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FORCED WAVES OF PULSE TYPE FOR
3-SPECIES COMPETITION SYSTEMS IN SHIFTING ENVIRONMENTS

JONG-SHENQ GUO, KAREN GUO, AND HIROSHI ISHII

ABSTRACT. We investigate the existence and non-existence of forced waves of pulse type
for three-species diffusive competition systems in shifting environments. With a careful
construction of generalized upper-lower solutions, we are able to construct infinitely many
forced waves of pulse type for each admissible wave speed. This extends the work by Fang,
Lou and Wu (SIAM J. Appl. Math. 76 (2016), 1633-1657) from scalar equations to non-
cooperative systems. Moreover, the construction of forced waves at the critical speed is also
provided.

1. INTRODUCTION

In this paper, we study the following 3-species diffusive Lotka-Volterra competition system

in a shifting environment

up = AUy, + rufa(z — st) —u— kv —aw], x € R, t > 0,

vy = dovyy + Tov[a(r — st) — hu —v —bw], z € R, t > 0, (1.1)

Wy = d3Wey + rawla(z — st) — cqu — cov —w), T € R, ¢t > 0,
where u, v, w, functions of (x,t), are three competing species with inter-specific competition
coefficients h, k,a,b, c1, co, diffusion coefficients d; and maximal intrinsic growth rates r;,
1 =1,2,3. All parameters are assumed to be positive. Also, we have normalized the intra-
specific competition coefficients to 1. The function o models the shifting environment with
the same shifting speed s > 0.

Climate change, such as global warming, is one of the reasons for environmental changes in
ecology. It can affect the survival and extinction of species in ecological systems. It may cause
changes in the environment, such as desertification and drastic fluctuation of precipitation.
Due to global warming, this planet has suffered from many natural disasters in recent years.
Starting with the pioneering work [2] on modeling climate change, it has attracted significant
attention to the study of ecological systems in a shifting environment. We refer the reader
to, e.g. [1, 9, 6, 10] for works on persistence of species, and [4, 5, 12, 3, 16, 17, 8, 15, 7, 11]
for the existence of forced waves. Here, a forced wave is a traveling wave with a speed the
same as the environmental shifting speed.

Throughout this paper, we assume that « is continuous in R such that
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2 J.-S. GUO, K. GUO, AND H. ISHII

(al) the limits a(do00) exist with a(—o00) < 0 and a(z) <1 = a(+00) for all z € R;
(a2) there are constants C' > 0, K > 0 and p > 0 such that

l—a(z) <Ce ™ Vz> K. (1.2)
We are concerned with the existence of a forced wave, namely, a traveling wave solution
(u,v,w) of (1.1) in the form
(u,v,w)(x,t) = (¢17 ¢27 ¢3)(2)7 ZI=T = Sta
with wave speed the same as the environmental shifting speed s and wave profiles {¢1, ¢o, P3}.
Hence we are looking for unknown {¢1, ¢, ¢35} that satisfies
di @ + sy +rig1(a — g1 — kdy —ag3) =0, z €R,
d2¢/2/ + Sgbé + T2¢2(& — h¢1 — gbg — bgbg) =0, z € R, (13)
d3ds + sy + r3ps(a — c191 — o — ¢3) =0, z € R.
Due to the assumption a(—o00) < 0 in (al), any positive solution (¢1, ¢2, ¢3) of (1.3) must
satisfy the condition
(¢1,¢2,¢3)(—OO) = (07070) (14)
Hereafter we call (¢1, ¢, ¢3) a positive solution of (1.3) if ¢, ¢o, o3 > 0 in R. Note that, by
the strong maximum principle, ¢; > 0 in R if ¢; > 0 and ¢; # 0 in R. Similar results hold
for ¢ and ¢s.
Remark 1.1. The limiting condition (1.4) can be verified in the same manner as that of
[7, Proposition 2.2]. Indeed, the proof is by a contradiction argument as follows. Assume
for contradiction that ¢ = limsup, , . ¢1(2) > 0. In the case when ¢(2) is oscillatory
at z = —o0, we can find a sequence of mazximal points {z,} of ¢1 such that z, — —oco and
é1(2n) = ¢ as n — oco. Then, using condition a(—o00) < 0, we derive
0 < —(did] + 561)(2) = r1¢1(z) (a0 — b1 — ko — ad3)(z,)
<11 (zn) (o — ¢1)(20) = 116y [a(—00) — ] <0 asn — oo,
a contradiction. On the other hand, when ¢1(z) is monotone ultimately at z = —oo, we can

find a positive constant L and a sequence {z,} C (—oo, —L) such that a(z) < 0, ¢1(z) >
&7 /2, V2 < =L, z, = —oo and ¢\ (z,) — 0 as n — oo. Integrating ¢,-equation over

(zn, —L), we obtain

_L
d1¢)(—L) — di1¢)(2n) + 5¢1(=L) — s¢1(20) > 7“1/ [01(2)]?dz — o0 as n — 00,

a contradiction, since the left-hand side is uniformly bounded for all n. Hence ¢1(—oc) = 0.

The same argument shows that ¢;(—oo) =0 for j =2, 3.
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FORCED WAVES 3

Forced waves of mixed front-pulse types for diffusive competition systems were studied in
our previous paper [11]. Forced waves of pulse type were constructed in the work [9] for a
scalar equation with KPP-type nonlinearity. Since a scalar equation enjoys a comparison
principle, the classical monotone iteration method is applicable as long as a pair of suitable
upper-lower-solutions can be constructed. In particular, they were able to construct infinitely
many different forced waves of pulse type for each admissible shifting speed s (see [9, Theorem
2.1(iil) & p.1653] for more details), under the condition that 1 — « is integrable at +oo.
However, the existence of forced waves with critical speed is left open in [9]. The aim of
this paper is to extend the work [9] on forced waves of pulse type from scalar equations to
non-cooperative systems with a slightly stronger condition (1.2) on a. We also provide the
derivation of forced waves of pulse type with critical speed.

Our main theorem reads

Theorem 1.2. For any s > s* := 2maxi<j<3{~/d;r;}, let \; be the minimal positive root
of dj)\? —s\j+r; =0, j=1,2,3, respectively. Let {y1,72,73} be any positive numbers. For
each s > s*, (1.3) has a positive solution (¢1, o, ¢3) satisfying (P1, da, ¢3)(+00) = (0,0,0)
such that

lim e¥%¢;(2) =, Jj=1,2,3. (1.5)

Z2—+00

While for s = s*, (1.3) has a positive solution (¢1, P2, ¢3) satisfying (1, da, ¢3)(+00) =
(0,0,0) such that

eAjz

¢i(2) =5, if ¥ =2y/dyr;.  (1.6)

Conversely, a positive solution of (1.3) with (¢1, P2, ¢3)(+00) = (0,0,0) exists only when

s > s*.

. Ajz _ i oX . 1
Zgrllooe Phi(2) =4, if s*>2/d;rj; zEI—fI—loo .

In fact, one can easily check from our derivation (see §3 below) that Theorem 1.2 extends

to an n-species competition system, n > 2, of the form

(w)r = di(Us) e + 1Ti0; (X — St) — u; — Z aipug|, i=1,...,n,
ki

with positive competition coefficients a; ;. In this case, the critical speed is given by

s =2 112%)% d;r;.
Indeed, the construction of the generalized upper and lower solutions, the fixed-point ar-
gument, and the non-existence argument extend in the same manner. We restrict our pre-
sentation to the 3-species system to avoid cumbersome notation and to make the main

construction more transparent.
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4 J.-S. GUO, K. GUO, AND H. ISHII

Note that the limit 7; in (1.5) can be any arbitrarily positive constant for each j = 1,2, 3.
In comparison with [9] on the KPP-type scalar equation, they only provide infinitely many
forced waves with discrete multiples v. Note that a multiple of a given solution is not
necessarily a solution to a nonlinear equation. On the other hand, since the classical mono-
tone iteration method is not applicable to non-cooperative systems, we adopt the method
of generalized upper-lower-solutions with the help of Schauder’s fixed-point theorem, which
is a very powerful method in deriving traveling waves of systems without a monotonicity
property, such as competition systems, predator-prey systems, and epidemiology models.

The rest of this paper is organized as follows. In the next section, we shall introduce
the notion of generalized upper-lower solutions and provide an existence theorem for forced

waves of (1.3). Finally, in §3, a detailed proof of Theorem 1.2 is given.

2. PRELIMINARIES

We first introduce the definition of generalized upper-lower solutions of (1.3) as follows.

Definition 2.1. Continuous functions (¢, ¢, ¢3) and (?1,92,93) are called a pair of gen-
eralized upper-lower solutions of (1.3) if they have bounded first and second derivatives in R

such that the following inequalities

Uy = dy ) + 56y + 116, (a0 — ) — k¢, —ag,) <0, (2.1)
Up == dydy + sy + T2y (a — hop — By — bg,) <0, (2.2)
Uy = d;@f{ + sag + 7363 (o — g, — 29, — ?3) <0 (2.3)
Ly :=dig" + s¢ +1m (a— ¢> — ky — ady) > 0, (2.4)
Ly = dyd) + 58, + 120, (0 — hoy — 8, — b)) > 0, (25)
Ls:= d:@g + 3?;3 +730,(a — cl¢1 Cohy — ¢,) >0, (2.6)

hold in R\ {z; | j =1,--- ,m} with some finite positive integer m.

In fact, Theorem 1.2 holds for system (1.1) with different « for different species, namely,
replacing a by «a; in u-equation, as in wv-equation and ag in w-equation, respectively, in
which «;, j = 1,2, 3, are different such that (1.2) holds with different constants C;, K, p;.
Then, by choosing

C' = max{Cy,Cy,C3}, K = max{Ky, Ky, K3}, p = min{py, p2, p3},

condition (1.2) holds for all o, j = 1,2,3. Moreover, by a suitable translation of system

(1.3) and using «a(+00) = 1, condition (1.2) can be rephrased as

alz) >1—ece ? Vz>0, (2.7)
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for any specified positive constant €. Indeed, given any constant £ > 0, by (1.2), we have
1 —a(z+ K) < Ce PR < Ce PR < e V2 >0,

if we make K larger so that Ce™*X < e. Then a forced wave (¢1, g2, ¢3)(2) of the translated
system:

i@ (2) + 8¢ (2) + mo1(2)[az + K) = ¢1(2) — kda(2) — ads(2)] = 0, z € R,

day(2) + 5¢5(2) + rada(2)[a(z + K) — h¢1( ) = 2(2) —bg3(2)] = 0, z € R,

dsy(2) + s@h(2) + r3¢3(2)[a(z + K) — c1¢1(2) — c202(2) — ¢3(2)] =0, 2z € R,
gives a forced wave (¢1, 92, ¢3)(2z — K) of the original system (1.3). Therefore, from now on
we shall assume (2.7) with a suitable choice of ¢ instead of (1.2).

With Definition 2.1, the following existence theorem for system (1.3) can be proved as

that in, e.g. [14, 13]. We omit its proof here.

Proposition 2.2. Given s > 0. If (1.3) has a pair of generalized upper-lower solutions

(01, ba, @3) and (¢, ¢,, ¢,) such that

b, <1, 0, <¢2,93 @3 in R, (2.8)
61(2) < (7)), ¢,(27) s@;w), Wizl .m, 2.9)
Go(f) < Oo(z), d(=) S OL(2f), Vi=1,-- m, (2.10)
Bs(2)) < Bylzy), (=) S OL(= ), V=1, m, (2.11)
then (1.3) has a solution (¢1, 2, ¢3) such that ¢, < ¢1 < o1, ¢, < o < o and ¢, < ¢3 < 0s.

Here, ¢(27) and ¢(z) denote the left-hand and right-hand limits of ¢ at z, respectively.

For the reader’s convenience, we provide an outline of the proof as follows. For simplicity,
we give the argument under the assumption that 0 < Qj < Ej <1 (j =1,2,3) holds, but the
argument can proceed without this assumption provided that the generalized upper-lower
solutions are bounded.

First, we take a sufficiently large constant S such that Fj(¢1, ¢a, ¢3) is non-decreasing in

¢; and decreasing in ¢, for ¢ # j, where

Fi(¢1, 02, ¢3) = B + rid1(a — ¢ — ko — agy),
Fy(p1, 02, ¢3) := Bopa + rada(a — hpy — o — bip3),
F3(p1, 02, ¢3) := Bos + r3ds(a — c1¢1 — cadpa — ¢3)
for (¢1, @2, ¢3) € X :=1[0,1)2 for j = 1,2,3. Then (1.3) is transformed to
dngil + S¢; - 6¢1 + E(¢17¢27 ¢3) = 07 S Ra 1= 17273'

Next, for a given s > 0, we introduce the integral operator

Pi(¢1, d2, ¢3)(2) = ﬁ [/_;ev(zy”r/:oevz y} i(01, B2, 93) (y)dy
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where A" > 0 > A\, are the two roots of d;\> + s\ — 3 =0, =1,2,3. Also, for a given pair

of upper-lower solutions (¢, ¢,, ¢5) and (¢ Py 93), we choose the set

5= {(¢1,02,05) € 0,1 | 9, < d; < §;in R, j =1,2,3}.

Due to the choice of 3, (2.9)-(2.11), and the definition of upper-lower solutions, one can

check that P := (P, P,, P;) maps X into itself.

Finally, by a similar argument as in [14], one shows that P : ¥ — X is completely

continuous in the suitable weighted sup-norm. The proof is then completed by Schauder’s

fixed-point theorem.

3. PROOF OF THEOREM 1.2

This section is devoted to the proof of Theorem 1.2. We assume that

s> 5" = maX{Q\/dlrl, 2\/d2r2,2\/d3r3}

so that there exists the minimal positive root A; of

dj)\?—s)\jJrrj =0
for each j € {1,2,3}. Also, in the sequel we set o := min{\, \a, A3, p}.

3.1. Existence: super-critical speeds.

Fix e € (0,1) in (2.7). Let s > s*. We fix constants n; € (\;, \; + o) satisfying

djnf—snj+rj <0,j=1,2,3.

(3.1)

Let 71, 72,73 be any positive numbers. Set v; = e%% for some z; € R, j = 1,2,3. Then we

introduce
61(2) = min{l,e M} g (2) = max{0,e MG — CremmEay,
0y(2) = min{1, e 27221 ¢,(2) = max{0, e ) _ Cpem(zm2) ]
¢4(2) = min{1, e_ki”(z_ZB)}, Qg(z) = max{0, e~ Ms(z=z3) _ 036—773(2—2'3)},

where C, Cy, C5 are sufficiently large constants to be fixed later.

For convenience, we prepare the following lemma which can be easily checked.

Lemma 3.1. Let A > 0 and ay > a; > 0. Then e~ "% — Ae%* > 0 if and only if

In A
z > .
Qg — a1
Based on Lemma 3.1, we set
InC';
g =2+ j=1,2,3,

— J
nj— Aj
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to obtain

0’ z < 537
_J(Z) - e—Aj(Z—Zj) _ Oje_nj(Z_Zj)’ z > 5]7

for j = 1,2,3. Also, note that for j = 1,2, 3,

z < Zj,

¢](Z) B {6)‘j(zzj)’ zZ >z

Then we fix C sufficiently large so that & > max{0, 29, 23} and

Tl{(E + ke)\zzz + ae)\gzg)ex\lzl + 62/\121}

Ci >
' —(dini — smu + 11 )em=

Likewise, choose Cy sufficiently large so that & > max{0, 21, z3} and

Cy > ro{ (g + heM*t 4 bets#)er27z 4 P22}
i —(dom3 — sma + 1ra)em* :

Lastly, fix C3 sufficiently large so that &5 > max{0, 21, 2o} and

7.3{(6_'_016)\121 +CQ€>\222)€>\323 + 62)\3Z3}

Cs >
’ —(dsmi — sms + 13)em=

Using a < 1, for z < z; we compute
Ui(2) = rifa(z) — 1 — ko, (2) — ag,(z)] < 0.

When z > z;, we obtain

(3.4)

L{l(z) S [dl)\% - S)\l + 7"10((2)]6_)\1(2_21) = 7“1(04(2) — 1)6_)‘1(2_21) S 0

by using (3.1). Hence U;(z) < 0 for all z # z;. Similarly, we can verify that U;(z) < 0 for

all z # z;, j =2,3.

Next, let us show that £1(z) > 0 for any z € R\ {{1}. Since ¢, (2) =0 for z € (—o0,&),

it follows that £;(z) = 0 on this interval. For z > &, we have

L1(2) = {diA? = A1+ ri]a(2) — kgy(2) — ady(2)]}e M=)

—Cy{din? — sm 4 rifa(z) — kdy(2) — ags(2)] e mE=)

Z Tl{_gefpz . kef)\g(zfzg) i aef)\g(zfzg)}ef)\l(zle)

—Cy(dymi — sy + rp)eMETE) — gy emPhEmE)

—11(¢,(2))"

> e M =Ci(din; — sm 4 11)em — (e + ke + ae$) e 4 MY > 0,

12 using (2.7), Ay <1 < A1 + o and (3.2). Thus, we obtain £;(z) > 0 for any z € R\ {& }.
By similar calculations, one can show that £;(z) > 0 in R\ {¢;}, using (2.7), A\; < n; <
14 A\j+o,j=2,3,(3.3) and (3.4). Therefore, we have (2.1)-(2.6) for all z & {z1, 22, 23, &1, &2, &3}

13
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It is obvious that (2.8)-(2.11) hold. Thus the existence of forced waves with (1.5) for super-

critical speeds follows from Proposition 2.2. Moreover, (1.5) holds due to Qj < ¢; < ¢y,

J=1,2,3, since y; = ehi%,

3.2. Existence: the critical speed.

O

For notational simplicity, we may assume that dyr; > dore > d3rs. Given any positive

numbers 1, 2, V3.

Case 1. s =s* = 24/ dl’l“l > 24/ dQTQ.

Same notation as the super-critical case, except that A; is a double root in (3.1). Also, we

choose z; € R such that e’ = ~;/(\e) and z; satisfying e¥% = v;, j = 2,3.

We introduce the following upper-lower-solutions:

_ 1, z <z +1/A,
(bl(z) = —M(z—21)
Aj(z — z)emMEE) 0 2> 2 4 1/,
¢<Z>_ 0, Z<21+€17
=1 Az — z)eMC=2) _p o= zieMETR) s 46,

where A; := Aje, p; is a positive constant to be determined, &, := (p;/A;)? and

Y

- )L z < zj, )0, z <&,
9;(2) = {e%‘(zzj) z> zj, 0,2) = {e“('”f) — CiemmFmw) 2> g,

for j = 2,3.

Here, we introduce the following lemma, which can be easily shown.

(3.5)

(3.6)

Lemma 3.2. Let A >0 and as > a; > 0. Then e~ — Aye™*Y > 0 holds for any y € R if

A <e(ay — ay).
One can also check that

N
max{y"/2e”Y} = (—) =: B.

y>0 20€e

Then we fix p; sufficiently large so that & > max{1, —z;, 20 — 21, 23 — 21} and

4T1AlB

7 (ee™P2 + Ay + kype 21 4 cwge_)‘f’zl).
1

P>
We also choose Cy and Cj5 large enough to ensure that

& > max{0, 21 + 1/A1, 23}, & > max{0, 21 + 1/, 22},
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and that
o _7’272(8)\16_”21 + hA; + Y e 2% + 673/\16_A321) (3.9)
T em et (N o — ) (datg — s+ 1) '
o> _ras(ehie P 4 A + Coyadie 227 4 g h e e ) (3.10)
b em(zsm2)TAsa L (\g + 00 — n3)(d3n3 — st + 13) '
hold.

Many of the arguments are the same as those in Section 3.1; hence, we focus only on the
key points required to verify (2.1)-(2.6). Using the inequality a < 1, we obtain U;(z) < 0
for z < z; + 1/A;. When z > z; + 1/, we have

U(z) < diy(2) + 56,(2) + 116(2)
= Ay (N} — sh +71) (2 — 21)eMET) A (2di N — s)e”METE) =,

where we have used (3.1) and the fact that A; is the double root of (3.1). Thus, U;(z)
holds for any z # z;4+1/);. By the same argument as in Section 3.1, we also obtain U;(z)
for all z# z; and j = 2,3.

Next, for j = 1,2,3, we have £;(z) = 0 on the interval where Qj(z) = 0. Recall 0 =
min{ A1, Ao, Az, p}. For z > 21 +& > max{0, 29, 23}, setting y := z—z; > & > 1, we compute

<0
<0

Li(z) = didf/(2) + 59, (2) + 110, (2) + 110, (2)(a(2) = 1 = ¢, (2) — kpy(2) — agy(2))

d _ _
> e e (e Age 4 KG(2) + iy (<) (311)
N dip1 “A1y MY (. —pz —\y —Daz —X3z
= 4y3/26 —riAjye (ee™” + Ayye + kyse + aryze” ")
-2y [
6@/3/2 = Ay e (e 4 A hype T ange )| 2 0,

where the last inequality follows from (3.7) and (3.8). When z > &, wehavey = z—2; > 1/

and we deduce that

La(2) = dag(2) + 56,(2) +120,(2) + 120, (2)(a(2) — 1 = hoy(2) — 6, (2) — by (2))

> —C'g(d277§ — sMy + 7‘2)6_”2('2—22)

—ryy0e 22 (e€7P% 4 hA e MY 4 ype 2% 4 byge 3?)
> —Co(donl — si + 19)e 2HFTH722)

—roypye” M2TOWTRI () 6P L B AL e M+ byg e )
> 0,

where the last inequality follows from Lemma 3.2 and (3.9). By a similar calculation, it
follows from Lemma 3.2 and (3.10) that £3(z) > 0 for all z > 3.
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From the above, we have (2.1)-(2.6) for all z & {z; + 1/\1, 22,23, 21 + &1,82,&3}. Tt is
straightforward to verify that (2.8)-(2.11) hold. Therefore, in this case, the existence of
forced waves satisfying (1.6) at the critical speed follows from Proposition 2.2. Note that we
have

6/\12

lim 01(2) = AN =y, lim eMig,(z) = Y% =, for j = 2,3,

z—+o00 Z z——+00
since Qj <¢; < aj, j=1,23.
Case 2. s = s* = 24/dyre > 24/dsrs. Note that, by the above assumption, d;r; = dars.

In this case, we choose z; € R such that e’% = ~;/(\je), j = 1,2, and z3 satisfying

e3% = ~4. Let us introduce the following upper-lower-solutions. For j = 1,2, define

— 1, z < zj+1/\,
¢](Z) = A —\j(z—25) ! !
i(z—z)e M) 2 > 24 1/,
0, z < Zj +€j7
?j(z) - A —j(z—25) —Xj(z—25)
iz —z)e7 M%) —po fr—zem ) 2> 2 4 &,

where A; := \je, p; is a positive constant to be determined, &; := (p;/A;)* and

— z < 23, o, z < &3,
¢3(2) - {6—)\3(z—z3) 2> 23, ?3(2) - {e—)\g(z—zg,) o 6136—173(2—23)7 2> 63'

Y

Let p; and p, be sufficiently large constants such that

& >max{l,—z1,20 — 21 + 1/ Ao, 23 — 21}, & >max{l, —29,21 — 20+ 1/, 23 — 22}

and
4r A1 B
P > Tld ! {ee ™' + A1 + kyo(1+ |2 — :52|)e_)‘221 + avge_ASZl}, (3.12)
1
4r, Ay B
Py > r2d 2 {ee P2 + hy(1+ |z — ,22|)e_’\1z2 + Ay + b’}/3€_>\322}. (3.13)
2

In addition, we fix Cj5 large enough so that {3 > max{1, z; + 1/, 20 + 1/ A2, 23} and

reys{ede™ e An 4 eme(l + Mz — 2))e M 4 Apyge M)
en3(z3—z1)+Azz1 (A3 +0— 7]3)<d37’]§ — 813 + 7’3)

Cs > (3.14)

hold.

It follows from the parallel computations as in Case 1 that U;(z) < 0 for j = 1,2,3 and
for all z ¢ {z1 4+ 1/A1, 22+ 1/Ag, 23}. Similarly, we obtain £;(z) =0 for z < z; +¢;, j = 1,2,
and L3(z) =0 for z < &. When z > 21+ &> 0, 1e. y =2 — 21 > & > 1, L£4(2) is evaluated
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as in (3.11), and then estimated as

d
El(z) > 1P1 e—)qy _ T1A1y€_/\1y{5€_pz + Alye—)\ly 4 ]{’)/2(2’ _ 22)6_/\22 + af)/ge—)\gz}

- 4y3/2

e MY [d
Z y3/2 14])1 . 7’1A1y7/2e*0y{ge*P21 + Al + k72(1 + |Zl — 22’)6*)\2,21 + CL’)/gei/\Szl}
> 0

where the last inequality follows from (3.7) and (3.12). In the same manner, we have £o(z) >
0 for all z > 2y 4 &, by a similar argument applied to £,(z) together with (3.7) and (3.13).
Moreover, for z > &3 > 1, that is, y = z — z; > 1/, we deduce that

L3(z) > —Cs(dsns — sns +r3)e B
—ryyze M {ee P 4 ey Arye MY F oz — 29)eTN2F g7
> —Cy(dsnz — sns + 1r3)e BUF=)
—rgyzye” MTOWTAILEN 7P o) A+ coya(1 4 Ar]21 — 22])e T2 + Aze 57}

> 0.

Here, the last inequality follows from Lemma 3.2 and (3.14).

By the preceding arguments, we obtain (2.1)-(2.6) for all z ¢ {z1 +1/A1, 20+ 1/Xg, 23,21 +
1,22 + &2,&}. Furthermore, (2.8)-(2.11) can be verified without difficulty. Consequently,
in this case, the existence of forced waves satisfying (1.6) at the critical speed is ensured by

Proposition 2.2 and the above construction of upper-lower solutions.

Case 3. s = s* = 2¢/dir1 = 2/ dare = 2+/d3rs.
In this case, we choose z; € R such that e*% = ~,/()\e), j = 1,2,3. Let us introduce the

following upper-lower-solutions. For j = 1,2, 3, define

— 1, Z <Zj+1/>\j,
N Ai(z — zj)e_’\j(z_zf), 2>z + 1/,

0, z < z; + &,
?j (Z) - A —Xj(z—zj) —Xj(z—z)
i(z—zj)eVE%5) —po Jr—zemNETE) > 2
where 4; := \je and §; := (p;/A;)*. We take p1, pa, and p3 sufficiently large so that

51 > max{l, —Z1,%2 — 21 + 1/)\2,23 — 21+ 1/)\3},
52 > max{l, —Z29,%1 — %9 + 1/)\1,23 — 29 + 1/)\3},
53 > max{l, —Z23,21 — 23 + 1/)\1,22 — 23+ 1/)\2}
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and
4ri A1 B
P> ld ! {ee™ + Al + k(14 |21 — 20)e ™™ +ays(1+ |21 — 23))e '}, (3.15)
1
4roAs B
P2 > 2d 2 {ee ™ + hy (14 |z — 2))e™M%2 4+ Ay + byg(1 4 |2 — 23])6’)‘3”}, (3.16)
2
4rs A3 B
p3 > 3d > {ee™ + em(1+ |21 — 23))e ™ + cova(1 + |22 — 23])e 2% + A3}, (3.17)
3
From the same argument as in Case 1, we have U;(z) < 0 for j = 1,2,3 and for all

ze€ R\ {z+1/)\; | 7=1,2,3}. For j =1,2,3, we also obtain £;(z) =0 on (—o0, z; + &),

since Q](z) =0

in this interval. When z > z; + &> 0, i.e. y > & > 1, £4(2) is evaluated as

in (3.11), and then estimated as

El(z) >

v

L1(z), together

j=2,3.

j;3p/12 e MY —r Ayye MV ee P 4 Ayye MY
Hha(z = 20)e ™ + ans(z — z3)e )
Fhya(1+ |21 = 2)e 2 4 ans(1 + |21 — 2)e 71}
-

where the last inequalities follow from (3.7) and (3.15). By a similar argument applied to

with (3.7), (3.16) and (3.17), it follows that £;(z) > 0 for all z > z; +¢; for

Combining the above results, we obtain (2.1)-(2.6) hold for all z ¢ {z; + 1/\;,z; + & |

construction of

j =1,2,3}. It can be readily verified that (2.8)-(2.11) are satisfied. Hence, in this case, the

existence of forced waves satisfying (1.6) also follows from Proposition 2.2 and the above

upper-lower solutions. O

3.3. Non-existence. For the non-existence, we use an idea from [7, Proposition 4.3]. Sup-

pose that there is a positive solution (¢1, @9, ¢3) of (1.3) satisfying (¢1, @2, ¢3)(+00) = (0,0, 0)
for some s > 0. Set ((z) := ¢ (2)/¢1(2). Then ( satisfies

di ' (2) + diC(2) + sC(2) +11®(2) =0, ®(2) == a(2) — ¢1(2) — kpa(2) — ags(2).
Note that ®(+o00) = 1 and ¢}(z) < 0 for all z > 1. Following the proof of [7, Proposition

4.3], we obtain that the limit —\ := lim,_,, . ((z) exists and satisfies

dl)\2 — S)\+T1 =0.

This implies that s > 24/d;r. Similar argument also leads that s > 2,/d;r;, 7 = 2,3. The

non-existence part of Theorem 1.2 is thereby proved. 0

Acknowledgement. We thank the anonymous referees for some valuable comments.



w

FORCED WAVES 13

Funding. This work was partially supported by the National Science and Technology Coun-
cil of Taiwan under the grants 114-2115-M-032-005 (JSG) and 114-2115-M-126-001 (KG),
and by JSPS KAKENHI Grant Number JP23K13013 (HI).

REFERENCES

[1] H. Berestycki, L. Desvillettes, O. Diekmann, Can climate change lead to gap formation?, Ecological
Complexity, 20 (2014), 264-270.
[2] H. Berestycki, O. Diekmann, C.J. Nagelkerke, P.A. Zegeling, Can a species keep pace with a shifting

© 0 N o O

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38

39
40
41

42
43
a4

45
46
47

climate?, Bull. Math. Biol., 71 (2009), 399-429.

[3] H. Berestycki, J. Fang, Forced waves of the Fisher-KPP equation in a shifting environment, J. Differential

Equations, 264 (2018), 2157-2183.

[4] H. Berestycki, L. Rossi, Reaction-diffusion equations for population dynamics with forced speed, I - the

case of the whole space, Discrete Contin. Dyn. Syst., 21 (2008), 41-67.

[5] H. Berestycki, L. Rossi, Reaction-diffusion equations for population dynamics with forced speed, II -

cylindrical type domains, Discrete Contin. Dyn. Syst., 25 (2009), 19-61.

[6] W. Choi, T. Giletti, J.-S. Guo, Persistence of species in a predator-prey system with climate change and

either nonlocal or local dispersal, J. Differential Equations, 302 (2021), 807-853.

[7] W. Choi, J.-S. Guo, Forced waves of a three species predator-prey system in a shifting environment, J.

Math. Anal. Appl., 514 (2022), 126283.

[8] F.-D. Dong, B. Li, W.-T. Li, Forced waves in a Lotka-Volterra competition-diffusion model with a shifting

habitat, J. Differential Equations, 276 (2021), 433-459.

[9] J. Fang, Y. Lou, J. Wu, Can pathogen spread keep pace with its host invasion?, STAM J. Appl. Math.,

76 (2016), 1633-1657.

[10] G. Faye, T. Giletti, M. Holzer, Asymptotic spreading for Fisher-KPP reaction-diffusion equations with

heterogeneous shifting diffusivity, Discrete Contin. Dyn. Syst., Ser. S, 15 (2022), 2467-2496.

[11] J.-S. Guo, K. Guo, M. Shimojo, Forced waves for diffusive competition systems in shifting environments,

Nonlinear Analysis: Real World Applications, 73 (2023), 103880.

[12] H. Hu, X. Zou, Existence of an extinction wave in the Fisher equation with a shifting habitat, Proc.

Amer. Math. Soc., 145 (2017), 4763-4771.

[13] Y.L. Huang and G. Lin, Traveling wave solutions in a diffusive system with two preys and one predator,

J. Math. Anal. Appl., 418 (2014), 163-184.

[14] S. Ma, Traveling wavefronts for delayed reaction-diffusion systems via a fized point theorem, J. Differ-

ential Equations, 171 (2001), 294-314.

[15] J.-B. Wang, C. Wu, Forced waves and gap formations for a Lotka-Volterra competition model with

nonlocal dispersal and shifting habitats, Nonlinear Analysis: Real World Applications, 58 (2021), 103208.

[16] J.-B. Wang, X.-Q. Zhao, Uniqueness and global stability of forced waves in a shifting environment, Proc.

Amer. Math. Soc., 147 (2019), 1467-1481.

[17] Y. Yang, C. Wu, Z. Li, Forced waves and their asymptotics in a Lotka-Volterra cooperative model under

climate change, Appl. Math. Comput., 353 (2019), 254-264.

(J.-S. Guo) DEPARTMENT OF APPLIED MATHEMATICS AND DATA SCIENCE, TAMKANG UNIVERSITY,

Tamsul, NEw TAIPEI CiTY 251301, TAIWAN

Email address: jsguo@mail.tku.edu.tw

(K. Guo) DEPARTMENT OF DATA SCIENCE AND BIG DATA ANALYTICS, PROVIDENCE UNIVERSITY,

TAICHUNG, TAIWAN

Email address: kguo2021@pu.edu.tw

(H. Ishii) RESEARCH CENTER OF MATHEMATICS FOR SOCIAL CREATIVITY, RESEARCH INSTITUTE FOR

ELECTRONIC SCIENCE, HOKKAIDO UNIVERSITY, SAPPORO, 060-0812, JAPAN
Email address: hiroshi.ishii@es.hokudai.ac.jp



