo, for some I' € [1p, 9], by evaluating the first equation
in (1.2) at ¢,, and passing to the limit as n — oo, one gets that a¢p= (1 —¢~) —I' < 0, whence

(2.16) ag=(1—¢7) < v
Similarly, one has
(2.17) apt(1—¢") >y,

Since ¢~ > 0 and ¢ < 1, one infers that ¢* < 1, whence vy < ¢t < 1. Therefore,
ap~(1—¢~) < 9T <1 and, since a > 4 and ¢~ > 1/2, one gets that ¢~ > 1/2. Finally,

(2.18) 1/2<¢” <y~ <yt <ot <1
Let now
D:={vel01]|lv)<¢ <o" <r(v)},
where
(v) =va*"+(1—-v)/2, r(v):=va*+1—v, ve|01]

Note that 1/2 < a* < 1. Hence [(v) is increasing and r(v) is decreasing in v € [0, 1],
and I(1) = r(1) = a* = 1 — 1/a. Secondly, due to (2.18), 0 € D and so, by continuity
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of I(v) and r(v) with respect to v, vy := sup D is well-defined such that vy € (0,1]. For
contradiction, we assume that vy < 1. Then, by passing to the limit,

(2.19) l(v) <o~ < " <r(w),
and either ¢~ = I(1g) or ¢ = r(1p). Then we divide the discussion into two cases.
Case 1: ¢~ = l(vp). From (2.16) and (2.18)-(2.19), one knows that

al(v)[1 = ()] = ap™ (1 —¢7) < Y™ <" <r(w),
whence
w = al()[1 — l(v)] — r(v) < 0.
But a straightforward calculation yields

—92)2
w=(1-1wp) %—1—1—%],

whence w > 0, since 0 < vy < 1 and a > 4. Therefore, case 1 is ruled out.
Case 2: ¢+ =r(vp). Similarly, from (2.17)-(2.19), one knows that

ar(v)[L —r(v)] = ag™ (1 = ¢7) > ¢~ > ¢~ > (1),
whence
0 :=ar(v)[l —r(v)] — l(ro) > 0.
But a straightforward calculation yields

0-~0-w[3-2]

whence 6 < 0, since 0 < vy < 1 and a > 4 > 2. Therefore, case 2 is ruled out too.

These contradictions entail that vy = 1 and so the limit ¢(—o00) exists such that ¢(—o0)
a*. Finally, it follows from (2.18) that ¥)(—o0) = a*. This proves that (¢,1)(—o0) = (a*,a*
and the proof of the existence part of Theorem 1.1 is thus complete.

[N

3. NONEXISTENCE

In this section, we provide a proof of the nonexistence part of Theorem 1.1 as follows.
Although it is almost the same as that in [7], for the reader’s convenience we give the details
here.

Theorem 3.1. If s < s*, then (1.2)-(1.3) does not admit any positive solution (¢,).

Proof. We argue by contradiction by assuming that (1.2) admits a positive solution (¢, )
satisfying (1.3) and for some wave speed sy < s*. From the continuity and positivity of ¢
together with (1.3), there is € > 0 such that ¢ > ¢ > 0 in R. Then the ¢-equation of (1.2)
gives that

—sot'(2) = dNL[Y](2) + b (2)[1 — ¥ (2) /], z € R.
Hence the C'(R x R) function V(x,t) := ¢(x — sot) satisfies L[V](z,t) > 0, where
(3.1)  L[V|(z,t) == Vi(z,t) — {dNL[V (-, 8)](z) + bV (2, t)[1 — V(z,t)/e]}, z €R, t >0,
and V(z,0) = ¢(z) # 0 for x € R.
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Next, since § := (so + s%)/2 < s* and V(-,0) > 0 with liminf, , . V(z,0) > 0, it follows
from the comparison principle and the spreading dynamics for the nonlocal logistic equation

Lv] =0 (cf. [13]) that

lim inf ¢ (5t — sot) = lign inf V' (5t,t) > e > 0.

t—o00 —00

However, z := §t — sot = (s* — s0)t/2 — 00 as t — 00, a contradiction to ¥(co) = 0. Thus
the theorem is proved. 0
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