TRAVELING WAVE SOLUTIONS FOR A THREE-SPECIES
PREDATOR-PREY MODEL WITH TWO ABORIGINE PREYS

YU-SHUO CHEN AND JONG-SHENQ GUO

ABSTRACT. In this paper, we study the invading phenomenon of an alien predator to the
habitat of two aborigine preys by traveling waves connecting the predator-free state to the
co-existence state. Based on an application of Schauder’s fixed point theorem with the
help of (generalized) upper-lower-solutions, we characterize the minimal wave speed of this
invading process. New form of upper-lower-solutions are constructed to derive the existence
of traveling waves for all admissible speeds.

1. INTRODUCTION

In primary succession, plants such as grass and trees are the pioneer species and then
some animals that feed primarily on grass and trees are the second. The animals (predator)
is attracted to invade the habitat of the preys (grass and trees). This ecological system can

be modeled by the following three species predator-prey system:

U = diUyy + mu(l —u— kv —bw), x € R, t >0,
(1.1) Uy = dovpy +120(1 — hu — v —bw), x € R, t > 0,
Wy = d3Wyy + rsw(—1+au+av —w), r € R, t >0,

where the unknowns u, v and w as functions of (x,t) stand for the population densities of
preys u,v and predator w at position x and time ¢. The parameters d;, r;, ¢ = 1,2,3, a,b, h
and k are positive constants in which d;, i = 1,2, 3, are the diffusion rates of u,v and w; r;
and 79 are the intrinsic growth rates of u and v, respectively, and r3 is the death rate of the
predator w; r;b, i = 1,2, are the predation rates and rsa is the conversion rate of u (and v);
h and k are the competition coefficients between two preys v and v.

Throughout this paper, we always assume that

(1.2) h.k e (0,1).
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In other words, we consider both preys are weak competitors. Also, to make sure the predator
can survive without other food resources than these two preys we assume
1—hk
1.3 a>vy, v=7vhk)=———.
(1.3) 7= k) = gy
It is easy to check that system (1.1) has two constant states E, = (u,, v, 0) (the predator-

free state) and E,. = (u¢, ve, w.) (the co-existence state), where

1—k 1-h

(14 T T T
B (1+b)(1— k)

(15) YT M- hk) fab2—h— k)
- (14+0)(1 —h)

(16) T U= hk)tab2—h— k)’

) o o M2 h— k) — (1= hh)

(1— k) +ab(2—h — k)’
Note that y(h, k) € (1/2,1). Also, under conditions (1.2) and (1.3) we have

(1.8) up > ue > 0,0, >0, >0 and w, > 0.

Ecologically, it is interesting to see whether these three species can live together in the
habitat of two aborigine preys after the invading of an alien species. One of the approaches
to study this problem is to study the so-called traveling wave solutions of system (1.1) con-
necting the predator-free state and the co-existence state. From the view point of invading,
the population densities of preys should be decreasing after the predator invades. So it is
natural to require (1.8).

Another approach of studying the invading phenomenon is the so-called (asymptotic)
spreading speed of the predator, by studying the Cauchy problem for (1.1) with initial

condition
w(z,0) =u,, v(r,0)=1v, w(x,0)=uwy(zr), recR,

where wy is a nonnegative continuous function with nonempty compact support. For the
spreading speed for system (1.1), we refer the reader to the work by Wu [17]. In [17], under
the conditions : b = a, dy = dy = d and
Tlﬁl—f—rghﬂg :leﬂl—f—’rgﬁg, 51 =1 —k:—aﬂ > 0, /82 =1 —h—CLB > 0,
for some positive constants h, k, a such that 0 < h,k <1 and 0 < a—1 < 1, It is shown in
[17] that the spreading speed of the predator w is 2v/dsrsf with 5 := a(u, +v,) — 1.
A solution of (1.1) is called a traveling wave solution with speed s if there exist positive

functions {¢1, @2, #3} defined on R such that u(z,t) = ¢1(z + st), v(z,t) = da(x + st) and
w(x,t) = ¢p3(x+st). Here ¢;, j = 1,2, 3, are the wave profiles. Let z := x+ st and substitute
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(u, v, w)(x,t) = (¢1, P2, ¢3)(2) into (1.1). Then {s, ¢1, o, P3} satisfy the following system of
equations:

d1 ¢ (2) — s (2) + r1o1(2)[1 — d1(2) — kpa(2) — bops(2)] =0, z € R,
(1.9) a3 (2) — s¢5(2) + r202(2)[1 — hp1(2) — d2(2) — bes(2)] = 0, z €R,

d3¢5(2) — s¢5(2) + r3gs(2)[—1 + adi(2) + ada(z) — ¢3(2)] =0, z € R,
where the prime denotes the derivative with respect to z. As we mentioned above, we are
interested in the wave connecting the predator-free state and the co-existence state. Hence

problem (1.9) is supplemented with the following asymptotic boundary conditions

(11()) ZEI—noo(gbh ¢27 ¢3)<Z) - (uZ” Up, O) and zli_glo(qsl? ¢2, ¢3>(Z) - <UC7 Ve, wc)'

We now state the main theorem of this paper as follows.

Theorem 1.1. Given h,k,a such that (1.2) and (1.3) hold. Let s* := 2+/dsr3f3. Assume

that
2
(111) a > m,
, -k 1—h al2—h—k)—2
1.12 .
(1.12) O<b<mm{2a—1’2a—1’ 2a(2a — 1) }
For s > s*, under the condition
dy d
(1.13) ds zmax{é,g},
system (1.9) has a solution (¢1, ¢2, ¢3) such that (1.10) holds. For s = s*, under the condition
dy d
(1.14) max {31, 32} < ds < min{dy, ds},

system (1.9) has a solution (¢1, P2, ¢3) such that (1.10) holds. Moreover, there is no positive
solution for (1.9)-(1.10) if s < s*.

Due to the nonlinearity of our predator-prey model, system (1.1) does not have the compar-
ison principle. The proof of Theorem 1.1 is based on an application of Schauder’s fixed point
theorem with the help of (generalized) upper-lower-solutions. This method has been proved
to be very successful in the derivation of traveling waves for non-monotone systems since the
pioneer works [14, 16], if a suitable upper-lower-solutions can be constructed. We refer the
reader to [7, 8, 10, 9, 11, 21, 3, 19] for 2-component systems, [4, 15, 6, 20, 12, 18, 13, 2, 5]
for 3-species cases and the references cited therein.

In particular, in [6], they constructed the traveling waves for a predator-prey system with
one predator and two preys such that all of these 3 species are alien species and the predator
can survive without the predation of the preys. The case when the predator has a negative

growth rate, namely, system (1.1), is left open in [6]. In [2], they considered the same
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predator-prey model as (1.1) to investigate how one alien prey and one alien predator invade
the habitat of an aborigine prey. The case of two alien predators and one aborigine prey
is studied in [5]. However, the construction of suitable upper-lower-solutions is not always
available.

In this paper, we study the predator-prey system (1.1) with two aborigine preys and one
alien predator. To our knowledge, all existing results on the traveling waves for 3-species
predator-prey systems are connecting an unstable state with at most one nonzero component
to the co-existence state. In other words, it is always assumed that there is at most one
aborigine species living in a habitat. This paper is the first work to construct traveling
waves describing one alien predator invades two aborigine preys. In fact, the main difficulty
in the construction of generalized upper-lower-solution is the two nonzero components in the
unstable state.

By a linearization at the unstable state (u,,v,,0) for each equation in (1.9), the decay
rate of ¢y — u, (¢ — v, Tesp.) at z = —oo should be e** (2%, resp.), where Ay > 0, Ay > 0
and they satisfy

dl)\f — s\ —riu, = 0, dg)\g — 58Xy — 1o, = 0.

However, these are not the correct asymptotic behaviors of ¢; and ¢, at the unstable tail.
Surprisingly, under certain conditions on the parameters (as stated in Theorem 1.1), it turns
out that the correct decay rate of ¢; — u, (and ¢ — v,) is the same as that of ¢3, namely,

e*3% where \; is the smaller positive root to
H\) :=ds\* —sA+1m38=0, B:=alu,+v,) —1,

for s > s*. This counterintuitive behavior actually causes the major difficulty in the con-
struction of upper-lower-solutions.

We find in this work that the minimal wave speed connecting the predator-free state to
the co-existence state is the same as the spreading speed of the predator. However, the
conditions on the parameters in these two works are very different. In [17], no restrictions
are imposed on the diffusion rate ds of the predator. But, there are some restrictions on the
growth rates of the preys in [17]. On the other hand, in this paper, we do not impose any
restrictions on the growth rates of preys. Also, we consider different predation rates and
conversion rates. However, we need to restrict ourselves on the diffusion rates d;, i = 1,2, 3.
This may shed light on the limitations of these two different approaches to the invading
phenomenon.

The rest of this paper is organized as follows. In §2, we provide some details of the method
of generalized upper-lower-solutions originated from [10, 11]. The main task is to construct

suitable upper-lower-solutions for each admissible wave speed. Then we give a proof of our
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main result, Theorem 1.1 in §3. For the existence part, based on results of §2, we only
need to verify the wave profiles satisfy the required asymptotic boundary condition at the
right-hand tail. The proof is based on constructing a sequence of shrinking rectangles (cf.
6, 3, 5]) with some modifications. The proof for the non-existence part of Theorem 1.1 is
standard by using a contradiction argument with the help of the spreading phenomenon of
the Cauchy problem for Fisher’s equation ([1]). Finally, we provide the details of verification

of upper-lower-solutions constructed in §2.

2. METHOD OF GENERALIZED UPPER-LOWER-SOLUTIONS

In this section, we shall provide some details of the method of generalized upper-lower-
solutions with the help of Schauder’s fixed point theorem (cf. e.g., [14, 10, 11]). First, we
define the following function spaces

X = {@ = (¢1, ¢, ¢3) | ® is continuous function from R to RB} ,
XOZ{(¢17¢27¢3>€X‘0§¢1§17 O§¢2§17 O§¢3§B foralleR},

where B := 2a — 1.
Define the functions Fy, k =1,2, 3,

Fi(y1,y2,y3) = Ty1 + miyn (1 — y1 — kys — bys),
Fo(y1,92,Y3) = TY2 + roya(1 — hyr — y2 — bys),
Fs(y1,y2,y3) = Tys + r3ys(—1 + ays + ayz — y3),

for some large enough constant 7 such that
7> max{ri(l+k+bB),r(l+h+bB),r3(2B + 1)}.

Note that we have
8F1 8F1 aF’l .
oy — 7 Oya — T Oy —
aFQ 8F2 aF’l
oy = Oy — 7 Oy
oyr — 7 Oyz — 7 Oys

Also, system(1.9) can be re-written as

dk(b/k/(Z) - S¢;€(Z> - T(bk(Z) + Fk((bl? ¢27 ¢3>(2) = 07 k= 17 27 3.
Next, we define

4+ /52 +4d
vt(s) = 0 123,
k
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Clearly v, <0 < v, and
dk(yff)Q — syl;t —7=0, k=1,2,3.

For (¢1, 02, ¢3) € Xo, we consider the operator P = (Py, Py, P3) : Xg — X defined by
1 z _ (o.)
Puorsn00(:) = 7ot | [ en0 s [T o0 Bon, an g€
dk(yk - Vk ) —00 z

for k=1,2,3, 2 € R. It is easy to check that the operator P satisfies

dk(Pk(¢1; P2, ¢3))”(Z) - S(Pk(¢1, ®2, ¢3))I(2) - TPk(<Z51, ¢, ¢3)(2) + Fk<¢17 O2, ¢3) =0

for k = 1,2,3, 2 € R. Therefore, to find a solution of (1.9) is equivalent to finding a fixed
point of the operator P.

Now, we introduce the definition of (generalized) upper-lower-solutions of (1.9) as follows.

Definition 2.1. Positive continuous functions (¢,, ¢, ¢3) and @1,@2,@3) are called a pair
of upper-lower-solutions of (1.9) if g_bg, ?Z, 52, Q;, i = 1,2,3, are bounded functions and

satisfy the following inequalities

(2.1) Uy (2) = iy (2) — 56(2) + 116, (2)[1 — §4(2) — ko, (2) — bo,(2)] <0,
(2.2) Up(2) = dady(2) — 565(2) + 1205 (2)[1 — h, (2) — By (2) — b, (2)] < 0,
(2.3) Us(2) = dyy(2) — 5G4(2) + 130(2)[— 1 + agy (2) + ady(2) — By(2)] < 0,
(2.4) L1(2) = did/(2) — 50 (2) + 118, (2)[1 — ,(2) — kdy(2) — bds(2)] > 0,
(2.5) Lo(2) = dal)(2) — 56,(2) + 118, (2)[1 — hhy () — ,(2) — bs(2)] > 0,
(2.6) L3(2) = dsdll(2) — s¢,(2) + 130, (2)[~1 + ag, () + ag, (2) — ,(2)] > 0,

for z € R\E with some finite set E = {z1,29,...,2m}.

Then the following lemma gives the existence of positive solutions of (1.9). Since its proof

is standard by now, we safely omit it (cf. [14, 10, 3]).

Lemma 2.2. Given s > 0, suppose that (1.9) has a pair of upper-lower-solutions (51,52,53)
and (?1,@2,93) in Xy satisfying

(1) d(2) > 0,(2), z€R, k=1,2,3;

(2) 34(27) = B(zY) and & (27) < (1), 2 € B, k=1,2,3,
where

(%) = lim_ Gi(2), ¢(=%) = lim ¢, (2).

Z—)Z

Then (1.9) has a positive solution (¢1, ¢2, ¢3) such that ¢, (2) < ¢x(z) < ¢(2) for all z € R
fork=1,2,3.
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Based on this lemma, it remains to construct a suitable pair of upper-lower-solutions for
all admissible wave speeds. For the construction of upper-lower-solutions, we divide our

discussion into two cases: s > s* and s = s*.

Case 1. s > s*. Given s > s* = 24/dsr33. Recall 8 = au, + av, — 1 and B = 2a — 1. Note
that B > 0, since a > v > 1/2.
Let H(\) := d3)\?> — sA + 138 and 0 < A3 < A4 be two roots of H. We introduce the

following upper-lower-solutions

(2.7) Z’(z):{%%% B iig
A3z
(2.8) ={51, W
(2.9) Z{vﬁhup h iig
B A3z
(2.10) :{ 5 e iig
A3z
(2.11) ={§,€3’ iig
A3z A3z
(2.12) 0,(2 :{ f:g e iiiﬁ

where constants u, g and 9;, ¢ = 1,2, 3, are chosen in the following order:

(2.13) 1< p<min{2,\;/A3},

r3B(B + B)
(2.14) ¢ > max {B, ——H(M/\3) },
(2.15) 6, :=(1—k—0B)/2, 03 := (1 —h—0bB)/2, §3 := min{a(d; + do) — 1, M/2},

in which M := B(B/qu)Y" V(1 —1/u) = f(zym) = max.cr f(2), f(2) = Be* — get?s=.

The number z3 € (27, 20), where f(zy) = 0 with zg := ;n EB/‘I)) < 0, is defined by

Bet3® qeu>\323 = 83.

Note that the conditions (1.11) and (1.12) are assumed to ensure §; > 0 for i = 1,2,3. Also,
by the choice of p in (2.13), H(uA3) < 0. Furthermore, the condition ¢ > B is assumed to
ensure that z3 < 0; while 65 < M/2 is for the continuity of ¢, and that condition (2) in

Lemma 2.2 holds. Then we have

Lemma 2.3. Suppose that s > s*. Then the functions (¢,, ¢y, ¢3) and @1,?2,93) defined
n (2.7)-(2.12) are a pair of upper and lower solutions of (1.9).
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Case 2. s = s*. Note that s = 2d3\3 when s = s* = 21/d3r3. We follow an idea from [3]

and consider the following upper-lower-solutions

(2.16) ¢1(2) = { pr e, . jﬁi

(2.17) ¢,(2) = { 5 (o = B2 . j?iz
219 B = { PRI TE

(219) 6.(2) = { g;— (v, — 0a) Age(—2)e*s2, zi j?ii
(2.20) B4(2) = { éf(_z)eAsz’ oS j?t

(2.21) 6.(2) = { (Eﬁs(—z) — q(—2)V?] e, iiz
where

Ly = kvyAse, Ly = huyze, Ly = Blse,

the parameter ¢ is chosen to satisfy

1ja 4C 7 \"?
(2.22) ¢ > max Be)\3/ ,—1r3B(B+ B) ¢, C:= (\se)? ,
ds 2)\ze€
and the constants d;, i = 1,2, 3, are defined by (2.15) in which M := g(z},) is the maximum
of g(z) = [L3(—2) — q(—z)"/?] "% for = < 0. The number zj € (2};,z2), where zj :=

—(q/Ls)* < —1/);, is defined by
[L3(_Z§) - Q(_Z;:)l/ﬂ M = d3.
Then we obtain

Lemma 2.4. Suppose that s = s*. Then the functions (¢, ¢y, d3) and (?1,%,@3) defined
by (2.16)-(2.21) are a pair of upper-lower-solutions of (1.9).

With the constructed upper-lower-solutions, we deduce the following existence theorem by
applying Lemma 2.2. Since the proof is just to check the conditions (1) and (2) in Lemma

2.2, we safely omit it.
Theorem 2.5. For all s > s*, there exists a positive solution (¢1, ¢, ¢3) of (1.9) such that

im (g1, ¢a, @3) = (up, vy, 0) and Qj(z) < ¢;i(2) < 9,(2), z€R, j=1,2,3.

Z—r—00
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3. PROOF OF THEOREM 1.1

This section is devoted to the proof of our main theorem, Theorem 1.1. For the existence
part of Theorem 1.1, it remains to show the convergence of the wave profile to the co-existence

state E,. as z — oo.

Theorem 3.1. Let (¢1, ¢2, ¢3) be a solution obtained in Theorem 2.5 for a given s > s*.
Then (¢17 ¢27¢3)(z) - (UC,UC,U)C) as z — 0.

Proof. First, we consider the rectangle @ := I} X Iy x I3 with I(0) := [m(0), My (9)],
0 € [0, 1], where

my(0) := (1 —0)(6y — &%) + Ou., M;(0) := (1 —0)(1 + &%) + bu,,

ma(0) := (1 — 0)(02 — €2) + Ov.,  Mo(6) := (1 — 0)(1 + &2) + v,

mg(0) == (1 —0)(05 —¢) + Ow,, M3(0):=(1—0)(B+¢e)+ 0w,

for some positive constant ¢ satisfying

1
(3.1) 0<€<min{%,\/5—1, @535_55_;}

From (1.5)-(1.7), it is easy to check that §; < u. < 1, 09 < v, < 1 and 03 < w. < B, by
using condition (1.12). Hence m;(0) is strictly increasing and M;(#) is strictly decreasing in
0 such that (mq,mg, ms)(1) = (My, My, M3)(1) = (te, Ve, we).

For convenience, we let

gbj = limsup ¢;(2), ¢; :=liminf ¢;(2), j =1,2,3.

2—00 —00

Obviously, we have
mi(0) =6 —e? <8 < ¢y <of <1< 1+e* = M(0);
ma(0) = 6y — 2 < 8y < ¢y < of <1< 14 = My(0);
m1(0) =83 —e < 03 < ¢35 < ¢3 < B < B+¢e = M;(0).

(
(

Hence the quantity
6o :=sup {0 € [0,1) [ mr(6) < & < ¢f < My(0), k = 1,2,3}

is well-defined and 6y > 0. Then the theorem follows if we can prove that 6, = 1.

Upon choosing the sequence of rectangles, the proof of 6, = 1 can be carried out by a
method used in [3, 5] as follows. For contradiction, we assume that 6, € (0,1).

First, we check that

) = 1— m1(90) — kMQ(HO) — bM3<90)
= 1—(1—=00)(01 — &%) — Opue — k(1 — 0) (1 + £%) — kbov. — b(1 — 6p)(B + €) — bhw,
= (1—-0))[1—k—bB—05 +e*(1—k)—be] > (1—60p)(0; — be) >0,
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by (2.15) and (3.1). Similarly, we have
wi = 1= My(6o) — kma(6o) — bma(6p) = —(1 = 0o)[e* + k(85 — %) + b(d3 — £)] < 0,
ag :=1—hM(0y) —ma(bh) — bM5(0y) > (1 — 0p)(d2 — be) > 0,
wy := 1 — hmy(0) — M2(6p) — bms(0) = —(1 — 0p)[e” + h(0; — €*) + b(d5 — &)] < O,
az = —1 4 amq(6y) + ams(6y) — m3(6y) = (1 — ) [e(1 — 2ae)] > 0,
wy = —1 4 aM(6p) + aMz(bo) — M3(0p) = —(1 — bo)[e(1 — 2ae)] <0,

)
) )
) )
(

by using (2.15) and (3.1).
Next, by passing to the limit, my(6y) < ¢, < ¢ < My (), k = 1,2,3, and at least one

of the following equalities
¢]; = mk(90)7 ¢]-: = Mk(QO)a k= 17 2a37

must hold. Then, with the help of the positivity of {«;, —w;, i = 1,2, 3}, the method of [3, 5]
can be applied to get a contradiction.

For the reader’s convenience, we give the idea as follows. Suppose, for example, that
¢35 = M;3(p). Then there are the following two possibilities. Suppose that ¢3(z) is monotone
for z in a neighborhood of co. Then ¢3(00) = M3(6y). By integrating the third equation in
(1.9) from 0 to n for any n € N, we obtain

(32) —dngﬁg(n) + dggbg(()) + $¢3(7’l) — qug(()) =173 /On qbg(Z)(—l + CL¢1 + &¢2 — qbg)(Z)dZ
Since

limsup{és(2)(—1+ a1 + aga — ¢3)(2)} < M3(0p)ws < 0,

2—300
the right-hand side of (3.2) tends to —oo as n — oco. But, the left-hand side of (3.2) is
bounded uniformly for all n € N, a contradiction.

Now, suppose that ¢3(z) is oscillatory near z = co. Then there is a sequence of local
maximal points {z,} of ¢35 such that z, — oo and ¢3(z,) — M3(fy) as n — oo. Since
ds@y(zn) — sPf(z,) < 0 for all n and

liqunﬁsogp{cbs,(zn)(—l + ady + ags — P3)(2n)} < Ms(0o)ws < 0,

we reach a contradiction. Hence the case ¢3 = M3(6y) is impossible. The other cases are

similar. This proves the theorem. 0

Finally, the proof of the non-existence part of Theorem 1.1 is almost the same as that of

[5, Proposition 5.1}, we only give an outline of the proof here.

Theorem 3.1. For s < s*, there is no positive solution (¢1, P2, ¢3) of (1.9)-(1.10).
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Proof. First, we claim that s > 0 by a contradiction argument. Suppose that there exists a
positive solution (¢1, ¢a, ¢3) of (1.9)-(1.10) for some s < 0. Then, due to (¢1, P2, ¢3)(—00) =
(up, vy, 0), there is a large N > 0 such that
s
—1+agi(y) +aga(y) —dsly) =2 5, Vy < —N.

Integrating the third equation in (1.9) in y from —oo to z < —N and then in 2z from —oo to

—N, we obtain

—N z -N
o< | ) / oy < - | ez = ~dugu(-N) <0

a contradiction. Hence s > 0.

Now suppose that there is a positive solution (¢1, @2, ¢3) of (1.9)-(1.10) for some s € (0, s*).
Since 0 < s < s, there is a small positive ¢ such that 0 < s < 2\/d3r3(6——2a5). For this ¢,
using (1.10) and positivity of (¢1, 2, ¢3), there are constants ¢; and co such that

(3.3) d1(2) + c193(2) > up — e, Vz € R,
(3.4) Ga(2) + c2p3(2) > v, — e, Vz € R.

Note that (u,v,w)(x,t) = (¢1, P2, ¢3)(z + st) satisfies
(3.5) Wy = d3Wyy + rsw(—1+au+av —w), r € R, t > 0.
Plugging (3.3) and (3.4) into (3.5), we obtain

wy > dzwWy, + r3w((8 — 2ag) — (acy + aca + 1)w], x € R, t > 0.
Then the spreading theory of [1] gives

.. b — 2ae
1 f t),t) > — > 0,
ltrgg wly(t),t) = acy +acg + 1

where y(t) := —(s 4+ 24/dsrs(f — 2ae))t/2, since |y(t)| < 24/dsrs(f — 2ae)t for all ¢t > 0.

But, y(t) + st = —o0 as t — oo. This implies that w(y(t),t) = ¢3(y(t) + st) — 0 as t — oco.

Thus we finish our proof by contradiction. ([l

4. VERIFICATION OF UPPER-LOWER-SOLUTIONS
Proof of Lemma 2.3. For z > 0, ¢,(2) = 1, #,(2) = 02 and ¢,(2) = d3. Then
Uy (z) = —r1(kdg + bd3) <0, z > 0.
For z < 0, ¢,(2) = u, + kv,e*** and 6,(2) = v, — (v — §y)e**. Then

Uy (2) = (diA] — sAa)kv,e™™ + 71 (uy, + kvpe™) (—0ake™™ — bg,).
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Note that d1)\§ — S)\g <0if )\3 € [O, S/dl]. By (113), d3 > d1/2,

Ny = s — /8% — 4dsrs3 < 5= \/ 82 — 4dsrsf3 - s

2ds - dy di

It follows that
U(z) = (1] — sAa)kvpe™® + 11 (uy + kvpe’) (—0ake* — bg,) <0

for z < 0. Hence U, (z) < 0 for all z # 0.

Similarly, Us(z) < 0 for all z # 0, by (1.13).

Next, we show that Us(z) < 0 for z # 0. For z > 0, ¢,(2) = ¢o(2) = 1 and ¢4(2) = B. It
follows that

Us(z) =r3B(—1+2a—B)=0, z >0,
since B = 2a — 1. For 2 < 0, ¢;(2) = u, + kv,e’%, $y(2) = v, + hu,e®* and ¢4(2) = Bet**.
Then
Us(z) = B(dsA] — sXs3)e™™ + r3Be’™ [ + a(kv, + huy)e™” — Be™?]
= BH()\3)e™® 4+ r3Be** [a(kv, + hu, — 2) + 1]
= —r3Be**(a/y —1) <0,
by the fact that H(\3) = 0 and (1.3). Hence U3(z) < 0 for all z # 0.
Thirdly, we show that £i(z) > 0 for z # 0. For z > 0, ¢ (2) = d1, ¢y(2) = 1 and
¢4(2) = B. It follows that
Li(z) =116,(1 =0, —k—0bB) >0, z>0.
For z < 0, Ql(z) = u, — (up — 01)e?, @y(2) = v, + hu,e™* and ¢4(2) = Be*s?. Then, setting
p1i=1—01/uy,
we compute
L1(2) = —pruy(didi — sX3)e™ + riu, (1 — pre*) (pruye™® — khuye — bBe*3?)
> riuy(1 — p1e®) (pruye’™® — khuy,e™* — bBe*?)
= ruy(l —pre®) (1 —k — 0, —bB)e™ >0, 2 <0,
using d; A3 — sA3 < 0. Hence £(z) > 0 for all z # 0.
Similarly, £9(2) > 0 for all z # 0.

Finally, we show that L£3(z) > 0 for z # z3. For z > z3, QS(Z) = 03, [ 01 and ¢, > 3.
Hence, by (2.15),

£3<2) > 7”353(—1 + ad1 + ady — 53)2 0, Yz > zs.
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For z < z3 <0,
B,(2) = Bel® — qetts® ¢, (2) = up — (up — 51)et?, 6,(2) = vp — (v — b9)es?.

Then, setting
(4.1) p1i=1—101/uy,, po:=1—202/v,,
we compute

Ly(2) = B(dg)] — sXhs)e™ — qlds(us)? — s(pds)]e**

+ry(Be?s® — getts?) [B — aprupe™* — apauye™ — Bet3* 4 qe“’\“} )

Due to the fact H(A3) = 0, we have

)
—qH (p)sg)e!* + r3(Bets — gel*s?) (—aplupe’\3z — apyupe™® — BeM® 4 qe“)‘“)
)

L3(z) =
> —qH(u)3)e"* + ryBe*s* (—apyu, — apyv, — B)
= [ qH (uds) — r3Be® M= (apiu, + apyv, + B))
> e"F[—qH (u)s) — r3B(S + B — d3)] > 0,

for z < z3, by the choices of p in (2.13) and ¢ in (2.14). This completes the proof of this

lemma. O

Proof of Lemma 2.4. Note that 2d3 3 — s =0 < 2dgA3 — s, k = 1,2, when s = s*.
First, we show U;(z) < 0 for all z # —1/X3. For z > —1/\3, ¢,(2) = 1, ¢,(2) = do and
¢,(2) = 03. Then

u1(2’> == —7“1(]{}(;2 + b53) S 0

For z < =1/, ¢1(2) = up + Ly (—2)eM?, 0,(2) = vy — (v — o) Aze(—z)ers?, $,(2) = 0, and

SO

Z/ll(z)

IN

Ly (—2d1 s + 5)e™* + Ly (di A2 — sAs)(—2)e™*

116 {—L1(—2)e™* + k(v, — 0) Aze(—z)e?3*}

= Li(=2di )3+ 8)e™ + Li(diA; — s)\3)(—2)e™ — rigy Aze(—2)kdye*

< 203Li(d3 — dy)e™® + ALy (dy — 2d3)(—2)e™* <0,

by (1.14). Hence U;(z) < 0 for all z # —1/A3. Similarly, we also have Us(z) < 0 for all

Secondly, we show that Us(z) < 0 for all z # —1/A3. For z > —1/\s,

Us(z) =r3B(—1+42a — B) = 0.
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For z < —1/\3, we have
01(2) = up + Li(—2)e™, dy(2) = vy + Lo(—2)e™*, ¢y(2) = L3(—2)e”.
Hence, using au, + av, — 1 = 3, s = 2d3A3 and H(A3) =0,
Us(2) = Ls(ds)3 — shg +1r38)(—2)e™* + La(—2ds)s + s)e™*
+r3Lg(—2)%e**(aLly + aLy — Ls)

= r3hzels(—2)%e*** (akv, + ahu, — 2a + 1)

= rydgels(—2)%e**(1 —a/y) <0,
by (1.3). Hence Us(z) < 0 for all z # —1/As.

Thirdly, we show that £1(z) > 0 for all z # —1/A3. For z > —1/A3, ¢ (2) = d1, 0y(2) =1
and ¢4(z) = 1, it follows that

Li(z) =r10(1—6 —k—0bB)>0.
For z < —1/\3, we have, recalling py =1 — 6, /u, € (0,1),
L1(z) = —prupAse(—2A3d; + s)eMs® — pruprse(di N3 — sA3)(—2)e??
+r1¢, (){(1 = up — kvy) + (pruphse — kLy — bL3)(—2)e***}
= —pruphze(—2X3d; + 5)e™* — prupse(di i — sA3)(—2)et
+r1¢, (2){[(1 = kh)u, — bB — 1] Ase(—z)e’**}
> —prupAze(—2A3d; + s)ers® — pruprse(di\; — sA3)(—z)e?s?
= 2pupAie (dy — d3) €% + pruyhie (2dz — dy) (—2)e™* > 0,
by using 1 — u, — kv, =0, (2.15) and (1.14).
Similarly, we also have L£5(z) > 0 for all z # —1/\;3.

Finally, we show that L£3(z) > 0 for all z # 25. By the choice of ¢, z5 < —1/A3. For
z>z3, ¢,(2) =03, ¢, > 61 and ¢, > J,. Hence, as before,

Eg(Z) > T353(—1 + CL(51 + CL(52 — 53)2 O, Vz> Z;
For z < 23, by using the facts that dzgA\2 — sA\3 + 138 = 2d3zA3 — s = 0,

Lae) = Bgs e
b ralLa(—2) — (=) e [—(8 — 85 se(—2)e — Ly(—2)e 4 g(—2) 2]
> %q( 2) 73227 g Lg(—2)%e% Nge [ — 05 + B
d
= Z?’(—Z)_?’/2e)‘32 [q — 47“33()\36)2(—2)7/26’\3Z(ﬁ — 03 + B)/dg}
d 7 N\ T7/2
> —(—z)_3/2e)‘3z q — 4rsB(A\se)? [ —— (B — 03+ B)/ds| >0,
4 26)\3
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by the choice of ¢ in (2.22) and the fact that

7 N\
(—2)72eM* < for all 2z <0.
26)\3
Hence we obtain £3(z) > 0 for all z < z3. The proof of the lemma is thus completed. U
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