THE EXACT NUMBER OF STATIONARY SOLUTIONS TO
A MICRO-ELECTRO MECHANICAL SYSTEM WITH FRINGING FIELD
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ABSTRACT. In this paper, we derive the exact multiplicity of a boundary value problem for
a quasilinear differential equation arising in the study of MEMS model with fringing field
effect. This extends a result obtained in the work by Guo at al. (J. Diff. Eqns., 269 (2020),
7676-7704) to answer an open question left in the paper by Wei and Ye (Proc. Amer. Math.
Soc., 138 (2010), 1693-1699).

1. INTRODUCTION

The purpose of this paper is to investigate the exact number of solutions to the following
boundary value problem (P) for u = u(x):
1+ 6u?
(1 —u)*
(1.2) u(£1) =0,

(1.1) gy = A v e (~1,1),

where A and ¢ are positive constants. Recall from [15] that problem (1.1)-(1.2) has no
solution for A > \*, a unique solution for A = \*, and at least 2 solutions for A € (0, \*) for
a finite positive constant A* = A*(9). However, the exact number of solutions for A € (0, \*)
remains open.
Problem (1.1)-(1.2) describes the stationary solutions of the following parabolic equation
1+ 6|Vul?
(1—u)?

with the zero Dirichlet boundary condition. Equation (1.3) describes the dynamic deflection

1.3 uy = Au+ A , 2 €QCRY >0,
(1.3) ;

u(z,t) of an elastic membrane inside a micro-electro mechanical system (MEMS), in the case
when the distance between the plate and the membrane is relative small compared to the
length of the device, when we ignore the inertia, the device embedded in an electric circuit

without a capacitor, and the system is with the fringing field effect §|Vu|?>. In (1.3), A is

Date: July 6, 2026. Corresponding Author: J.-S. Guo.

This work was supported in part by the National Science and Technology Council of Taiwan under the
grants 114-2115-M-032-005 (JSG) and 113-2115-M-194-006-MY5 (CJW). The third author (MS) is partially
supported by JSPS KAKENHI Grant-in-Aid for Scientific Research (C) (No. 20K03708).

2000 Mathematics Subject Classification. Primary: 34A34, 34B15; Secondary: 35K20, 35K55.

Key words and phrases: stationary solution; Dirichlet boundary condition; MEMS; fringing field.
1



2 H.-J. GUO, J.-S. GUO, M. SHIMOJO, AND C.-J. WANG

proportional to the square of the applied voltage. The zero Dirichlet boundary condition
corresponds to the case when the edge of the membrane is clamped. For more physical
background of MEMS, we refer the reader to, e.g., [11, 12, 13].

There were extensive works on the analysis of MEMS model, we refer the reader to [5, 3, 6]
for model without fringing field, and [15, 1, 9, 14, 2, 8, 10] for model with fringing field. For
the study of stationary solutions, we refer to the earlier works [7, 3]. An open question about
the exact multiplicity of solutions raised in [15] was solved in [4] when § = 1. However, it is
not clear whether the process carried out in [4] for § = 1 can be extended to any 6 > 0. The
purpose of this paper is to clarify this question for 6 € (0, 1).

Our main theorem reads

Theorem 1.1. Let 6 € (0,1) and let \* = X\*(§) be the positive critical value obtained in
[15]. Then problem (1.1)-(1.2) has ezactly two solutions for each \ € (0, \*).

The rest of this paper is organized as follows. In §2, for a given § > 0 we first derive an
implicit formula for g := Ao and 7 := u(0; 1), where u = u(x; ) is a solution of (1.1)-(1.2).
Then we give some useful estimates for p(n). Finally, we give a proof of Theorem 1.1 in
§3. Although most of the processes of the proof of Theorem 1.1 are originated from [4],
there are certain nontrivial modifications due to the dependence on the parameter . To be

self-contained, we provide as much details as it needs for the reader’s convenience.

2. PRELIMINARIES

In the sequel, we fix the constant § > 0 and set p := AJ. Also, we let u = u(x;u) be
a (classical) solution of (1.1)-(1.2) for a given (A,d). Note that any solution u of problem
(1.1)-(1.2) is strictly concave and symmetric (with respect to x = 0). In this section, we first
derive a relation between p and the maximum of u, i.e., u(0; ) := 7. Then we derive some
useful estimates to be used later.

First, motivated by [15, 4], we rewrite (1.1) as

M )\6ﬁ
(21) —(elfuu/)/ = m, u/ = Uy

Multiplying both sides of (2.1) by e/, we obtain

)\6ﬁ I

m(eﬂu).

(el (ereul) =

By integrating it from 0 to z > 0, using «/(0) = 0 and u(0) = n, we get

0)
—(eTwu/)? = % (61% — elev> .




MEMS WITH FRINGING FIELD 3

1 2p 2p

123 / ]

(el—uu) () = ———=\eT-1 —eT=v@, x>0,
Vo

It follows that

and so

= %_127—”“71/2/ _ =
(2.2) <e G u)(@ 75 70

By integrating (2.2) from 1 to = € [0, 1), using u(1) = 0 we obtain

— u(z) ~1/2 u(z) ~1/2
(2.3) Lo :/ eTs (el% — eles) ! ds :/ <e2“(ﬁ_lls) - 1) / ds.
Vo 0 0

It follows from u(0) = 7 that I(n, u) = 1/+/3, where

e N A N
(2.4) fmﬂy:/'@alnls_g ds, a> 0,7 € (0,1).
0
The following lemma plays an important role for the estimation of .

Lemma 2.1. Given § > 0. For each n € (0,1), I(n,a) is continuous and decreasing in

a € (0,00), and there is a unique positive = p(n) such that I(n, ) = 1/V/6.

Proof. Given n € (0,1). It is clearly that I(n, a) is continuous and decreasing in a. Since
I(n,a) = oo as a — 0%, and I(n,a) — 0 as a — oo, the lemma follows. O
From Lemma 2.1 it follows that the corresponding solution u(z) of (1.1)-(1.2) can be
determined from (2.3) for a given n € (0,1) with «(0) = n and u = pu(n).
Here are some numerical results of p(n) for § = 1,0.5,0.1. The case of § = 1 is the same

as Figure 1 in [4].

c=143, &=1, pln) C=1.13, 5205, p(n) - C=1.13, 5=0.1, p(n)

SSEEZAES

FIGURE 1. Curves of u(n) derived from I(n,p) = 1/3/8 for § = 1,0.5,0.1.

Moreover, we have the following upper and lower bounds of x(n) in terms of the quadratic

polynomial n(1 — 7).

Lemma 2.2. Given 6 > 0. It holds cyn(1 —n) < p(n) < can(l —n) for all n € (0,1), where

c1 =In(v1490) and c; = 20.
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Proof. First, for a positive constant C, we compute

/77 1
ds
0 \/6207](1—7’])[1/(1—7})—1/(1—8)] 1

I(n,Cn(1—mn)) =

ds

n 1
< V2000 =)/ —»

)
1 K 1 2
< / ds =/ —=,
V2010 Jo /1 —s C
using e —1 >z for all z > 0 and 1 — s < 1 for all s € (0,n). Therefore, with C' = 24, by
Lemma 2.1, we deduce that u(n) < 26n(1 —n) for any n € (0,1).

For the lower bound estimate, we observe that

" 1
/o V2 VIFan(i-n)L/(1-n)-1/(1-s)] _ |

[ —

0 \/(1_’_5)77(%)_1
n

Z/ L ds = 1 >L.
0 (146" -1 (1467 -1 Vo

Here we have used 0 < (14 0)¥ < 1+ dy for all y € (0,1). This can be checked by observing
that the function g(y) := (1 + 9)¥ is convex for y € (0,1) and g(y) = 1+ dy for y = 0, 1.

Hence the lower bound estimate of p(n) is derived and the proof is complete. 0

ds

I(n,(Inv1+d)n(l—mn)) =

ds

Next, we establish a better upper bound of i in terms of the following cubic polynomial

(2.5) H(n) == [ein + ca(1 = n)n(1 —n),

which is motivated by Lemma 2.2 and the Hermite interpolation. Note that ¢4 = 1.1 was
chosen in [4] for the case § = 1, but here we choose a larger constant ¢4 = 1.13 that works
for all § € (0, 1].

Lemma 2.3. Let 6 € (0,1]. It holds u(n) < cyH(n) for all n € (0,1), where ¢y, = 1.13.

Proof. Given ¢ € (0,1]. Let

1 1 —
b(n,s) :==2CH(n) {ﬂ_l—s} :2D<717_§) >0,0<s<n<l,

where

D := D(n) = Clein + e2(1 = n)|n > 0, Vn € (0,1),
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and C € (1,2) is a constant to be determined later. Using e* — 1 > 2z + 2%/2 for all z > 0,

we obtain

/n;ds < /n ! ds = ! /n dS‘—LJ(UD)
0o Vet —1 — Jo /b—f—%bz V2D Jo \/(717: (E)Q 2D ’

By [4, Property 5.4], we have

{—In(1—n)+2In[h(n) + ho()]} (D + 5)(L — ) + ha(n)ha(n)
(D +1)3/2 ’

J(n, D) =

where hi(n) == \/D(n)n+ 1 and hao(n) := +/(D(n) + 1)n.
We consider the function

3/2
Gln) = Gl ) = (e 51} =7 V2D = VaIn. D)) me (0.1)

Then we have
o (D+1)¥2V2D My sy (Bt R
G(n’é)_(D—l—%)(l—n) \/_(D—F )(1_77) \/51 ( 1—n )

Note that G(0;4) =
Now, we show that 4% % (1;6) >0 for n € (0,1) for § € (0,1]. To see this, we compute the

following three derlvatlves w.r.t. 7.

First, we compute

oD(D + 1) |
(D +3)(1—n)

% V2/(D+1PD(—3 - D+ (1-n)D)
V2(D + 3)(1—n) (D +3)? ( —n)?
 VD+1{2D(D+3)(D+1)+ (1 —n)(3 + D +2D*D'}
B V2VD(D + 1)2(1 — )2

VD + 1P5(n;9)
VIVB(D + bR )

where Ps(n;d) is a polynomial of degree 6 in 7 with 6 dependent coefficients expressed by

Ps(n;0) = %CQC + (a1 — %2 +3C)Cn + (=3 + 3e1ca + 265C)CP?
+(= — 16 + 207) + 8es(er — &) CIC7p”
+(e1 — e2)? + 2¢a(c1 — ¢2)(5ey — 6cy) OO
+4(e; — 2¢9)(c1 — ) CPn° — 2(c1 — ) C°.
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Secondly, we have

{w+?ﬁ—mP

1+ D+2p(D+ D)+ [n+n22D + 1)]D'  hiho[—(D + %) + (1 =)D’
2hiho(D + 1)(1 —1n)
(1+n+2nD)(1+ D)(5 + D) +n(1 —n)(—3 + 31— D)D’
2h1ho(D + 3)2(1 —n)?

Pr(n;0)
thhQ(D —|— %)2<1 — 77)2’

where P; is a polynomial of degree 7 in 7 expressed by

1 1 3 13
P?(U; 5) = 5 + 577 + <6C2 — 561)07]2 + [—702 + ?Cl + 62(602 — Cl)C 07]3

+[(ca — e1) + (1265 + 13c105 — ) C + 265C*| Ot
+[6(c2 — ¢1)* — 6c3(ca — 1) C]C*n° + [6ca(ca — €1)*] C*n°
+ [—2(02 — 01)3] 037’]7.

Thirdly, we compute

/ / /
i [ ha)” _ T e L1
L=n hy + ho L—n

(DEnDl g LDy () py) g

1—n 1—n
—(Dn+n)(D+nD")+ (Dn+1)(14+ D +nD’")
(1 =mn)hihy

1+ D)+n(l—nD" _ P3(n;0)
(1 —=n)hihy - (T =n)hihy’

where P; is a polynomial of degree 3 in n expressed by

P3(m;0) := 14 2c2Cn + (—4eo + 361)6’772 +2(c0 — 01)0773.

We conclude that
4G 5 = V2hy /(D + 1)Ps — VoVDIP; + 2(D + L)2(1 — ) Py]

To proceed further, we consider the following real polynomial of degree 19 in variable n with

0 dependent coefficients:
1 2
PU8) = 4Dy + DD+ 1R = xClean-+ ea(l = )] (Prot 2D+ 0= )Py

Then —(?7, d) > 0 is equivalent to P(n;d) > 0 for n € (0,1) for 6 € (0, 1].
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Note that P(n;0) = 0 for all n € (0,1). Moreover, as ¢ | 07, we have ¢;(§) = /2.
Combining this with ¢2(0) = 20, we compute the Taylor’s expansion of P(n;d) in J as

or &5 o5 (o
P0) = P0)+ = (m:0)3 + 2 (2" 2y B (6" o
5 (1:€)

= [(=4+4C) + (3 —4O)n + C?|Cs* + WT(S?’ for some & € (0,9).

Set A(n) := (—4+4C) + (3 —4C)n+ Cn*, 0 < n < 1. Note that the discriminant of the
quadratic polynomial A(n) is given by 9 —8C', which is negative if and only C' > 9/8 = 1.125,
and A(0) > 0if C' > 1. We conclude that P(n;d) > 0 for all n € (0,1) for 6 > 0 small enough,
if we choose C' > 9/8. In particular, this holds if we choose C' = 1.13.

For general § > 0, we show numerically using Python in Figure 2 the 2D graphs of P(7; ),
n € (0,1), for § € (0,1) with C' = 1.13. One can observe that these graphs are all above the
n-axis. There is also an “Interval Min” in each mini graph of Figure 2, indicating that all
values of P(n;d) within these ranges are positive. Therefore, this shows (numerically) that
%(n;d) > 0 for n € (0,1) for ¢ € (0, 1].

6€ [0.01,0.10] | C=1.13 | Curves: 10 6€ [0.10,0.20] | C=1.13 | Curves: 11 6€ [0.20,0.30] | C=1.13 | Curves: 11 6€ (030, 0.40] | C=1.13 | Curves: 11
Interval Min: 1.4547e-06 Interval Min: 7.3556e-04 Interval Min: 6.8683e-03 Interval Min: 2.5734e-02

G € [0.40,0.50] | C=1.13 | Curves: 1 6€ [0.50,0.60] | C=1.13 | Curves: 11 6€ [0.60,0.70] | C=1.13 | Curves: 11 G€E [0.70,0.80] | C=1.13 | Curves: 11
Interval Min: 6.4085e-02 Interval Min: 1.2668e-01 Interval Min: 2.1233e-01 Interval Min: 2.8935e-01

n
6€ [0.80, 0.90] | C=1.13 | Curves: 11 6€ [0.90,1.00] | C=1.13 | Curves: 11
Interval Min: 3.7838e-01 Interval Min: 4.7947e-01

Note: Each curve represents a strictly fixed step of A5 = 0.01. Colors transition from dark purple (lower 6) to yellow (higher 6)

FIGURE 2. 2D graphs of P(n;0),0<n <1, for 6 € (0,1)
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Since G is increasing in 7 € (0,1) and G(0;5) = 0, we have G(n;6) > 0 for n € (0,1) for
6 € (0,1]. Tt follows that v/2D > /5.J(n, D) for all n € (0,1). This implies that

K 1 1 1
I(n,cuH :/ ds < Jn,D) < —,Vne (0,1).
(77 4 (77)) 0 \/m \/ﬁ (77 ) \/g n ( )
Hence the lemma is proved rigorously for small 6 > 0 and numerically for § € (0, 1]. O

3. PROOF OF THEOREM 1.1

Our aim is to derive the exact number of solutions of problem (1.1)-(1.2) for any given
o > 0. This is equivalent to finding the number of n’s in (0, 1) such that pu(n) = uo. To this
end, we shall show that u(n) has only one critical point in (0, 1).

First, we recall from (2.4) and I(n; ;1) = 1/+/0 that

. no eulr(s)=rn)] J 1
(3.1) /0 o g

Hereafter r(y) :==1/(1 —y). As in [4], we introduce the following functions:

L e—HnT(n) o 1
Q(n) T \/1_572;””(77) B \/e2unr(n)_17

s[r(s)—r(m)]
L,(n) == fon ——16;2M[T(5>:(m] (1 —s)"ds, n € Z,

Ju(n) = [ arcsin(et" =) (1 — s)"ds, n € Z.

It is easy to check that

n+1

ml—(1-n)
<_
0<Jnln) < 5— =

P NI L
For any integer n, using the identity
d
d—{arcsin(eu[r(s)—r(n)])(1 _ )2}
S

ohlr(s)=r(n)]
K =
VI — e2ulr®)—r()

(1 — s)" — (n + 2) arcsin(e!") =My (1 — g)nt1,

an integration by parts gives

(3.2) wl,(n) = g(l — )" — arcsin(e ") + (n 4 2)J,41(n), Vo € (0,1), n € Z.
In particular, taking n = 0 and using (3.1), we obtain from (3.2) that
BT 2 - (ot (n)
3.3 — = —=(1- — pern 2J1(n).
(3:3) 5~ gl —arcsin(e ) +2J1(n)

Differentiating (3.3) with respect to 1 and using (3.1), we get

5—/5 = (1 =n) 2+ @1 —n) Q) + 25—% = 2{p(1 =)=+ p(1 = )" ().
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Hence we obtain

(3.4) 212(n) — nQ) — (1 — )8l () = P00 — 21, ()

Moreover, we have the following formula for p/(n):

p(n) —25(n) + Q(n)
L—=n 25(n) —nQ(n) — (1 —n)/Vs

if 211(n) — nQ(n) — (1 —n)/Vd # 0.

Next, we prove the following important lemma. Although the idea of the proof is originated

(3.5) w(n) =

from [4], due to the d-dependence, the proof here is much more complex.
Lemma 3.1. Let § € (0,1]. It holds 2I,(n) — nQ(n )— Wi > 0 for all n € (0,1).
Proof. Following [4], we consider the quartic function (polynomial of degree 4)

Pyn) = [0+ D)1 =) + 17 = lern + a1 =) n € (0,1)

2

We compute
/ 4 3 €1
Py(n) = 9 (n+1)"=7(n+1) +9c4 ==
2
Note that the function f(d) := In(1 + §)/d is decreasing in 6 > 0 such that f(07) = 1 and
f(4+00) =0. Let p= =7 and ¢ = 9c4(1 — ¢1/¢2) = eyl — f(5)/4]. We compute

2 3 2
@ P SL[ f(0)]*, 343 729, 343
Cop S SO e 98 s 9% ue to s > 1.056.
FRST: 4{ L] G 2 gy 20 dwetos

Then, using Cardano’s formula , the cubic polynomial Pj(n) has only one (real) root at

Hence Py(n) is increasing for n € [0, 1] Since Py( ) = 0, we have Py(n) > 0 for n € (0,1).

Therefore, using ¢, = 20, we obtain

\/2[0177+C2<1_77)] F-1 n
<142 ne1).
- +3,n€(0,1)

(3.6)

On the other hand, using

%1 (1/1%\/7—7)>1+§,776(0 1),

we obtain from (3.6) that

L 1—|—\/_ \/20177"‘021— \/_—
&0 s i <0
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Next, since

max {2er + ex(1 -’} = %
we have
B8 )= 2alan+al-nlE <o 0 <1v¥yeo],
27(co — 1)
Indeed, define
8¢ 2565 256 6

F(6) = = =: .
©) 27(cy —c1)?  27[4 — U2 © 27 g(0)?

Then we claim that F'(0) is increasing in § € (0, 1]. For this, we differentiate the identity

In [%F(é)] =1Ind — 21In[g(9)]

to obtain

Now we compute

h(5):4_M_25{1n(1+5) 1 }:4_31n(1+5)+ 2

5 2 6(1490) 5 1+6

Since In(1 +0)/6 € (0,1) for 6 > 0, we obtain that h(d) > 0 for all 6 > 0. Hence F(0) is
increasing in 6 > 0. Note that

F(0%) =0, F(1) ~ 0.867.

Hence the last inequality in (3.8) holds for any ¢ € (0, 1], by the choice of ¢4 in Lemma 2.3.
With (3.8), it follows from e? — 1 < 2y for 0 < y <1 and (3.7) that

2\/6204[017]+02(1_77)]772 —1
_ 2\/404[0117 ol —n)P= \/80417\/2[6177 + (1 —n)]

< 3y 2[en + (1 —n)] < \/5{37]4—3\/5(1 —n)ln <1 Al \/ﬁ) }, n e (0,1).

Now, we recall from [4, (3.10)] the following estimate:

(39) 1 = 6= 3+ 3vii - () | Qo)
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Then, from (3.9) and the above estimation, it follows that

21, (n) —nQ(n) — (1L —n)/Vs

> Qo () [a=mn+ v -t ()| -V
= Qn) (12;\[;7) {3\/577 +3V6 /(1 —n)ln (H) — 9\/e2unr(n) — 1}
> Q(n) (%) (\/ e2ealerntea(l=nn? — 1 — \/e2unr(n) — 1> >0,
using Lemma 2.3. The lemma is thus proved. 0

From Lemma 3.1 and (3.5), we see that

(3.10) w'(n) =0 if and only if Q(n) = 2I1(n).

Recall the quantity 5 € (0.38,0.39) defined in [4, Lemma 3.2] which satisfies
1

(3.11) (5 —32)r +3yz(1 —z)*In (\/—I__\/i> < 2 for x € (0,73),
1

(3.12) (5—37)r +3yz(1 —2)*In <\/¥i> > 2 for x € (rq, 1).

Therefore, we obtain the following important property for the critical points of u:
(3.13) 1 (n) = 0 only when n < r,

using (3.9), (3.12) and (3.4). As shown in Figure 1, the critical p* are consistent with the
above derived property.

Our goal is to derive that p has a unique critical point in (0,1). This can be done if we
can derive that p”(n) < 0 when ¢/(n) = 0. In the sequel, we let 77 € (0,72 be any point such
that ¢/(77) = 0 and set @ = p(7). Using p/(7) = 0, (3.5) and (3.10), we can easily derive that
_ —213(7) + Q'(7)

L= 20(n) = 7Q(0) — (1= 0)/V5
Also, we recall from [4, (3.17)]

(3.14) w ()

= = 1 _ A _
313) 20+ Q) = o (OB — |24 | Q) |
Next, exactly the same proof of [4, Lamma 3.3] gives

Lemma 3.2. It holds

615(n) — [2 + a ] Q(n) <0

1 — e—2un/(1-n)

forn € (0,75].
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Note that here we have xy = z(0) := 2¢2/[3(c2 — ¢1)] € (2/3,8/9) for § € (0,00) in the
proof of [4, Lamma 3.3]. It holds that z((d) > ry for any § > 0. Therefore, we safely omit
the details of the proof of Lemma 3.2.

Now we are ready to prove the following uniqueness on the critical points of u(n).

Proposition 3.3. There is a unique point n* on (0,1) such that p'(n) > 0 for 0 <n < n*,
w (') =0, and p'(n) <0 forn* <n<1.

Proof. Since, by Lemma 2.2, 4(07) = u(17) = 0 and p(n) > 0 for n € (0, 1), there exists
a point n* € (0,1) such that p'(n*) = 0. By (3.13), n* € (0,73]. From (3.14), (3.15) and
Lemma 3.2 it follows that u”(n*) < 0. Hence p(n) can only have one critical point n* and
the proposition is proved. 0

Finally, Theorem 1.1 is just a direct consequence of Proposition 3.3.
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