CHAP 16 Non-linear Programming
16.1 Mathematical Background
A.Convex hall

convex set

A set Sin R"is convex if x,,y, €s and 4 €[01] such that Ax, +(1—A)y, € s

O O

convex non-convex

Sand T are convex sets in R"

S NT is aconvex set

S UT is not necessarily a convex set
@ @

the feasible set of LP is always a convex set

a convex combinations of vectors (x,,....., X,,) is defined as
X=X =X + A%, +--+ A, X, Where 4, >0 and ) 4, =1

convex hull

a smallest convex set containing S where S is an non-convex set in R"

B.Interior point
norm

Euclidean distance between two points

xandyinR"

vom ~fi-y|-| 66 -5F|
neighborhood

(1) a set of & neighborhood about the point xo is defined as S, = { X ‘ X =Xo|| < &,& > 0}

(2) interior point : a point x, € S is an interior pointof Sif S; = S
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C.Close set and open set

open set : aset S is open if it is composed of interior points only
close set : aset S is closed if it contains boundary points
D.Bounded and unbounded set

a set is bounded if big M such that || < M

a set is not bounded is an unbounded set
E.Compact set

a set is compact if it is a closed and bounded
F.If feasible set is compact then solution exists
G.Convex and concave function

one variable

f(x) f(x)

convex concave
fis convex if f'(x)>0,vx (strictly without "=" sign)
fis concave if f"(x)<0,vx (strictly without "=" sign)

definition
a function is convex if and only if two points x; and x, , and A € [0,1] such that
fax, + (L= A)x, ] < AF (x )+ (@ 2)F(x,)

f(x) \

]

~s

properties of convex function
D fx) 0
(2) the chord joing any two points on the curve lies above the curve

(3) for a convex function a local minimum is always a global minimum

\J AV
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non-convex concave
the linear approximation of f(x) always under estimate the true function value

pf : from Taylor's series expansion

ok +h) == F(x)+
let x=Xo+h then
() ( )+f (Xo)(x Xo) ;—!f"(XO)(X—XO)2+---
(x)= 1 %)+ T )X = %)= (x)
= £(x)2 £ %)+ f (% )x=%,)
f(x)

for many variables

gradient of a function
vf( ) l o .. &

0% ! axz ' Y OXp
Hession matrix of a function
H =Vf(x)= |2 |

010X,

[ o2t e Pt
ox2 OX,0X, O%,0X,,
i i Al |
H = % o2 OXp0%n
i o't . o
X, 0% X, 0%y ox?
ay ay,
_anl ann

f"(x)>0 - H is positive-semidifinite (p.s.d.)
- f(x) is a convex function

p.s.d < x Hx>0,Vx,x#0

f"(x)>0 - His positive-definite (p.d.)

p.d < x"Hx>0,vx,x =0

Di=an
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11 12
D, =
21 22
all a'ln
D, =|
anl ann

the leading principal minor of H matrix

Hispd. <D, >0,D, >0,---,D, >0

- f(x) is strictly convex function

Hispsd < D, >20,D, >0,---,D, 20

Hisnd. < (-1)'D, >0,(D, <0,D, <0,---,D, <0)

Hisns.d. < (-1)'D, >0,(D, <0,D, <0,---,D, <0)
example

f (X, Xy, Xy )= 3X2 + 2X2 + X2 — 2%, X, — 2%, X5 + 2X,X; — 6X, — 4X, — 2X,

6X, —2X, —2X; —6
VE(x)=| 4x, —2x, +2x, — 4
2Xy —2X, +2X, =2

6 -2 -2
H=| -2 4 2
-2 2 2
D, =6/>0
6 -2
D; = 2 4 =20>0
6 -2 -2
D;=| -2 4 2 | =16>0
-2 2 2

His p.d. - f(x) strictly convex

— minimize problem

16.2 NLP as One Dimension
A.Unconstrained optimization

1st order condition

(1) stationary points

(2) solution
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(3) necessary condition

global and local maximum

/ local minimun
inflection point

\___~ global minimum

2nd order condition

(1) uniqueness

(2) sufficient condition

f'(x)>0, ¥x= minimum
f'(x)<0, Vx= maximum

theorem 1

a necessary condition for X" to be a local minimum of f(x) on the open interval (a,b) f is twice

differentiable are that 5| . =0 and oL
X=X OX

.20
X

theorem 2
(1) x" is a stationary point (f(x)=0)

2nd order sufficient: f"(x")= 0= local minimum

ath order sufficient : f'(x")=f"(x")=f"(x")=0
f4(x")>0= x" isalocal minimum

(2n)th order sufficient : f(x")=f"(x")=---= f@3(x")=0

f2n (x*)> 0= x"is a local minimum

(2) example
f(x)=x

F(x)=3x? /
f'(x)=6x
f*(x)=6>0 /
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theorem 3

X is a local minimum of f(x) if and only if f(x*)s f(x) for all x with in a distance S from x™. X~
is a global minimum of f(x) if and only if f (x")< f(x) for all x.
theorem 4

a sufficient condition for x” to be a local minimum is f(x) is strictly convex in the neighborhood

f(x) f(x)’ f(x)’
) > >

of X~

convex unimodel unimodel
strictly convex non-convex
B.Constrained optimization
min f(x) min f(x) min f(x)
st. b<x<a st. b<x st. x<b
Xx<a -x<a
f(x) f(x) f(x)
I
b X a b a b a
interior point X b X a
of . .
x=0 15 g CIGPY

general form
min f(x)
st. g,(x)=b;, Vj

f'(x) and g'(x) has same sign
) =0
(2) afa(xx) > 0’ 09, (x) =1

oX

@ Gl <0 =1

general Kuhn-Tucker condition (KKT)
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6g.(x*)
a(x) _ U i

. _ i)
W %= 2V
2 U, —g,(x)|=0, Vi
3) U, 20, Vj

4) g;,(x)=b;, V]

16.3 NLP in Multiple-dimension Problem
A.Unconstrained problem
Min.f(x)
1st order condition : Vf(x)=0
2nd order condition
(1) H is p.d. : unique minimum
(2) H is p.s.d. : alternative minimum
B.Constrained problem
Min. f X
st. g,(x)xb;, Vj
necessary condition : KKT condition
Vi (x)=UVg(x)
Ujlbj _gj(X)J:O’ Vj
U, >0, vj
g,(x)=b;, Vj
example

Min.  f(X1,X2) = X2 + 2X1Xo + 2X3 — 2X1 — 4X
st X +X,22

2%, +2x,-2=U

2X; +4x, —4=U

U(x +x;—2)=0

X, + X, =2
Uuz=0
= (x, % )=@1)

= f(x)=-1 U=2

}:> necessary condition

if it is unconstrained

Vi (x)= {ZXl +2X, — 2} _ {O}
4, + 2%, —4 0

= (%)= (01)

= f(x)=-2
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H 2 2 is pd unique
= a. =
2 4" °F |

for equality constraints : use Lagrange Multipliers
Min. f x =x*+y°
st.g,(x;)=b;, Vj

= min. L= f(x ZU[ b,

%L o Lo
ou ax
%=2x—22,1—3/12=0
X
%=2y—/11+2/12=0
oy

= L =2X+y-3=0
oU,
L

= =3Xx+y-6=0
ou,

16.4 NLP Algorithms
A.Unconstrained NLP algorithms
direct search method : one dimension

(1) Golden Section Method
Min. f(X)

R=X_—a X, =a+b=2=2
:>
X —XL—A R =a+ =g

::E L; &:;IEE:? _a}lfb—angr|f(XR—f(XL))|SA stop
)

if £(X,)=f(Xg)then X, <X <X,

example

3X , 0<X <2
Max. f(X)=

% +24,2<X<3

(2) Midpoint Search Method
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step 0 : find X, X set ¢

stepl:let X = XJZFA
step 2 : caculate f X)
dx

step3:ifM20:>L=X'
dx

step 4 :if MSO:sz'
dx

gradient search method : multiple dimension
(1) step 0 : select ¢ and initial trial solution X

of

(2)step 1:set X = X, +t(a—xjx_xv

(3) step 2 : substitude X into f(X)
(4) step 3 : use one-dimension search method find t” that maximize f(X' +tVf (x))

(5) step 4 : if (2—:() < ¢ for Vjstop

(6) step5: X = X +t"Vf(x), go to step 1

(7) example

f(X) = 2X1 Xz + 2Xp — X2 — 2X2

of
X,

of
X,
step 0 :

=2X,—2X,
= 2X, +2-4X,
£=0.001, X =(0,0),

v (0,0)=(0,2)

step 1 : X;=0+t(0)=0, X,=0+t(2)=2t
f(X +tvf(x))= £(0,2t)= 4t —8t>

Step 2:
step 3:
step 4 :
step5:
Step 6 :

s(at—8t?)=4-16t=0, t' =1

vf(0,4)=(10)

step 7 :X=(0,2)+t(1,0)= (¢, 3)

| r(x) VIO g (xwwr(x) | e | X sev(x)
1| (00) | (02) (0,2t) 4t — 8t? 2 (0,1)
2| (03) | (©0) (t.3) t-t°+ 7| G3)

QT v Ty
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=4
X =(0)+10.0)=(2.2)
B. Constrained NLP algorithm
Lagrangean method

Convert to be unconstrained problem by introducing Lagrangean multiples
L(x,4)= f(x)-Ag(x)
use partial derivation to identify stainary point

a-0

oA

a_q

X
use Hession matrix to test its sufficient condition
Ex:
Min. x2 +Xx5 +x;
st 4x, +Xx2+2x;-14=0
L(A, X ) = X2 + %2 + X2 — A, (4%, + X2 + 2%, —14)
£=2%-41=0
2o =2%,-2x,=0
L =2x,-24=0
4= —(4xl + X2 +2X, —14): 0
= (X0, 4o ), =(2,212)
(Xo Ay )2 = (2’_2’1’1)
(X, 40), =(2.8,01.41.4)

2 0 O
H=|0 2-14 0
0o 0 2
D, =[2/=2>0
2 00 ) 0
H,=/0 0 O DZ:‘0 0‘:0 p.s.d= convex=>local min.
0 0 2
D,=0
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2 00
H,=10 0 O =p.sd
00 2
D, =[2=2>0
2 0 0
2 0
H,=0 -08 0| D,= =-16<0
0 -0.8
0 0 2
2 0 0
D,=[0 -08 0=-32<0
0 0 2

16.5 Convex Programming

min  convex object function

max  concave object function

solution approach
Gradient algorithm  gradient search procedure
sequential unconstrained algorithm
use penalty function and barrier function to convert to unconstrained problem.
sequential approach algorithm
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replace objective function by linear/guadraic approximation methods
Frank-Wolfe Algorithm
suitable for linear constrained convex programming

use first-order Taylar series

f'(x)= f(x')+zn:af(x‘)-(x— x'j): f(x )+ VE(x Jx—x)

= OX,

drop to give an equivalent linear objectives

Q(X)=Vf'(X)X=Zn:ijj where C, =a;T(X) at x =
i1 j

in linear O.F.

it increase steady as one more from X t0 Xip

in convex O.F.

may be increase all the way from X t0 X.p

not accept X, as next trial solution

we choose the point the maximize the nonlinear objective function along this line segment

as trial solution
procedure

step 0 find an initial trial solution x©  setk=1
of (x _
(x) at x = x**!

OX i

step 2 find an optimal X(,_';) by LP model

Max. g(x):Zn:ijj
r=1

st. AX<X
step3 fort (0<t<1)set
ht)=f(x) for x = x* 2 +t(x() —x)
use search procedure or linear algebra to find x* such as to maximize h(t)

stepl forr=12,....... ,n evaluate

step 4 if X —x*t<e stop
otherwise K=K +1 gotostep1
EX Max. f(x)=5x —x7+8x, — 2X
st. 33X, +2X, <6

X, X, 20
sol af(x):5—2xl af()():8—4X2
0%, 0oX,

use X° =(0,0) asC, =5, C, =8
solve  5X; +8X,
st. 3X, +2X, <6
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C,=5-2(0)=5,C, =8-4(2)
=solve Max. 5X;

st. 3% +2X, <6

= x{7 =(20)

X =(0,2)+t[(2,0)-(0,2)] =

h(t)= f(2t,2—2t)=5(2t)-(2t)* +8(2 - 2t)-2(2 - 2t)’

8 +10t —12t2
h'(t)=10-24t=0 t=3

- 02)+ [20)-02]-( 2,

=0

(2t,2-2t)
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[64E] % f (X, X,) =%xf +2X7 X, + X X5 —16%, —6X, 2 {5 E

ja :
VE[ax2 + ax x, + X2 =16 2x, +X,X, —6]=[0,0]
AXZ +4X X, + X2 =16 .o, 4)
2X7 + 2X, Xy = 6 i (5)
4 (4) > (5)
2x2 =4
X, ==£2

£X, =2 Rl x =12 -3
X, =—2 Rl x, =3 & -1
MZ v i(1:2)(3:2B-2)(1>-2)

””H(Z){

8x, +4x, 4x, + 2X,
4%, + 2X, 2X,

8

H(12)= {16 5

]37»*“1']’?31(1’2)3&%}”

H(-3,2) = £

‘86} # A f(32)=245 it it

8
-16
-8

HE-2)=| Plazal #f(3-2)=-24% ponid it

' 8 6

6

HL-2)=| 2 72 1aa 2 &1 25w -
’ -8 -2

[148] 20<x<2 B AP » £ f(X)=12x-3x" —2x° 2 &+ & -

& :
£ A=0.01-n
Xg — X —A
X =X+ >
“ = x Xg — X +A
2 7 ML 2
e EdeT &
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Th 2k X, Xg X, Xy f(x) f(x,)
0 0 2 0.995 1.005 7.0588* 6.9388
1 0 1.005 0.4975 0.5075 5.7559 5.8568*
2 0.4975 1.005 0.7463 0.7563 7.6794 7.7198*
3 0.7463 1.005 0.8707 0.8807 7.8527* 7.8303
4 0.7463 0.8807 0.8085 0.8185 7.8615 7.8742*
5 0.8085 0.8807 0.8396 0.8496 7.8838* 7.8800
6 0.8085 0.8496 0.8241 0.8341 7.8790 7.8836*
7 0.8241 0.8496 0.8319 0.8419 7.8831 7.8834*
8 0.8319 0.8496 0.8358 0.8458 7.8839* 7.8821
9 0.9319 0.8458 0.8339 0.8439 7.8836* 7.8829
10 0.8319 0.8439 0.8329 0.8429 7.8833* 7.8831
11 0.8319 0.8429 0.8324 0.8424 7.8832 7.8833*
12 0.8324 0.8429 0.8327 0.8427 7.8833* 7.8832
13 0.8324 0.8427 0.8326 0.8426 7.8832 7.8833*
14 0.8326 0.8427 0.8327 0.8427 7.8833* 7.8832

Stop

#112.0.8326 < X~ < 0.8427
P x" = (0.8326 +0.8427)/2 = 0.83765

f (0.83765

827X X" =0.83765 # £.E & Hif 2> e H:E 4 4 5.05x10 °(0.8427 —0.83765 =5.05x10 %) ¢ ¥4k

) = 7.8839

AP .

L(Z,A) = 3%+ X5+ 2X,X, + 6X, + 2X, — A(2%, — X, — 4)

¥z
RS S df (x) X, Xq New X’ f(x)
dx
0 0 2 1 7
1 -12 0 1 0.5 5.7812
2 10.12 0.5 1 0.75 7.6948
3 4.09 0.75 1 0.875 7.8439
4 -2.19 0.75 0.875 0.8125 7.8672
5 1.31 0.8125 0.875 0.84375 7.8829
6 -0.34 0.8125 0.84375 0.828125 7.8815
7 0.51 0.828125 0.84375 0.8359375 7.8839
Stop
X" ~0.836
0.828125 < x” < 0.84375
[ 6)4E] Max f(Z)=3x7+ X5 +2xX, + 6% + 2X,
St 2%, — X, =4
fz

i:6x1+2x2+6—2/1:o
OX,
»;51*_7 , ur 30, « 24
S—L:2xl+2x2+2+/1:0 ﬁ*"xl—ﬁ XZ__H STy
X2
a—I':le—x2—4:o
oA
2l f(l,ﬂ) -85.7
11 11
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