STABILITY OF TRAVELING WAVES IN NON-COOPERATIVE MODELS
WITH DISCRETE DIFFUSION
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ABSTRACT. In this paper, we investigate the stability of traveling waves in non-cooperative
reaction-diffusion systems with discrete diffusion, where the classical comparison principle
does not apply. We employ a Lyapunov-type relative entropy functional, inspired by the
entropy method for ordinary differential equations, to discuss the stability of traveling waves
without relying on spectral techniques for the linearized operator. Using this approach,
we establish sufficient conditions for the convergence of solutions to traveling waves under
certain perturbations of a class of initial data, in both equal and unequal diffusivity cases.
We further provide a few specific biological models, including predator-prey dynamics and
epidemic transmission models, to illustrate the application of our theorems.

1. INTRODUCTION
We consider the following reaction-diffusion system with discrete diffusion:
(1.1) (@;)(z,t) = d; Do) (x, t) + i (x, t)gi(a(z,t), z€R, t>0, i=1,...,m,
where @ = (U1, ..., Uy), d; > 0, and
Dolt;](x,t) := t;(x + 1,t) — 2u;(z, t) + w;(x — 1,¢t).

Here, m is a positive integer representing the number of interacting species or components.
Note that the spatially discrete analog of system (1.1), namely,

(12) 11;’](25) = dZDZJ[ﬂ](t) + ﬂi7j(t)gi((a1’j7 - ,lNLmJ‘)(t)), j€Z,t>0,1=1,...,m,
where D; ;[u)(t) = @ j41(t) — 24, ;(t) + U; j—1(t), is called a lattice dynamical system.

We assume that each g; is smooth on an open subset Q C R™ with Z = [, [M,, M;] C Q
for some M; > M, > 0. The corresponding kinetic system to (1.1), obtained by removing

the spatial dependence from (1.1), reads

du; _ _ .
(1.3) ) = waa(n), i=1..m,
where @ = (41, ..., Uy,). We assume that system (1.3) has two distinct equilibria { F}.
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A positive traveling wave of (1.1) connecting {F.} is a special solution of (1.1) in the
form

Ui(x,t) = ¢i(2), z:=x—ct,i=1,...,m,

for some profile function ® := (¢4, ..., ¢,,) such that ¢;(z) > O0forallz € Randi=1,...,m,
together with the following limits at z = +o0

(1.4) O(—00) = E_, &(c0) = FE,.

Here c is a positive constant and is called the wave speed. Note that a traveling wave profile
O = (1, , ) with the speed c satisfies the following system of equations

(1.5) dDa|i](2) + cdl(2) + ¢igi(P(2)) =0, z€R, i=1,...,m,

where Dy[¢;](2) := ¢i(z + 1) — 2¢;(2) + ¢s(2 — 1). As for the lattice dynamical system (1.2),
a traveling wave with speed c is a solution in the form

ﬂz,](t) :qbZ(Z), Z:]—Ct, jEZ’ 1 = 17,m

One can check that the wave profile ® = (¢, -+, ¢,,) also satisfies the same system (1.5).
Therefore, a traveling wave of (1.2) is the same as that of (1.1).

The study on the existence of traveling waves for system (1.2) can be traced back to the
works by Zinner [22, 23] for scalar equations (m = 1). Since then, the existence of traveling
waves for lattice dynamical systems has been extensively studied. We refer the reader to, e.g.,
(7,2, 3, 4] for scalar equations, [12, 17, 16, 18] for cooperative multiple component systems,
and [11, 5, 6, 8, 20] for non-cooperative systems. As far as the stability is concerned, there are
many works on the stability of traveling waves in cooperative systems with discrete diffusion
(see, e.g., [21, 2, 19, 1, 13]). However, for non-cooperative systems with discrete diffusion,
the stability theory remains underdeveloped due to the lack of the comparison principle.

Our primary aim of this study is the stability of traveling waves in the context of dis-
crete diffusion systems, particularly in the absence of the comparison principle due to non-
cooperativity. To tackle this issue, we employ a Lyapunov-type relative entropy functional,
inspired by the classical entropy method for ODE systems. This approach, recently devel-
oped in [14], provides a new route to study the stability of traveling waves without relying on
spectral analysis of the linearized operator. In this paper, we first derive sufficient conditions
for the convergence of solutions toward traveling waves when diffusion coefficients are equal
(Theorem 1.1). We then generalize the approach to cover the case of non-equal diffusion
coefficients under suitable assumptions (Theorem 1.2).

Let @ = (dy,- - ,Upy) be a positive solution of (1.1). We introduce the moving coordinate
z =z — ct as well as the functions u = (uy, -+ , u,,) with

wi(z,t) = (2 + ct, t)
so that the maps {u; = u;(2,t) }iz1,.m satisfy

(16) (uz)t = dlDQ[Ul] + c(ui)z + ulgz(u), z € R, t> 0, 1= 17 oo, m.
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Note that ® is a stationary solution of (1.6). Throughout this paper, we assume that (1.1)
admits positive traveling waves {c, ®} for all ¢ > ¢* for some positive constant ¢*. Hereafter
® is positive means ¢;(z) > 0 for all z € R and for all i = 1,..,m.

Also, for a given positive constant R, we define the quantity

di(e* +e*—2)+ R
: :

(1.7) Cp = 1in Gi(N), GiA):=

Note that the function G; : (0,00) — (0,00) has only one minimum value \:; . and the

min?
function G; is monotone decreasmg on (0,\’,,), and it is monotone increasing on (\i . 00).
Moreover, one has G;(07) = G;(0c0) = co. Thus the quantity ¢}, is well-defined and we have

cp = G;(N;,) > 0. In addition, due to these properties of the function G;, the equation

min

min?

Gi(\) = ¢ has two positive roots when ¢ > ¢4, and has only one positive root (namely

A= X,.) when ¢ = ¢%. Denote a maximum diffusion constant by

dj := max d;,
1<i<m
and observe that the inequality Gx(\) > G;()) holds for any i = 1, ..,m, since the function
G;(A) is monotone increasing with respect to the parameter d;. This yields the following
relation

ok
(1.8) CR 1= Cp = IAX Cp.

In particular, if ¢ > cg, then there exists a constant p > 0 such that

(1.9) di(et+e " —=2)—cu+ R <0, i=1,2,---,m.

Let {o; | 1 < i < m} be a set of positive constants. When u(t) = (u1(t), - ,an(t)) is a
solution of (1.3), and u* = (uj,--- ,u,) is a positive equilibrium of (1.3), the time derivative
of

_ - u;(t)
1.10 (we(t) = u; = w1 )
(1.10) Cla(t ; of u; —ulog ut
is computed as
_ = ui N\ du(t) S =~ * = *
(1) @) = 3 o(1 - oo ) =g = 2o () — u) {eia) — i)},
i=1 i i=1
since g;(u*) = 0 for all i = 1,...,m. There are many ordinary differential systems in physical

and biological phenomena which have Lyapunov functionals of the form (1.10), in other words
the right-hand side of (1.11) is non-positive.

Motivated from the form (1.10), for a given set of positive constant {o; | 1 <i < m}, we
introduce the following relative entropy function

m

i=1 ¢
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for a positive function U(z) = (Uy(2),...,Un(z)) defined in z € R. Note that K[U](z) > 0
for all z € R and K[U](z) = 0 if and only if U(z) = ®(z) for some z € R. Then we define
the related entropy function of u(z,t) by

(1.13) W(z,t) .= Klu(-,t)](2), z € R, t > 0.

In this paper, we denote the Fourier transformation and the Fourier inverse transform of
a function v € L'(R) by

Fl(©) = [ o) @ Fple) = 5 [ oo e

Hereafter, we denote by BUC(R, F') the space of all bounded and uniformly continuous
functions from R to a closed subset F' C R™.

Now, we are ready to state the following convergence theorem for the traveling wave of
system (1.6) when all the diffusion coefficients are equal. Note that cg := c§ = ¢}, for all
1 <4 < m in this case.

Theorem 1.1. Assume that system (1.1) has a bounded invariant set T := [, [M,, M;]
for some 0 < M, < M; < oo with i =1,2,--- ,m. Assume that d; = 1 for all 1 < i < m.
Let R be a positive constant such that cg > ¢*, and let {c, P} be a positive traveling wave of
(1.1) for some ¢ > cg such that ®(z) € T for all z € R, where cg is a constant defined by
(1.8). Suppose that there exists a set of positive constants {o; | 1 <i < m} such that

(1.14) M(u,v) =" 0i (ui —vi) {gi(u) — gi(v)} <O for w,v €T,
i=1
where u = (uy,...Uy) and v = (v1,...,0y). Moreover, assume that

max {[g,(®)|| =)} < B

1<i<m

Let u be a solution of (1.6) with the positive initial data u® = (u?,...,u) € BUC(R,ZI) such
that

2 e Ku)(2) € LYR) and Fle* K[u’]] € LY(R),
where \. is the smallest positive root of G1(\) = c. Then

u(z,t) = ®(z) as t — oo locally uniformly for z € R.

Theorem 1.1, motivated by [14, 15], provides the stability of traveling wave in reaction-
diffusion systems with discrete diffusion in a certain sense. However, as in the case of classical
and nonlocal diffusions, the above theorem can be applied only for discrete diffusion with
the same diffusivities.

For the non-equal discrete diffusion case, we have the following theorem.

Theorem 1.2. Assume that system (1.1) has a bounded invariant set T := [[/~,[M,;, M;] C
R™ for some 0 < M; < M; < oo withi=1,2,---,m. Assume (1.14) holds for some positive
constants {o; | 1 <i <m}. Let R be a positive constant such that cg > c*, and let {c, D} be
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a positive traveling wave of (1.1) for some ¢ > cr such that ®(z) € T for all z € R, where
cr is a constant defined by (1.8). Moreover, we assume

(1.15) Gi(2) > Ce ™l vzeR, 1<i<m,

for some constants ag > 0 and C > 0; and there exists a constant p > 0 such that (1.9)
holds, where R is a positive constant such that
(1.16) Jax {[lgi(®) =@} < B.
Let u be the solution of (1.6) with a positive initial data v’ € BUC(R,Z) such that z —
(W0(2) — ¢3(2)) e=*"* € H'(R) and z — (u?(2) — ¢3(2)) e~ * € HY(R) for some constants
at > oy and o < —max{ayg, (ag + p)/2}. Then

u(z,t) = ®(z) in L}

loc

(R) as t— o0
for any p € [1,00).

Note that Theorem 1.2 is in particular motivated by the arguments developed in [10,
9], but it addresses a different setting. The work [10] investigates the case of classical
diffusion with non-equal diffusion coefficients, while [9] considers nonlocal diffusion models
with continuous integral kernels. Our proof strategy builds upon the core ideas in both
references, namely the use of relative entropy structures and weighted energy methods, but
with substantial modifications. Indeed, the discrete diffusion operator in (1.1) introduces
fundamentally different analytical challenges, unlike the continuous Laplacian or integral
operators considered in [9, 10], the discrete second-difference operator lacks smoothness and
interacts with exponential weight functions in a more delicate way. Consequently, while
the overall conceptual framework of our proof parallels those earlier studies, the technical
implementation diverges significantly. We emphasize that this distinction is essential, since
the discrete diffusion setting is not a straightforward extension of the continuous or nonlocal
cases, but rather requires a tailored treatment.

Our contribution can be summarized as follows. First, we formulate an entropy-type
Lyapunov functional suitable for discrete diffusion systems. Second, we establish convergence
results under both equal and non-equal diffusion settings. Thirdly, we apply the theory
to non-cooperative models drawn from biological literature (e.g., [11, 6]). This work thus
complements and extends the recent developments in [14, 15] from classical and nonlocal
diffusions to discrete case. In doing so, it sheds new light on the stability mechanisms
underlying spatially structured biological systems, especially, where traditional comparison
principles are inapplicable.

The rest of this paper is organized as follows. In §2, we provide a proof of Theorem 1.1.
Then, in §3, we prove Theorem 1.2. Although the proofs of Theorems 1.1 and 1.2 are
motivated by the ideas used in [14, 15, 9, 10|, there are certain nontrivial modifications.
To be self-contained and for the reader’s convenience, we present some details of proofs
here. Finally, we provide an application of Theorem 1.1 and Theorem 1.2 to non-cooperative
systems studied in [11, 6] in §4.
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2. PROOF OF THEOREM 1.1

We shall prove Theorem 1.1 in this section. Following [14], we set W; = K;[u;], where
u = u(z,t) is a positive solution of (1.6). Then straightforward calculations yield

(Wi)t - diDQ[Wi] - C(VVi)z
— (s — 1) (gs() — ga(®)) — %d@ ] + 9:(®) (i — )

+d D] + diDa[i log(us/br)] + ¢, log —

b;
= (= 0)((0) — () — ZdDalu] + (@) (W + 0,10 1)

+d;Ds[61] + diDa 1 log s/ 61)] + ) log = .

By substituting

—@Dg[ = _@[uz(z + 1,t) +ui(z — 1,t)] + 26¢i(2),

7 7

Dyi = [¢iz +1) + @iz = 1)] = 26i(2),

Gi(@)9ilog 5t = —{ (= +1,0) + iz~ 1.0) = 29u(=.1) + (= 1) | (log 5* ) (2.1),

Dyf6ilog(i/ 6] = (:1og 1) (2 +1,0) + (6i1og 1) (= = 1,0) = 2(6loa 2 ) 1),

and using (1.14), we deduce that

W, — i oi{ dDoWil+e(W;). + g: (@)W |

< Zaz[——uz (24 1,t) +ui(z — 1,0)] + (¢s(z + 1) + ¢i(z — 1))

i=1

~{¢(z+ 1) + &z~ D}log = + (ilog =

Y )(z+1,t) (ngZlog @)(z—l,t)}

b;
We further compute that

¢z U; U;
(e E 1 0) + 6z 1) — (= = log (it0g %> (z+1,4)

%

— gzt - ulzELD (j 1) D 6.(2) — bz % 1) log “g;fz? + 6i(z % 1) log —U;E”(Zjili?
B oy wilyst) s Do ui(y,t)pi(2)

= {0 - o) et o

< di(zE1) - %@(2) +oi(z+1) (Z:Ej ::);:Zﬁ(ii - 1) =0.

Here we used the inequality log X < X — 1 for X > 0, by setting
_u(z£1,1)¢i(2)
Cu(z,t)gi(z £ 1)
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Thus we obtain
(2.1) Z {dDaWil+e(Wh). + (@)W }.

In particular, when d; = 1 for all 1 <1 < m, the following inequality holds:
(2.2) Wy < Dy[W]+cW,+ RW, ze R, t >0,

for the related entropy function W (z,t) of u(z,t) defined by (1.13). Note that w(z) = e=*<
satisfies

Ds[w] + cw, + Rw =0, z € R.
Define a function V(z,t) = e**W (z,t). Then, by (2.2), we obtain
Vi(z,t) < eMV(z—11t) +e*V(z+1,t) + (R—2—cA)V(2,t) + cVi(z, 1)
= MV(z—1,1) = V(z,t)} +e{V(z+1,t) = V(z, )} + cVi(z,1).
If we define the function U(z + ct,t) = V/(2,t), then
Uy(z,t) < e{U(x —1,t) = Uz, t)} + e {U(x + 1,t) — U(z, 1)}, xr = z+ct.

Now we introduce a new time variable 7 by the relation  := e* + e~* € (1,00). Then

~ et ~ e e ~
UT(I‘,T) S mU(fL‘— 1,7’)+mU(l‘+1,7’) —U(x,T).
We shall study the solution of
- el _ “Ae _
Ur(z,7) = mU(m— l,T)—I—mU(:E—i—l,T) —U(z,7),z € R, 7 >0,

U(z,0) = U(x,0) + U(—=,0) € L'(R), z € R.

In order to analyze this problem, we introduce the following linear operator

Ae —Ac
(Lv)(x) := ﬁv(x —1)+ mv(x +1) —v(z), ve LYR).
Then we have
Aei€ | p=Ae—if Ae _ o= Ae
FIe(©) = (o = ) F0I©) = {(cost = )+ i( S ) sing J L)

Hence the function U € L'(R) satisfies

d . - et —erey ~

F01E ™) = {(cose = 1) +i( 5, ) sin€ }FIONE ).
Note that

FIOG,0)(€) = FIO@,0) + U (==, 0)](€) = / (0(2,0) + U(~z,0)}¢ dz

= / Ul(z,0){e™ + e} dy = 2/ U(z,0) cos z€ dx
R

R
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is a real-valued function. Therefore,

FIU(&, 7) = exp [T{(COS{ —1) +i<%) SinﬁH}"[U](f,O)
= exp |:T(COSS - 1)] FIU(E,0) - exp |:Ti (%) Sin{}.

By the inverse Fourier transformation, we have the following inequality

Ol = |5 [ FONe e < 5 [ 170E 7
= o [ esplrleost — 1)) [FIT](6 0] e
R
Thus we conclude
_ 1 _
sup |0/(z, 7)) < / explr(cos € — 1)] - |F[U](€, 0)] de.
z€R T JR

Note that lim, . exp[T(cos& — 1)] = 0 provided that 27¢ ¢ Z. Now we use the assump-
tion F[U(0)] € L'(R) and the Lebesgue dominated convergence theorem, to conclude that
lim, o0 SUP,eg |U(z, 7)| = 0.

Finally, by applying the comparison principle, U(m, 7) < U(z,7) forall z € R and 7 > 0.
Thus we conclude that

0 < lim supU(z,7) < lim supU(x,7) =0, z€R.

T—00 z€R T—00 z€R

Hence V(x,t) — 0 as t — oo uniformly for x € R. In particular, W(z,¢) — 0 locally
uniformly for z € R. Thus, Theorem 1.1 is proved. 0
3. NON-EQUAL DIFFUSION CASE

We shall prove Theorem 1.2 in this section. Since the system (1.1) has a bounded invariant
set T := [[",[M,, M;] such that u°(2) € Z and ®(2) € Z for all z € R. Then, we have

u(z,t) €Z, zeR, t>0.
Now we define
x(u) = HXi(Ui),
i=1
where 0 < x; <1 is a smooth function satisfying
1, M; <wu; <M,
Xi(u;) = —
0, u > M;+eoru, <M, —e¢,

where € > 0 is sufficiently small positive constant so that [[", [M s — & M+ 5} C Q2. Then
we introduce

(3.1) fi(u) = u;g;(w)x(u) : R™ — R, i=1,...,m.

which is globally Lipschitz continuous on Z. Note that the solution of 9,u; = d;Ds[t;] + fi ()
is a solution to (1.1) as long as the solution is included in the invariant set Z.
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Define v := (vy,...,v,), where
vi(z,t) = Wiz + ct, t) — ¢i(2).
By a simple calculation, we obtain
Ow; — c(0,v; + @) = d; (Da[vs] + Dalgy]) + fi(v+ @), z€R, t >0, i=1,...,m.

On the other hand, the traveling wave profile ® = (¢1,. .., ¢,,) satisfies

d;Da[di] + cd; + ¢igi(®) =0, z€R, i =1,...,m.
Since ®(z) € 7 for all z € R, ® also satisfies the modified system

d;Da|ds] + ¢t + fi (@) =0, z€R, i=1,...,m.
Therefore, the function v satisfies the following system

Ow; = d;Dolv;| + cO,v; + fi(v + @) — fi(P), z€e R, ¢t >0, i=1,...,m,

Now write v;(z,t) = w;(z,t)e** for each i = 1,..., m. Hereafter a is a constant. One can
check that the function w = (wy, ..., w,,) satisfies
(3.2) Oyw; = d;(e®w;(z 4+ 1,t) — 2w;(z,t) + e “w;(z — 1,1))

+cow; + caw; + e~ [fi(e®w; + @) — fi(P)].
Then the following proposition holds true.
Proposition 3.1. The system (3.2) generates a strongly continuous semiflow on H'(R)™.

Proof. To see this consider the linear operator A; : D(A;) C H'(R) — H'(R) given by

D(A;) = H(R)

A o(2) = di{e®p(z + 1) — 20(2) + e %oz — 1)} + ¢ (2) + cap(z), Yo € H*(R).
Observe that cd, : H*(R) — H'(R) generates a strongly continuous semigroup on H'(R)
given by

Teo, () = (et + ),

while ¢ — di{e*p(- + 1) — 2 + e %p(- — 1)} + cayp is a linear bounded operator of H!(R).
Hence A; is the infinitesimal generator of a strongly continuous semigroup Ty, (t) : H'(R) —
H'(R) for each i € {1,...,m} and t > 0.

Now let U be the Fourier transform of a function Uy € H'(R). Taking the Fourier
transform in z of the function U(z,t) = Ta,(t)Up yields

(3.3) 8,0 = [di{{(eo‘+6_“) cos E— 2} +i(e*—e~9) sing}+zcg+ca} U with U(0,€) = Up(€).
Then the solution to (3.3) is given by

Ult,-) = etet exp {t[di{{(eo‘ +e ) cosé — 2} +i(e* — e )sing} +icE + coz]}U(O, ).
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Next we have

e"te exp {t[di{{(ea +e ) cosé — 2} +i(e* — e ) siné} +icf + C@]H

= exp {t(di((eo‘ +e *)cosE —2) + ca) }

By taking the inverse Fourier transform yields

U@z ) < e exp {td,- (ea e 2>}||U0||H1(R).

Then the proposition is an immediate consequence of the globally Lipschitz continuity of
the functions f; : R™ — R. In fact, for any ¢ = (1, .., om) € L*(R)™, by the globally
Lipschitz continuity of f; we have

[fi (ep(2) + @(2)) — fi(®(2))] < Ce™lp(2)]|mm

for each ¢ = 1,...,m, and almost every z € R, for some positive constant C. This also
implies that the function G(y¢) defined by G := (Gy,...,G,,) with

Gi(p) 1z = e [fi (€™ p(2) + ®(2)) — fi(®(2))],
belongs to L*(R)™, and the mapping G satisfies the Lipschitz estimate

1G(¢) = G|l 2@ym < Clle — Y|l L2@ym for any ¢, € L*(R)™.

Moreover, for ¢ = (¢1,...,¢n,) € HY(R)™, we have

[Gi(p)] = —ae™[f;i (@ + @) — fi(D)]
+e (i) (e + @) — (i) (2)] "+ [(fi) (e*p + @) (ap + ¢')]

in L?(R), since each term on the right-hand side of the above equality belongs to L?*(R).
Hence G(¢) € H'(R)™ for ¢ € H'(R)™. This shows that G maps H'(R)™ into itself and is
Lipschitz continuous.

By formulating (3.2) as an evolution equation of the form w'(t) = Aw(t) + G(w(t)), where
Aw = (Aywy, . .., Aywy, ), we see that system (3.2) generates a strongly continuous semiflow
on H'(R)™. This proves the proposition. O

With Proposition 3.1 at hand, the following proposition on the decay estimate of W(z, 1)
at spatial infinity can be proved in the same manner as that of [9, Proposition 2.2] (see also
[10, Proposition 2.1]). We safely omit its proof here.

Proposition 3.2. Let the assumptions made in Theorem 1.2 be enforced. Let u be the solu-
tion of (1.6) with a positive initial datau® € BUC(R,T) such that z — (ud(2) — ¢i(2)) e "% €
HYR) and z — (u?(z) — ¢i(2))e ™ * € HYR) for some constants at > «y and a~ <

—max{ag, (g + 1) /2}. Then the solution u = u(z,t) to (1.6) with initial data u® satisfies
Kilui(-,0)](2)e"* — 0 as z — too, 1=1,...,m,

for allt > 0, where y is given in (1.9).
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Finally, the assumption (1.9) yields that
(3.4) d;Dye’?] — c(e®), + Re!* < —eet®) i=1,2,...,m,

for some positive constant e. Multiplying (2.1) by a function e**, we calculate with the help
of Fubini’s theorem and integration by parts to obtain

d m
7 / Wetrdz < / Z 0i{d;Do[W;] + cO.W; + RW;}e"* dz
R R =1

- / S oW {dDaleh] — c(eh). + Ret} dz,
R =1

where the last equality follows by using Proposition 3.2. It follows from (3.4) that

d

—/W(z,t)e“z dz < —5/ Wz, t)e!* dz.
By integrating this inequality, we conclude that
(3.5) 0< / W(z,t)et* dz < e‘”/ W(z,0)e"*dz — 0 as t — oo,

R R

since W (z,t)e!* is uniformly bounded and integrable over R for all £ > 0. Hence, we have

lim [ Klu(-,t)](z)e"* dz = 0.

t—o00 R

By a similar argument as that of [9], we can get the Lj (R)-convergence of the solution
u(z,t) to the traveling wave ®(z) as t — oo for any p € [1,00). This completes the proof of
Theorem 1.2. O

4. APPLICATIONS OF THEOREM 1.1-1.2

First, we consider the following predator-prey system

(4.1)

;= diyDola] + au(l —a — ko), xR, t>0,
U = doDs[0] + b0(1 — 0/0), reR, t>0,

with positive initial data (u®,v°) at ¢t = 0, where a, b, k are positive constants. According to
[6], under the assumption k € (0, 1), there is a positive solution (¢1, ¢2) of

dDs[1](2) + e (2) + adr(2)[1 = d1(2) — kd(2)] =0, z€R,

4.2
(42) BD3[0a)(2) + cdh(2) + b (=) [1 - 23] =0, ER,

satisfying

1 1
ZEI_POO(¢17 ¢2) = (17 O)a hm (¢17 ¢2) (H—ka H—k) )

if and only if
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The set Zy, := [1 — k, 1] x [0, 1] is an invariant set for system (4.1), and the traveling waves
(¢1, ¢2) constructed in [6] satisfy ¢; > 1 — k. Recall from [14] that (1.14) holds, by choosing
o1 = b and 0y = 1. Also, by setting R = b, there exists a constant p > 0 such that (1.9)
holds, provided that ¢ > ¢* = cg = ¢% and d; < dy. Moreover, there exists a constant
ap > 0 such that (1.15) is satisfied, by the construction of general upper-lower solutions in
[6]. Thus, we obtain the following result:

Theorem 4.1. Given ¢ > ¢* and a > 1/16. Assume
1 2
TR L
holds for some k € (0,1) and b > ak. Let (u(z,t),v(z,t)) be a solution of system
ur = diDofu] + cu, + au(l —u —kv), ze€R,t>0,
{Ut:dQDQ[U]+CUZ+bU(1—U/U), ze€R, t>0
with initial data (u°,0°)(2) € Iy, for all z € R. Set oy = b, 09 = 1, then the following results
hold.
(1) Let dy = dy and assume e**K[(u°,v")] € L'(R) and Fle**K[(u’,0%)]] € LY(R).
Then (u,v)(z,t) converges to (¢1,¢2)(z) as t — +oo locally uniformly in R, where

{¢, (¢1,02)} is a traveling wave obtained in [6].
(2) Let dy < dy. There exist o > ap and o~ < —max{ao, (g + p)/2} such that

(W0 — ¢)e " € HY(R),  (1°— ¢o)e " € H'(R),

where > 0 is a constant satisfying (1.9) and «q is the smaller root of the equation
do(e* + e —2) —cA+b=0 as in [6]. Then (u,v)(z,t) converges to (¢1,p2)(2) as
t — 00 in the sense described in Theorem 1.2.

Next, we apply Theorem 1.1 to derive the stability of traveling waves in the following SIR
model studied in [11]:

(43) {s;@,t) D,[8)(a, 1) — BS(x, 1) I(x,1), rER, >0,

L(x,t) = DolI](x,t) + BS(x, 1)1 (2, t) = vI(x,1), xe€R, t>0,

where [3, vy are positive constants. There exists a family of equilibrium points (s*,0) for s* > 0
to the equations (4.3), which is the fixed points to the corresponding spatial independent
ordinary differential systems:

s'(t) = —pBs(t)i(t), t>0,
i'(t) = Bs(t)i(t) —~vi(t), t>0.

The dynamical behavior of the corresponding ordinary differential system is completely
determined by the basic reproduction number Ry := s*/~. More precisely, if 8s(0)/y < 1,
disease will always die out, when we consider the corresponding ordinary differential system.
On the other hand, if 8s*/y > 1, the phase plane shows a curve from the point (s*,0)
to another point (s,,0) satisfying fs./y < 1 in the (s,i) phase plane. For this ordinary
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differential equation, there may not exist a bounded invariant set. Hence we can only apply
Theorem 1.1 for this model.
In the following, we assume that Rg > 1. Then the quantity
ed et — 2] + BsF —
(4.4) ¢* = inf [ [+ i
A>0 A

is well-defined and positive. For any ¢ > ¢*, system (4.3) admits a traveling wave {c, (¢1, ¢2)}
connecting (s*,0) at z = oo to another disease-free state at z = —oo. More precisely, there
exists a positive solution to the equations

{Dz[cbl](Z) + el (2) = Bon(2)62(2) =0, 2 €R,
Do[go](2) + cds(z) + Bor(2)d2(2) — v¢2(2) =0, 2 €R,
satisfying (¢1, ¢2)(+00) = (s*,0) and ¢o(—o0) = 0.
The proof of existence is based on a pair upper and lower solutions method and the

Schauder’s fixed point theorem. According to the construction of a pair of upper and lower
solutions, 0 < ¢ < s* and ¢o > 0. For this problem,

@(S.1)==BI,  g:8,1) =BS5S —~.

Thus it is possible to choose R = 8s* — 7.
By choosing o7 = 03 = 1, we can check the condition (1.14), since

(S = d1)(g1(S, 1) = g1(P1,¢2)) = (S — 1) (=B + ha),
(I — 02)(92(S,I) — g2(01, 2)) = B — $2)(S — ¢n).

implies M = 0. Therefore, we have the following theorem:
Theorem 4.2. Let ¢ > ¢* and let (S(z,t),I(z,t)) be a solution of system
{St:DQ[S]JrcSZ—ﬁSI, SR, t>0,
I, = Dy[I] + cL. + BST — 41, z€R, t>0.
with initial data (S, I°) such that e*KC[(S°, I°)], Fle**K[(S°, I°)]] € LY(R) for o1 = 09 =

1. Then (S,I)(z,t) converges to (¢1,¢2)(2) as t — +oo locally uniformly in R, where
{¢, (¢1,02)} is a traveling wave obtained in [11].

Finally, we mention the limitation of our Theorem 1.1. Consider the stability of traveling
waves in some specific epidemic model studied in [5].

(4.5) {gf(‘”’t) =Dy[S)(w,t) + p = pS(w,t) = BS(w, ) (1), @ ER,t>0,

I(x,t) = Dy[I)(x,t) + BS(x, ) (2, t) — (u+ ) (2,t), z€R, t>0,

where p, 3, are positive constants. This system has two constant states

Ay p(B—p—7)

provided that
B> pu+.
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According to [5], there exists a positive solution to the equations
Dy|dn](2) + ey (2) + 1 — pdr — B (2)d2(2) = 0, z €R,
Dyldo](2) + cdy(2) + Bpr(2)2(2) — (1 +7)d2(2) =0, z€R
such that (¢1, ¢2)(+00) = E; and ¢q, ¢ are positive at space minus infinity, if and only if

e =2l +8—p—
c>c, = inf[ } el fy.
>0 A

For this problem,

(S 1) =g~ B alS,1)=5S— (u+7)

and it is easy to check (1.14). If it is possible to choose R = 8 — (i — ), then we can apply
Theorem 1.1 to derive the stability of traveling waves. Unfortunately, there is a possibility
that ¢; become sufficiently small at some 2z € R, and this is the obstacles of applying
Theorem 1.1.
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