FORCED WAVES FOR DIFFUSIVE COMPETITION SYSTEMS
IN SHIFTING ENVIRONMENTS

JONG-SHENQ GUO, KAREN GUO, AND MASAHIKO SHIMOJO

ABSTRACT. In this paper, we derive the existence of forced waves for diffusive competition
systems in shifting environments. First, we derive two different classes of forced waves for
a 3-species competition system. Then we obtain forced waves for 2-species competition
systems with at least one weak competitor. In all cases, the minimal environmental shifting
speeds are determined under the equal diffusivities condition.

1. INTRODUCTION

In this paper, we study the following diffusive Lotka-Volterra competition system in a
shifting environment
wp = dig, + riufag(x — st) —u — agv — azw], x € R, t > 0,
(1.1) Uy = doUyy + Tov[e(x — st) — bju — v — bgw], z € R, t > 0,
Wy = d3Wyy + rswlag(z — st) — cqu — v —w), z € R, t > 0,
where u, v, w, functions of (z,t), are three competing species and all parameters d;, r;, a;, b;, ¢
in (1.1) are positive constants in which, for each i = 1,2,3, d; stands for the diffusion
coefficient and r;q; is the intrinsic growth rate which is spatially and temporally dependent.
Parameters a;, bj, ¢, are inter-specific competition coefficients. The functions {a, as, a3}
model the shifting of their habitat with the same speed s > 0. We refer the reader to [2]
and the references cited therein for the biological modeling view point of system (1.1) due
to climate change.
Throughout this paper, for each i we assume «; is continuous in R such that
(al) the limits a;(£o0) exist such that a;(—o0) < 0, a;(+00) = 1 and «a;(2) < a;(+00)
for all z € R;
(a2) there exist C; > 0 and p; > 0 such that

(1.2) a;(+00) — a;(z) < Cie™?* for all large z.

Date: March 2, 2023. Corresponding author: K. Guo, email address: kguo2021@pu.edu.tw.

This work was partially supported by the Ministry of Science and Technology of Taiwan under the grant
108-2115-M-032-006-MY3, JSPS KAKENHI Grant-in-Aid for Young Scientists (B) (No. 16K17634) and
JSPS KAKENHI Grant-in-Aid for Scientific Research (C) (No. 20K03708). We would like to thank the
anonymous referees for some valuable comments. Also, we would like to express our gratitude to the help of
Arnaud Ducrot for the numerical simulations.

2000 Mathematics Subject Classification. Primary: 35K57, 34B40; Secondary: 92D25, 92D40.

Key words and phrases: competition system, forced wave, wave speed, generalized upper-lower-solution.

1



2 J.-S. GUO, K. GUO, AND M. SHIMOJO

Note that the constant p; in condition (1.2) provides the decay rate of a;(+00) — a;(+). In
particular, (1.2) holds with p; replaced by any exponent p < p;.

We are concerned with the existence of forced wave, namely, a traveling wave solution
(u,v,w) of (1.1) in the form

(u,v,w)(z,t) = (¢1, P2, P3)(2), 2 :=x — st,

with wave speed the same as the environmental shifting speed s and wave profiles {¢1, 2, Pp3}.

Hence we are looking for unknown {¢, ¢o, @3} that satisfies

di @] + 59y +r1i91(ar — ¢1 — axpa — azgs) =0, z € R,
(1.3) day + 5 + raga(ca — b1y — o — b3p3) =0, z € R,
ds@ly + sl + r3ps(ag — c1y — capa — ¢3) =0, z € R.

For the study of forced waves, we refer the reader to [4, 2, 5, 3, 20] for scalar equations,
[1, 19, 11] for 2-species competition systems, [21] for a cooperative model and [9, 10] for
predator-prey systems.

Due to the assumption «;(—o00) < 0 in (al), any positive solution (¢1, o, ¢3) of (1.3) must

satisfy the condition

(1.4) (1, ¢2, ¢3)(—00) = (0,0,0).

This can be verified in the same manner as that of [10, Proposition 2.2] and we omit its proof
here. Hereafter (¢1, ¢, ¢3) is a positive solution of (1.3) means ¢; > 0 in R for ¢ = 1,2,3.
Note that, by the strong maximum principle, ¢; > 0 in R if (¢1, ¢, ¢3) is bounded, ¢; > 0
and ¢; Z 0 in R.
It is easy to see that the following homogeneous system
U = dqtge +1mu(l —u —agv — azw), x € R, t > 0,
(1.5) vy = dovgy + 1o0(1 — byu — v — bgw), x € R, t > 0,
Wy = d3Wyy + r3w(l — cqu — v —w), x € R, t > 0,
always has the constant equilibria {(0,0,0),(0,0,1),(0,1,0),(1,0,0)}. When bs,co < 1,
system (1.5) has the semi-co-existence state E. := (0, v., w,), where
1-— b3 1— Ca
Ve = =
1-— b302 11— b302
The state (0,0, 0) is always unstable for the (diffusion-free) ODE system of (1.5). Moreover,
it is easy to check that (0,0, 1) is unstable, if either ag < 1 or b3 < 1; (0, 1,0) is unstable, if
either as < 1 or ¢ < 1; while (1,0, 0) is unstable, if either b; < 1 or ¢; < 1. When b3, ¢ < 1,

€ (0,1), w, : € (0,1).

the condition

(1.6) B :=1—asv, —azw, >0
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implies that the state E. is unstable for the ODE system of (1.5). We are interested in
forced waves with the limit at z = oo being one of the above (unstable) nontrivial constant
equilibria of system (1.5).

In particular, in the absence of species v, system (1.1) is reduced to

(1.7)

Uy = Aty + riufag(x — st) —u — agwl], © € R, t > 0,
wy = d3Wyy + rywlas(x — st) —cou —w|, x € R, £ > 0.

The existence and non-existence of forced waves of system (1.7) was studied in [11] for two
different cases, namely, one superior with one inferior case and two weak competitors case.
In [11], the competition system is transformed to a cooperative system. However, this idea
is only applicable for 2-species case, but not for 3-species competition system. Also, forced
waves with critical speed was not addressed in [11]. In fact, with the application of Schauder’s
fixed point theorem and replacing the super-sub solutions by the so-called generalized upper-
lower solutions, the idea of [11] can be extended to non-cooperative systems. We refer the
reader to, e.g., [18, 16, 15, 17, 23, 22, 8, 12, 6, 7, 9, 10] for the application of this method to
derive the existence of traveling waves in various ecological systems.

Motivated by [11, 10], the aim of this paper is twofold, namely, to derive the forced
waves with critical speed for two species competition system and to extend the two species
case to three species. It is surprising that the forms of generalized upper-lower solutions
constructed in [10] for predator-prey systems are in some sense universal. It works well here
for competition systems, once the parameters in the generalized upper-lower solutions can
be chosen appropriately. On the other hand, after a carefully checking, the monotonicity
condition on the shifting function(s) is not needed in [10]. Therefore, we do not impose the
monotonicity condition on «; for any 7 in this paper. Moreover, we allow each species has
its own different shifting function, but with the same shifting speed.

Throughout this paper we let £, := max{0, k} for a real number k. Now, we describe our
main results of this paper as follows.

First, for forced waves connecting (0,0, 1) for system (1.1) with a3 < 1, we set

Oi(p) = { dip+ri(1—as3)/p, if p € (0, \,),

ST = 2\/d17”1(1 — &3), if 1% > Ae 1= V Tl(l - a3)/d1‘

Then we have

Theorem 1.1. Suppose that az < 1, b3 < 1, Q1(p;) < s for p; in (1.2), 1 =1,2,3, and
(1.8) do=dy >ds, 12(1—0b3) =711(1 —az) >rs(ci +c2—1)4.

Then there ezists a positive solution (¢1, P2, ¢3) of (1.3) satisfying (1.4) and

(1.9) (@1, $2, ¢3)(00) = (0,0,1),
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for s > s7; and for s = si, if we further impose that ds = dy = d;.

It is worth to note that ¢; > 0 in R for i = 1,2,3 for all solutions (¢4, ¢, ¢3) obtained in
Theorem 1.1. Moreover, these waves are of mixed front-pulse types in the sense that ¢; is of
pulse type vanishing at both tails for ¢ = 1,2 and ¢3 is of front type connecting two different
constants at £oo.

Biologically, condition dy = d; > d3 in (1.8) is natural, since both species u and v must
keep pace with species w in order to survive in the favorable habitat. A similar theorem on
forced waves with (¢1, 2, ¢3)(00) = (0,1,0) to Theorem 1.1 can be proved by exchanging
the roles of species v and w. Same for the case (1,0,0). We omit the details.

Secondly, for forced waves connecting (0, v, w,) for system (1.1) with 8 > 0, we set

Q2(p) = { dip +118/p, if p € (0, %),
2(p) : st i=2y/dyr B, if p> A= \/m

Then we have

Theorem 1.2. Suppose by < 1, co < 1, (1.6) holds, Q2(p;) < s for p; in (1.2), i =1,2,3,

and

(1.10) d; > max{ds, ds}, r1 5 > max{rq(by + bscav.), r3[c1 + ca(l — v.)]}.
Then there ezists a positive solution (¢1, P2, ¢3) of (1.3) satisfying (1.4) and
(1.11) (@1, P2, d3)(00) = (0, ve, we),

for s > s7*; and for s = si*, if we further impose that ds = ds = d;.

Again, all wave profiles (¢1, ¢2, ¢3) obtained in Theorem 1.2 satisfy ¢; > 0 in R for
i = 1,2,3. They are also of mixed front-pulse types. Also, condition d; > max{ds,ds} in
(1.10) is natural, biologically it means that in order to survive species u must keep pace with
both species v and w. Since the non-existence of forced waves can be proved by exactly
the same manner as that of [10, Proposition 4.3], Theorems 1.1 and 1.2 also determine
the minimal environmental shifting speeds for both classes of forced waves under the equal
diffusivities condition.

Recently, various traveling waves of the limiting system (1.5) of (1.1) withd; = dy = d3 =1
are derived in [13]. We make some comments on the differences between traveling waves of
(1.5) and those forced waves of (1.1) obtained in Theorems 1.1 and 1.2 as follow. We only
consider the equal diffusivities case. First, one should note that at —oo we always have
condition (1.4) for forced waves, but we have a stable constant equilibrium of (1.5) for
traveling waves of (1.5). The stable constant equilibrium of (1.5) can be either (0,0, 1) or
the positive co-existence state (u., vy, w,), under appropriate conditions. Secondly, there is

a positive constant (the minimal wave speed) s* = s7 (s, = s}*, rep.) such that a traveling
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wave {s, (¢1, P2, ¢3)} of (1.5) satisfying (1.9) ((1.11), rep.) exists if and only if its wave speed
s > s* (s > s, rep.). However, the wave speed s of forced waves of (1.1) is prescribed a
priori by the environmental shifting speed. Moreover, the condition s > s} (or, s > s7*)
gives the admissible environmental shifting speeds for which forced waves do exist. Thirdly,
the shapes of waves for (1.1) and (1.5) are different, due to the different conditions of wave
tails at —oo. For example, as mentioned earlier forced waves are all of mixed front-pulse
types, but traveling waves with wave tail (u, v., w,) at —oo are purely of front types.
Lastly, for forced wave for two species competition system (1.7) with az < 1, as a corollary

of Theorem 1.1 we obtain

Corollary 1.3. Suppose that az < 1, Q1(p;) < s for p; in (1.2),i=1,3, and
(112) dy > dg, 7”1(1 — ag) > 7"3(01 — 1)+

Then (1.7) has a forced wave (u,v)(z,t) = (¢1, p2)(x — st) satisfying (1, P2)(—o0) = (0,0)
and (¢1, 92)(00) = (0,1) for s > si; and for s = s3, if we further impose that d3 = d .

Corollary 1.3 contains both ¢; > 1 (one superior with one inferior) and ¢; < 1 (two weak
competitors) cases. When ¢; < 1, by exchanging the roles of u and w we also obtain the forced
waves with critical speed 21/dzr3(1 — ¢1) connecting (0,0) and (1,0). Forced waves for s > s
in Corollary 1.3 was already obtained in [11]. Note that the decay condition Q1(p;) < s,
i = 1,3, is weaker than that in [11]. But, on admissible parameters {d;,ds, 1,73, as,¢1},
condition (1.12) is stronger than that in [11]. A detailed discussion is given in §4.

The rest of this paper is organized as follows. First, in §2, some preliminaries are given,
including the notion of generalized upper-lower solutions, an existence theorem for solutions
of (1.3) and a remark on condition (1.2). Next, we construct various generalized upper-lower
solutions for three species competition system (1.1) in §3 to prove Theorems 1.1 and 1.2.
The verifications of these generalized upper-lower solutions are quite similar to that in [10]
for predator-prey systems. However, conditions imposed on parameters here are different
from that in [10], certain modifications are needed here. To support Theorems 1.1 and 1.2,
we present some numerical simulations for forced waves of (1.1) at the end of §3. Finally,
we study forced waves for two species competition systems and give a proof of Corollary 1.3
in §4.

2. PRELIMINARIES
We first introduce the definition of generalized upper-lower solutions as follows.

Definition 2.1. Continuous functions (¢, ¢, ¢3) and (QI,QQ,%) are called a pair of gen-
eralized upper-lower solutions of (1.3) if 5;/, Q;’, 5;, Q;, i =1,2,3, are bounded in R and
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the following inequalities

(21)  Us(2) == di ) (2) + 56, (2) + 1161 (2)[0n(2) — G1(2) — a2, (2) — as,(2)] <0,
(22)  Us(2) 1= daghy(2) + 56y (2) + 120 (2)[02(2) — br8, (2) — By (2) — b3, (2)] < 0,
(2.3)  Us(2) = dsy(2) + 565(2) + 1305(2)[03(2) — 16, (2) — 20, (2) — G3(2)] <0,
(24)  Li(2) == dag(2) + 56, (2) + 116, (2)[0n(2) — 6, (2) — a26y(2) — asdy(2)] > 0,
(25)  La(2) = dad)(2) + 50, (2) + 120, (2)[aa(2) — b1y (2) — 0, (2) — bsdy(2)] > 0,
(2.6)  Ls(2) 1= ds¢!l(2) + 56,(2) + 730,(2)as(2) — 164 (2) — C2655(2) — 9, (2)] > 0,

hold for z € R\{z; | j = 1,--- ,m} with some finite positive integer m.

Then we have the following existence theorem for system (1.3), by a standard argument
from, e.g., [18, 15].

Proposition 2.2. Given s > 0. If (1.3) has a pair of generalized upper-lower solutions
(b1, Gy, P3) and @1,?2,?3) such that

(2.7) [ ¢ 1 =1,2,3,

(2.8) lim, $i(2) < lim gi(2), lim ¢/(2) < lim ¢(2), Vj=1,---,m, i=1,2,3,

z—>z z—>z]_ z—)z]-_ - z—>z+

then (1.3) has a solution (¢1, da, ¢3) such that ¢, < ¢; < ¢ i =1,2,3.

Recall (1.2). Note that, by a suitable translation of system (1.3) and using «;(o0) = 1,

condition (1.2) can be rephrased as
(2.9) ai(2) >1—ce ™ forall z>0,i=1,2,3,

for any given positive constant £ as we need and for any positive constant p < p; for all
i =1,2,3. Indeed, given a positive constant p < min{p; | ¢ = 1,2,3} and a constant € > 0.
By (1.2), there is a constant K > 1 such that

l—a(z+K) < Coe PHE) < CLemPile=p? < ce™P? Y2 >0, i=1,2,3,

if we make K larger so that Cye ?¥ < ¢ for all i. Then a forced wave (¢y, ¢, ¢3)(2) of the

translated system:

di19(2) + s¢1(2) + r191(2)[on (2 + K) — ¢1(2) — a2¢2(2) — aszds3(2)] = 0, z € R,

day (2) + $05(2) + raga(2)[aa(z + K) — bign(2) — ¢a(2) — bsgs(2)] = 0, z € R,

dsdis (2) + s¢53(2) + r3d3(2)[as(z + K) — c1¢1(2) — c2¢2(2) — ¢3(2)] = 0, z € R,
renders a forced wave (¢1, o, ¢3)(2z — K) of the original system (1.3). Note that this idea is
already used in [10].
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3. FORCED WAVES FOR SYSTEM (1.1)

3.1. Case (0,0,1) with supercritical speed.

Let s > s7. Recall from (1.8) that
Al(/\) = dl)\2 — S\ + Tl(]_ — a3) = dg/\2 — 8\ + 7”2(1 — bg)

Since s > s}, there exist A; and Ap with 0 < A; < Ag < oo such that A;(\;) =0, 7= 1,2,
and A;(A) <0 for all A € (A, A2).
Recall (1.8). We may choose € > 0 such that

(3.1) rse <ri(l —as) —rs(cr +co—1)4
and (2.9) holds for this ¢ with p = Ay, using p; > A; by the assumption Q1(p;) < s for all 7.
Let
p1 € (A, min{Ag, 21 }).
Define
(2) := min{e~"* 1}, Ql(z) = max{e M* — pre "% 0},
(2) := min{e~"* 1}, b,(2) = max{e M* — pye "1 0},
¢5(2) =1, @,(2) = max{l — e M7 0},

where py, po are constants satisfying

1
(3.2) %,

(3.3) pr > max {1, ”(i;—i;)@)} ,
(3.4) pa > max {1, TQ(iA*l—’a)bl)} .

Then we have

Lemma 3.1. Under condition (1.8), the functions defined in (3.2) is a pair of upper-lower-
solutions of (1.3) for a given s > s} such that (2.7) and (2.8) hold.

Proof. Note that it suffices to check (2.1)-(2.6) for non-constant parts.

For z > 0, we compute

U(z) < eM(diA? — sAy) +rie M1 — e ™M* — ag + aze M7}

— _,r,lef)\lz(l _ a3)€7)\1z S O,

using ¢, > 0, aq <1, A;(Ar) = 0 and a3 < 1. Hence (2.1) holds for all z # 0.

Similarly, we can show that (2.2) holds for all z # 0, using ?1 >0, <1, A1(N\) =0
and bg < 1.

It is trivial that U3(z) <0 for all z € R.
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For £y, first note that ¢ (z) = eMZ — pre M7 for z > z and ¢, (2) =0 for z < z for

some z; > 0, using p; > 1 and pu; > A;. Then, for z > z, we compute

Li(z) > e (diX] = sh) — pre” " (dipd — spn)
+r19, (2){1 — ge M7 — ¢, (2) — aze ™M* — az}
= —pre "MFA () — rle_’\lz(ge_hz +e7ME 4 agem M)
= e " pi[-A(p)] —ri(e + 1+ az)} =20,

using A;(A1) = 0, (2.9) with p = Ay, the choice of y; and (3.3). Hence (2.4) holds for all

< 7é 21y
Similarly, there exists zo > 0 such that (2.5) holds for all z # 25, by using A;(\1) = 0,
(2.9) with p = Ay, the choice of p; and (3.4).

Finally, for z > 0, we compute
L3(2) > —e M (diA] — sA\y) +r3(1 — e M) {—ee ™% — (¢ + o — 1)e M7},
using (2.9) and d3 < d;. When ¢; + ¢; < 1, we obtain
Ls(z) > e M ri (1 —as) —rse} >0, 2> 0,
due to (3.1). When ¢; + ¢ > 1, we get
L3(z) > e ™M [ri (1 —as) —r3lcs +ca — 1) —rse] >0, 2> 0,

by (3.1) again. Hence (2.6) holds for all z # 0. The proof is complete. O

3.2. Case (0,0,1) with critical speed.
For s = s7, A1(\) = 0 has a double root A = A,.
Choose € > 0 such that (due to (1.8))
(3.5) rse < elri(1 —ag) —ra(cp + e — 1)4]

and (2.9) holds for this e with p = A, using s > Q1(p;). Set B, := A\.e, z, := 1/)\, and
define

(5 ( ) B*Ze_)\*z7 2> 2, ¢ ( ) B*Ze_A*Z _pg\/ze—k*z7 z > 23,
Z) = z fr
! 1, 2 < 2z, =1 0, z < z3,

— Boze ™% 2> 2, Boze ™% — pyfze™™2 2 > 2y
3.6 2) = ' ’ 2) = * ’ ’
(3.6) q a(2) 1< &,(2) 0. 2 < 2.

_ 1 — B.ze ™% 2>z,

z):=1, z) =
\¢3( ) ?3( ) {O7 e S 2,
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where z3 := (p3/B.)?, z1 := (pa/Bi)%, p3 > ev/As, ps > /A, and

4 7 \7/? 5\ 52
(37) p3 > ETIB* B*(l + (12) <2/\*€) +e <2)\*6) ,

A 7\ /2 5\ /2

Then we have

Lemma 3.2. In addition to (1.8), we assume that dy = dy = d3. Then the functions defined
in (3.6) is a pair of upper-lower-solutions of (1.3) for s = s} such that (2.7) and (2.8) hold.

Proof. As before, it suffices to check (2.1)-(2.6) for non-constant parts.
Let d; = dy = d3 = d. Note that, using ro(1 — b3) = r1(1 — a3), s = 2d\, and A;(\,) =0,

d(B,ze ™) + §(B,ze %) = —r (1 — a3)Byze ™ = —ry(1 — b3)B,ze ™%, z € R,

d
d(v/ze M) + s(y/ze ) = —1273/267/\” — (1 —ag)y/ze ™%, 2> 0.

For z > z, = 1/\,, we compute
U (2) < —ri(1 —as3)Boze™* + 1 B,ze {1 — Byze ™% — a3 + agB,ze ™} <0,

using a; < 1, @2 >0and az < 1.
Similarly, we have Us(z) < 0 for z > z,, using ay < 1, ?1 >0 and b3 < 1.
It is clearly that Us(z) < 0 for all z € R.

Next, for z > z3, we have

1
Li(z) > Z—Ldp32’_3/26_)\*z —1r1(Bez — p321/2){€ + B,z + agB*z}e_z’\*z

1

> de32_3/2e_’\*z —rB,ze” e 4 (1 + ay) B, 2}
1

= 1—12*3/26*)\*2 {dp3 — 4r B, [625/267&2 + B*<1 + a2)z7/2€7)\*z]}
1

5 N 5/2 7 \NT/2
> e s anB e () B (5) ]2
> g2 e {dpg 4r B, | e + B.(1+ as) e >0,

using (2.9) with p = A, the fact

N
(3.9) max {z7e**} < < il ) , v >0,

z>0 )\*6
and (3.7).
A similar calculation also leads Lq(2) > 0 for all z > z4, using (3.8) instead of (3.7).

Finally, for z > z,, by the same argument as that in the proof of Lemma 3.1 we obtain

L3(2) > r1(1 — a3)B,ze™* +r3(1 — Byze*){—ee ™™ — (c1 + ¢y — 1) B,ze™*} > 0,
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using (2.9) with p = A, Byz > e for all z > z,, (1.8) and (3.5). The lemma is thus
proved. [l

It is clear that the functions defined in both (3.2) and (3.6) satisfy

(51752753)(—’_00) = (?17?27?3)(+OO) = (07 07 1)
Then Theorem 1.1 is proved by combining Lemmas 3.1 and 3.2 with Proposition 2.2.

3.3. Case (0,v., w.) with supercritical speed.

Given s > s7*. Let \;, @ = 3,4, be the two positive solutions of
AQ()\) = dl)\2 — SA + Tlﬁ =0
such that A3 < A\s. Note that As(\) < 0 for A € (A3, Ag). Due to (1.10), we may choose
€ > 0 such that
(3.10) e <min{r;8/ry — (by + bscav.), r1/rs — [c1 + c2(1 — v.)] }
and (2.9) holds for this ¢ with p = A3, using (1.10) and s > Q2(p;) for all i. We then define
0,(2) = min{1, e **}, Ql(z) := max{0, e "% — pe 127},
(3.11) @o(2) == min{1,v. + (1 — v,)e 37}, ¢,(2) == max{0, v.(1 — e %)},
g_b3(z) = min{1, w, + cyv.e 3%}, Qs(z) = max{0, w.(1 — e %)},
where pig € (Ag, min{2A3, \s}) (so that As(u2) < 0) and p satisfies
(3.12) p>max{l,ri[e + 14 az(1 — v.) + azcave]/[—Aa(pa2)] } -

Then we have

Lemma 3.3. Under condition (1.10), the functions defined in (3.11) are a pair of generalized

upper-lower solutions of (1.3) for a given s > si*.

Proof. We only need to check (2.1)-(2.6) for non-constant parts.

For z > 0, we compute

U (z) < e (A2 — shg) +rie {1 — e — a0, (1 — e7%) — azw,(1 — e %)}
= —rfe M <0,
using oy < 1, =1 — agv. — asw, and Ay(A3) = 0. Hence (2.1) holds for all z # 0.
For z > 0, since ?1 > 0, we have
Us(2) < (1 —v)e 7 (dodi — 5X3) + rogg(2){1 — v, — (1 — v.)e % — baw, + bsw.e 3%}
< (1- vc)e_’\3z(d1)\§ —sX\3) = —1p(1 — v, )e M <0,

using ap < 1, 1 — v, — bgw. = 0, dy < d; and Ay(\3) = 0. Hence (2.2) holds for z # 0.
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For z > 0, we have

Us(2) < covee " (dsA] — sAs) + r305(2){1 — cove(1 — €77%%) — w, — covee 7}

< e (AN — sh3) = —11 Beyue” 8 <0,

using a3 < 1, 1 — v, — w. = 0, dg < d; and Ay(\3) = 0. Hence (2.3) holds for z # 0.
Now, for ¢ , using p > 1, there is z3 > 0 such that ¢ (2) = e~ — pe M for z > z3 and

gﬁl(z) =0 for z < z3. For z > 23, we compute

Li(z) > e (i) — sAg) — pe " (dipis — sp12)

+r19,(2){1 — g — e — ayu, — ag(1l — v.)e M — azw, — azcavee 37}
—pe " As(p2) + 119 (2){—e — 1 —azx(l —v,) — ascav. ye

e M2 pAy(pig) — rife + 1+ ag(1 — ve) + azcpv ez~ 29)7}
—As(po)e " {p —rle + 1 + ao(1 — v.) + azcov.] /[— As(p2)]} > 0,

AV

v

using (2.9) with p = A3, the choice of py and (3.12). Hence (2.4) holds for all z # z;.

For z > 0, we calculate, using 1 — v, — bgw,. = 0,

52(2)

v

0 (dp A — 5)3) + TQQQ(Z){—E;\@_)\SZ — b1e” % 4 e — bycyuee M)

> 1B — roug(e 4 by + bscyv,)e N > 0,

due to dy < dy, Az(A3) =0, (1.10) and (3.10). Hence (2.5) holds for all z # 0.

Finally, for z > 0, we compute, using As(A3) =0 and 1 — cyv. — w. = 0,
L3(2) > r1fwee™™ — rawefe + e1 + o1 — ve)]e % >0,

using again (1.10) and (3.10). Hence (2.6) holds for all z # 0. This completes the proof of

the lemma. ]

3.4. Case (0,v.,w.) with critical speed.

For s = s7*, A5(\) = 0 has a double root A* > 0. Note that si* = 2d; \*.
Choose € > 0 such that

(3.13) e < e(min{r8/ry — (b1 + bscave), 11 8/13 — [e1 + c2(1 — ve)]})

and (2.9) holds for this ¢ with p = A*, due to (1.10) and s > Q2(p;) for all i.
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Set B := Me and z* := 1/\*. We define

.
— 1, z < 2%, 0, z< 2,
2) = 2) =
Q) Bze ™% 2> z*, 9,(2) {Bze’\*z — g ze ™ 2> 3,
— 1, z < 2%,
z) =
¢2(2) ve + (1 —v.)Bze ™% 2 > 2%,
(3.14)
6.(2) 0, z <2z,
s =
-2 ve(1 — Bze™*?), 2 > z*,
- 1, 2 < 2%, 0, 2 < 2%,
2) = 2) =
\¢3( ) We + coUBre ™% 2 > ¥, ?3( ) {wc(l — Bze™™*), 2 > ¥,

where ¢ > B/v/A* so that 2 := (¢/B)? > 2* and g satisfies

A 7\ 5\ 52
(3.15) q > d—lhB B[l + as(1 — v.) + ascovy] <m) te (2)\*6) :

Then we have

Lemma 3.4. In addition to (1.10), we assume that d; = dy = ds. Then the functions defined

in (3.14) are a pair of generalized upper-lower solutions of (1.3) for s = si*.

Proof. As before, it suffices to check (2.1)-(2.6) for non-constant parts.
Let dy = dy = d3 = d. The following identity shall be used in our computations:

(3.16) d(Bze )" + s(Bze ™*) = —r|3Bze ™,
using s = s7* = 2d\* and Ay(\*) = 0.
For z > z*, we compute

U (z) < —riBBze ™% +r Bze ™ {(1 — ayv, — asw.) — Bze (1 — agv. — asw,)}

= —rBze M {BBze ™%} <0,

using a; < 1 and 1 — ayv, — azw. = B. Hence (2.1) holds for all z # z*.

For z > z*, using ¢, > 0, we have

Up(z) < —(1 —=w.)(riB)Bze ™ 4 19y (2){(1 — v — bgw,)(1 — Bze %)}

= —(1—v)B(rnp)ze " <0,

using ay < 1 and 1 — v, — bgw, = 0. Hence (2.2) holds for all z # z*.

For z > z*, using again ?1 > 0, we compute
Us(2) < —cyver BBze ™ <0,

due to ag < 1 and 1 — ¢y, — w. = 0. Hence (2.3) holds for all z # z*.
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Next, we note that

d

d(\/ge—)\*z)// + S(\/ze—/\*z)/ _ _12—3/26—)\*2 . rlﬂ\/ge—)\*z’ 2> 0’

using s = 2d\*. Then, for z > 2, we have

d
Ll(z) > —TlﬁBze*)\*z —q __273/267)\*,2 _Tlﬂ\/zex\*z:|

4
+7’1£51(z){(1 — apve — azw,) — g€ M — [1 + ag(1 — v,) + azcove] Bze 7}

d
= qzz_3/2e_’\*z - rlél(z){se_)‘*z + 14 as(1 — v,) + ascove] Bze 7}

d 4
> 12_3/2€_A*Z{q - 37‘13(3[1 + az(1 — ve) + azeavd (272e77) + 5(25/26_“2)) }
p 4 7 N\ 72 5\ 2
> 12—3/26—>\*z{q_ ETIB(B[1+G2(1 — v.) + agcav,] (m) + e (2/\*6> )}
> 0,

using (3.9) and condition (3.15). Hence (2.4) holds for all z # Z.

For z > z*, we compute
Ly(2) > rifu.BreM*
720, (2){(1 — v — baw,) — ce™™ 4. Bze ™% — (by + bscyv.) Bze M7}
> {r18—rale/e+ (bi + bscav,)| Jv.Bze % > 0,

using 1 — v, — bsw. = 0, (3.13) and (1.10). Hence (2.5) holds for all z # z*. Similarly, we
have

L3(2) > weBze ™ {r1B —rsefe — r3[ci + ca(1 —v.)]} >0, 2 > 2*.
Hence (2.6) also holds for all z # z*. Thereby, we complete the proof of the lemma. O
It is clear that the functions defined in both (3.11) and (3.14) satisfy
(1,3 B3)(+00) = (B, 6, 6,)(+00) = (0,1, ).
Then Theorem 1.2 is proved by combining Lemmas 3.3 and 3.4 with Proposition 2.2.

3.5. Some numerical simulations for forced waves of (1.1).

In this subsection, we provide some numerical simulations for system (1.1) to demonstrate
forced waves derived in Theorems 1.1 and 1.2. In our numerical simulations, we take the

following shifting functions
2
a;(z) = —arctan(10z2), z =z — st, i = 1,2, 3,
T

for different admissible shifting speeds s.



14 J.-S. GUO, K. GUO, AND M. SHIMOJO

For Theorem 1.1, we choose the following parameters

d1:d2:d3:1, 7”1:7‘2:1,7’3:0.1,
ag:1,a3:b3:0.25,02:2,61:3,01 =4,

Hence s* = /3. Then the wave profiles of forced waves satisfying

(<Z51, ¢2,¢3)(—00) = (0,070)7 (<Z51, ¢2,¢3)(00) = (0707 1)7

for s =5>sj and s = V3= s7 are shown in Figures 1 and 2, respectively.
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Figure 1 : Wave profile of forced wave with the shifting speed s = 5.
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Figure 2 : Wave profile of forced wave with the critical shifting speed s = /3.
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For Theorem 1.2, we set

dl :dgzdg = 1, r = 1,7“2:0.1,7“3:0.12,
b3 = 0.2,62 = 025,b1 = 3701 = 4,&2 = asg = 0.25.

Then si* = 2,/45/76 and the wave profiles of forced waves with

(¢17 ¢27 9253)(_00) - <07 O? 0)7 (¢17 ¢27 ¢3)<OO> - (07 U, wc),

for s =5 > s* and s = 2,/45/76 = s}* are given in Figures 3 and 4, respectively.
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Figure 3 : Wave profile of forced wave with the shifting speed s = 5.
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Figure 4 : Wave profile of forced wave with the critical shifting speed s = 21/45/76.
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4. FORCED WAVES FOR SYSTEM (1.7)

In this section, we shall study the forced waves of (1.7). We are looking for positive
solution (¢, ¢3) of

(4.1) {dlgblll + 5] +r1d1(or — ¢1 —azgs) =0, z € R,

d3ds + sy +r3¢3(az — c1d1 — ¢3) =0, z €R,

with s > s such that

(¢1,¢3)(—00) = (0,1), (¢1,¢3)(c0) = (0,0).

For system (1.7), the definition of generalized upper-lower solutions is the same as that
in Definition 2.1 by putting ¢, = 92 = ag = ¢ = 0 everywhere. Therefore, Proposition 2.2
also holds for system (1.7). It is interesting to remark that {(¢,1 — ¥),(¢,1 — 1)} is a
pair of generalized upper-lower solutions for a pair of super-sub solutions {(¢,), (0,79)}

constructed in [11] for system (1.7).
Proof of Corollary 1.3. As remarked above, recall from (3.2) and (3.6) that

(4.2) g_zﬁl(z) = min{e "* 1}, ?1(2) = max{e M* — pre "% 0},
' G5(2) =1, ¢,(2) = max{l — e M7 0},

and
| Buze™®, 2>z, | Bize M —p3ze M 2 > 2,
(4.3) , 2 < 0, 2 < z3,
' — Boze ™% 2> 2z,
=1, (2) =
2 0, z < z,,

are generalized upper-lower solutions of (4.1) for s > s} and s = s7, respectively, such that

(61, 03)(+00) = (¢,,8,)(+00) = (0, 1).

Hence Corollary 1.3 follows from the same proof as that of Theorem 1.1. 0

Finally, we make some comments on Corollary 1.3 as follows.

In [11], the following system was considered:

4) {Ut = d\Upy + U{Ri(z — st) — U — nW},

I/Vt = dim + W{Rg(l‘ - St) — ’73U — W}

In fact, by setting
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system (4.4) is equivalent to system (1.7) with

B B Ri(+) _’Y1R3(OO>
r = Ryi(00), au(+) = Ry(c0)’ = W,

_ ~ Rs() _ Ysfti(o0)
rs = R3(00), a3() = R3(c0)’ “a= Ry(00)

Hence the constant fi,(0c0) defined in [11] is given by

Hay(o0) = v/r1(1 —az)/dy = ..

Since Q1(p;) < s implies that p; > Ay > A, the decay rates of R; and R3 imposed in [11]
are stronger than that in Corollary 1.3.
On the other hand, condition (LD) in [11] for system (1.7) reads

. dg} 7’3((1301 — 1)+
4.5 mind1,2— — %> 231 I+
( ) { d1 7“1(1 — ag)

Fixing d; > 0, the optimal range for admissible dj is (0, 2d;], when agc; < 1. Hence condition
(LD) is weaker than our condition (1.12) in Corollary 1.3.
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