
CHAP  16  Non-linear Programming 

16.1   Mathematical Background 

A.Convex hall 

－convex set  

A set S in Rn is convex if  and syx ∈00 , [ ]1,0∈λ  such that ( ) syx ∈−+ 00 1 λλ  
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－S and T are convex sets in Rn

TS ∩ is a convex set  

TS ∪ is not necessarily a convex set 
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－the feasible set of LP is always a convex set  

－a convex combinations of vectors ( ) is defined as  nxx ,.....,1

nn
i

ii xxxxx λλλλ +++== ∑ L2211  where 10 =≥ ∑
i

ii and λλ  

－convex hull 

a smallest convex set containing S where S is an non-convex set in Rn

B.Interior point 
－norm 

Euclidean distance between two points  

x and y in Rn
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－neighborhood 

(1) a set of ε  neighborhood about the point x0 is defined as { }0,00 ><−= εεxxxS  

(2) interior point : a point  is  an interior point of S if  Sx ∈0 SS ⊂0
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C.Close set and open set  

－open set : a set S is open if it is composed of interior points only 

－close set  : a set S is closed if it contains boundary points 

D.Bounded and unbounded set  

－a set is bounded if big M such that Mx <  

－a set is not bounded is an unbounded  set  

E.Compact set  

a set is compact if it is a closed and bounded 

F.If feasible set is compact then solution exists 

G.Convex and concave function 

－one variable 

x

f(x)  

x

f(x)

convex  concave 

f is convex if   (strictly without "=" sign) ( ) xxf ∀≥ ,0"

f is concave if   (strictly without "=" sign) ( ) xxf ∀≤ ,0"

－definition 
a function is convex if and only if two points x1 and x2 , and [ ]1,0∈λ  such that  

( )[ ] ( ) ( ) ( )2121 11 xfxfxxf λλλλ −+≤−+  

f(x)

x 
－properties of convex function 

(1) f''(x)≧0 

(2) the chord joing any two points on the curve lies above the curve 

(3) for a convex function a local minimum is always a global minimum 
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non-convex  concave 
－the linear approximation of f(x) always under estimate the true function value 

pf : from Taylor's series expansion  

( ) ( ) ( ) ( ) ( ) L++++=+ 3
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1 hxfhxfhxfxfhxf  

let x = x0 + h then 
( ) ( ) ( )( ) ( )( ) L+−+−+= 2

00
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1 xxxfxxxfxfxf  

( ) ( ) ( )( ) (xfxxxfxfxf =−+= 00
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( ) ( ) ( )( )00
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0 xxxfxfxf −+≥⇒  

f(x)
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－for many variables 

gradient of a function 
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Hession matrix of a function 
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( ) 0" ≥xf → H is positive-semidifinite  (p.s.d.) 

  → f(x) is a convex function 

0,,0.. ≠∀≥⇔ xxHxxdsp T  

( ) 0" >xf → H is positive-definite  (p.d.) 

0,,0. ≠∀≥⇔ xxHxxdp T  

D1 = a11  
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2221

1211
2 aa
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D =  
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－the leading principal minor of H matrix  

H is p.d.  0,,0,0 21 >>>⇔ nDDD L

 → f(x) is strictly convex function 

H is p.s.d.  0,,0,0 21 ≥≥≥⇔ nDDD L

H is n.d.  ( ) ( 0,,0,0,01 21 <<<>−⇔ nn
n DDDD L )

)H is n.s.d.  ( ) ( 0,,0,0,01 21 ≤≤≤≥−⇔ nn
n DDDD L

－example 

( ) 321323121
2
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2
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2
1321 24622223,, xxxxxxxxxxxxxxxf −−−+−−++=  

( )
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
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2222
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6 −2 −2
−2 4 2
−2 2 2

⎤

⎦
⎥
⎥
⎥

 

061 >=D  

D2 =
6 −2
−2 4 = 20 > 0

 

D3 =
6 −2 −2
−2 4 2
−2 2 2

= 16 > 0
 

H is p.d. → f(x) strictly convex 

 → minimize problem 

 

16.2   NLP as One  Dimension 

A.Unconstrained optimization 

－1st order condition  

(1) stationary points 

(2) solution 
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(3) necessary  condition 

inflection  point

global and local maximum

local minimum

global minimum
 

     
－2nd order condition 

(1) uniqueness 

(2) sufficient condition 

( )
( )⎪⎩

⎪
⎨
⎧

⇒∀<
⇒∀>

imumxxf
imumxxf

max,0
min,0

"

"

 

－theorem 1 

a necessary condition for x* to be a local minimum of f(x) on the open interval (a,b) f is twice 

differentiable are that  00 *2

2

* ≥=
=∂

∂
=∂

∂
xxx

f
xxx

f and  

－theorem 2 

(1) x* is a stationary point  (f'(x)=0) 

2nd order sufficient : ( ) imumlocalxf min0*" ⇒≥  

4th  order sufficient : ( ) ( ) ( ) 0*'"*"*' === xfxfxf  

   ( ) **4 0 xxf ⇒>   is a local minimum 

(2n)th order sufficient  : ( ) ( ) ( ) ( ) 0*12*"*' ==== − xfxfxf nL  

   ( ) **2 0 xxf n ⇒> is a local minimum 

 

 

 

 

(2) example 

f(x)=x3

f'(x)=3x2

f''(x)=6x 
f'''(x)=6>0 
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－theorem 3 

x* is a local minimum of f(x) if and only if ( ) ( )xfxf ≤*  for all x with in a distance S from x*.  x* 

is a global minimum of f(x) if and only if ( ) ( )xfxf ≤*  for all x. 

－theorem 4 

a sufficient condition for x* to be a local minimum is f(x) is strictly convex in the neighborhood 

of x*

f(x)

x 

f(x)

x

f(x)

x 
   
   

convex unimodel 
strictly convex 

unimodel 
non-convex 

B.Constrained optimization 

( )xfmin  
axbts ≤≤..  

( )xfmin  
xbts ≤..  

      ax ≤  

( )xfmin  
bxts ≤..  

ax ≤−  
   

f(x)

x
b x a  

f(x)

x
b a

f(x)

x
b a  

   
interior  point 

0=∂
∂
x
f

 

x≧b 
( ) 0

*

≥∂
∂

x
xf

 

x≦a 
( ) 0

*

≤∂
∂

x
xf

 

－general form 
( )xfmin  
( ) jbxgts jj ∀≥ ,..  

 
 
f'(x) and g'(x) has same sign 

(1) 
( ) 0

*

=∂
∂

x
xf

 

(2) 
( ) ( ) 1,0 1 => ∂

∂
∂

∂
x
xg

x
xf

 

(3) 
( ) ( ) 1,0 2 −=< ∂

∂
∂

∂
x
xg

x
xf

 
－general Kuhn-Tucker condition (KKT) 
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(1) 
( ) ( )

x
xg

U j

j
jx

xf

∂

∂
= ∑∂

∂
*

 

(2) ( )[ ] jxgbU jjj ∀=− ,0  
(3)  jU j ∀≥ ,0
(4)  ( ) jbxg jj ∀≥ ,

 
16.3    NLP  in Multiple-dimension Problem 

A.Unconstrained problem 

Min. f(x) 

－1st order condition : ( ) 0=∇ xf  

－2nd order condition 

(1) H is p.d. : unique minimum 

(2) H is p.s.d. : alternative minimum 

B.Constrained problem 

Min.   f（x） 
s.t.      ( ) jbxg jj ∀≥ ,

－necessary condition : KKT condition 
－  ( ) ( )xgUxf ∇=∇
－ ( )[ ] jxgbU jjj ∀=− ,0  
－  jU j ∀≥ ,0
－  ( ) jbxg jj ∀≥ ,
－example 

Min. f(x1, x2) = x1
2 + 2x1x2 + 2x2

2 − 2x1 − 4x2 
s.t.       221 ≥+ xx
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if it is unconstrained 
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－for equality constraints : use Lagrange Multipliers 

Min.    f（x）= 22 yx +  
s.t.     ( ) jbxg jjj ∀= ,  

( ) ( )[ ]
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16.4    NLP Algorithms 

A.Unconstrained NLP algorithms 

－direct search method : one dimension 

(1) Golden Section Method 

Min.   f(X) 

 
       a           XL          XR         b 

 

2

2
∆+−

∆+−

+=
+=

⇒
⎭
⎬
⎫

∆=−
−=−

ab
R

ab
L

LR

LR

aX
aX

XX
aXXb

 

( ) ( )
( ) ( ) ( )( ) ∆≤−∆≤−

⎭
⎬
⎫

=<
=>

LR
RRL

LRL XfXforabif
bXthenXfXfif
aXthenXfXfif

   stop 

( ) ( ) RLRL XXXthenXfXfif ≤≤= *  
．example 

Max.    ( )
⎪⎩

⎪
⎨
⎧

≤≤+−

≤≤
=

32,
20,3

3
20

3 X
XX

Xf
X

 

 
(2) Midpoint Search Method 

15-8 



．step 0 : find XX ,  set ε  

．step 1 : let 
2

XXX +
=  

．step 2 : caculate ( )
dx

xdf '

 

．step 3 : if ( ) '
'

0 XX
dx

xdf
=⇒≥  

．step 4 :if  ( ) '
'

0 XX
dx

xdf
=⇒≤  

－gradient search method  : multiple dimension 
(1) step 0 : select ε  and initial trial solution X 

(2) step 1 : set 
'

'

xx
jj X

ftXX
=

⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

+=  

(3) step 2 : substitude Xj into f(X) 
(4) step 3 : use one-dimension search method find t* that maximize ( )( )xftXf ∇+'  

(5) step 4 : if  ε≤⎟
⎠
⎞

⎜
⎝
⎛
∂
∂
X
f  for stop j∀

(6) step 5 : , go to step 1 ( )xftXX ∇+= *'

(7) example  
f(X) = 2X1X2 + 2X2 −X1

2 − 2X2
2 

12
1

22 XX
X
f

−=
∂
∂  

21
2

422 XX
X
f

−+=
∂
∂  

step 0 : ,001.0=ε        ( ),0,0' =X ( ) ( )2,00,0 =∇f  
step 1 : X1=0+t(0)=0, X2=0+t(2)=2t 

step 2 : ( )( ) ( ) 2' 842,0 tttfxftXf −==∇+   

step 3 : ( ) 4
1*2 ,016484 ==−=− ttttdt

d  

step 4 : ( ) 001.02 2
1

4
1

'
>==

=
∂

∂

XXjX
f  

step 5 : ( ) ( ) ( )2
1

4
1' ,02,00,0 =+=X  

step 6 : ( ) ( )0,1,0 2
1 =∇f  

step 7 :X = (0, 1
2 ) + t(1, 0) = (t, 1

2 )  

 

 

 'X  ( )'Xf∇  ( )'' XftX ∇+
 

( )( )'' XftXf ∇+ *t ( )'*' XftX ∇+  

1 ( )0,0  ( )2,0  ( )t2,0  284 tt −  4
1 ( )2

1,0  

2 ( )2
1,0  ( )0,1  ( )2

1,t  2
12 +− tt  ( )2

1
2
1 ,  2

1

  ( ( )) ( )ttfXftX 0,0 2
1' ++=∇+f '  
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( ) ( ) ( )
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2
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step 8 : ( ) ( ) { }2
12
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1
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1* ,, +−==

≥≥
ttMaxtfMaxtf
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{ }

( ) ( ) ( )2
1

2
1

2
1

2
1'

2
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2
12
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021

=+=

=

=−=+−

X
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B. Constrained  NLP algorithm 

－ Lagrangean method 

     － Convert to be unconstrained problem by introducing Lagrangean multiples 

             ( ) ( ) (xgxfxL )λλ −=,  

－ use partial derivation to identify stainary point 

          
0
0

=

=

∂
∂

∂
∂

x
L

L
λ  

－ use Hession matrix to test its sufficient condition 

Ex: 

Min.   2
3

2
2

2
1 xxx ++

s.t.       01424 3
2
21 =−++ xxx

( ) ( )1424, 3
2
211

2
3

2
2

2
1 −++−++= xxxxxxXL λλ  

( ) 01424

022

022

042

3
2
21

3

22

1

3

2

1

=−++−=

=−=

=−=

=−=

∂
∂

∂
∂

∂
∂

∂
∂

xxx

x
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x

L

x
L

x
L

x
L

λ

λ

λ

λ

 

( ) ( 1,1,2,2, 100 =⇒ )λx  

      
( ) ( )
( ) ( 4.1,4.1,0,8.2,

1,1,2,2,

300

200

= )
−=

λ
λ

x
x

 

200
020
002

λ−=H  

200
000
002

1 =H          

0

0
00
02

022

3

2

1

=

==

>==

D

D

D

      p.s.d⇒ convex⇒ local min. 
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200
000
002

2 =H                                        p.s.d ⇒

200
08.00
002

3 −=H        

02.3
200
08.00
002
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1

<−=−=

<−=
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D
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16.5   Convex Programming 

－min  ：convex object function 

－max  ：concave object function 

－solution approach 
－Gradient algorithm：   gradient search procedure 
－sequential unconstrained algorithm： 

use penalty function and barrier function to convert to unconstrained problem. 
－sequential approach algorithm 
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－replace objective function by linear/guadraic approximation methods 

－Frank-Wolfe Algorithm 

－suitable for linear constrained convex programming 

－use first-order Taylar series 

      ( ) ( ) ( ) ( ) ( ) ( )( )''''

1

'
'' xxxfxfxx

x
xfxfxf j

n

r j

−∇+=−⋅
∂
∂

+= ∑
=

 

－drop to give an equivalent linear objectives 

( ) ( ) ∑
=

=∇=
n

j
jj xCxxfxg

1

'    where ( )
j

j x
xfC

∂
∂

=  at  'xx =

－in linear O.F. 

it increase steady as one more from  LPxtox '

－in convex O.F. 

may be increase all the way from  LPxtox '

－not accept  as next trial solution LPx

we choose the point the maximize the nonlinear objective function along this line segment 
as trial solution 

－procedure 

step 0：find an initial trial solution ( )0x ，set k=1 

step 1：for r=1,2,…….,n，evaluate 
( )

jx
xf

∂
∂

 at  1−= kxx

step 2：find an optimal  by LP model ( )k
LPx

         Max.  ( ) j

n

r
j xCxg ∑

=

=
1

         s.t.    xAx ≤  
step 3：for t ( )10 ≤≤ t  set 

          ( ) ( )xfth =  for ( ) ( ) ( )( )11 −− −+= kk
LP

k xxtxx  

－use search procedure or linear algebra to find such as to maximize  kx ( )th
step 4：if  stop ε<− −1kk xx
       otherwise 1+= kk  ，go to step 1 

EX：  Max.    ( ) 2
22

2
11 285 xxxxxf −+−=

       s.t.      623 21 ≤+ xx
                0, 21 ≥xx
 

sol：
( )

1
1

25 x
x
xf

−=
∂
∂

    
( )

2
2

48 x
x
xf

−=
∂
∂

 

use    as   ( 0,00 =x ) ,51 =C 82 =C
solve     21 85 xx +
     s.t.  623 21 ≤+ xx
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( ) ( )

( ) ( ) ( ) ( )[ ] ( )ttxx
xLP

3,00,03,00,0,
3,0

21

*

=−+=
=⇒

( ) ( ) ( ) ( ) 22 182432383,0 tttttfth −=−==  

( )

3
2

03624

=⇒

=−=
∂
∂

t

t
t
th

 

( ) ( ) ( )[ ] ( ) ( )
( ) ( ) 0248,5025

2,00,03,00,0

21

3
21

=−==−=

=−+=

CC
x

 

⇒ solve   Max.   15x
          s.t.    623 21 ≤+ xx  

        
( ) ( )
( ) ( ) ( )[ ] ( )tttX

xLP

22,22,00,22,0
0,22

−=−+=
=⇒

 

( ) ( ) ( ) ( ) ( ) ( )22 22222822522,2 ttttttfth −−−+−=−=  

     212108 tt −+=
( ) 02410' =−= tth    12

5=t  

( ) ( ) ( ) ( )[ ] ⎟
⎠
⎞

⎜
⎝
⎛=−+=

6
7,

6
52,00,22,0 12

52x  
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[例題] 求 21
2
212

2
1

3
121 6162

3
4),( xxxxxxxxxf −−++= 之極值。 

 
解：  

[ ] [ ]0,0621644 211
2
221

2
1 =−+−++∇ xxxxxxxf  

 
1644 2

221
2
1 =++ xxxx ……………..(4) 

622 21
2
1 =+ xxx ……………………(5) 

 
由(4)，(5) 

42 2
2 =x  

22 ±=x  
 
令   則 或 –3 22 =x 11 =x
   則 或 –1 22 −=x 31 =x
則 *Z 可能為(1，2)，(-3，2)，(3，-2)，(-1，-2) 
 

而  ⎥
⎦

⎤
⎢
⎣

⎡
+

++
=

221

2121

224
2448

)(
xxx

xxxx
ZH

 

⎥
⎦

⎤
⎢
⎣

⎡
=

28
816

)2,1(H 為不定型，故(1，2)為鞍點。 

⎥
⎦

⎤
⎢
⎣

⎡
−−
−−

=−
68
816

)2,3(H 為負型，故 24)2,3( =−f 為局部最大值。 

⎥
⎦

⎤
⎢
⎣

⎡
=−

68
816

)2,3(H 為正型，故 24)2,3( −=−f 為局部最小值。 

⎥
⎦

⎤
⎢
⎣

⎡
−−
−−

=−−
28

816
)2,1(H 為不定型，故(-1，-2)為鞍點。 

 
 
 
 
 
 
 

 

 

 

 

 

 

 

[例題] 在 區間內，求 之極大值。 20 ≤≤ x 64 2312)( xxxxf −−=
 
解： 

令 ，則 01.0=∆

21
∆−−

+= LR
L

xxxx  

22
∆+−

+= LR
L

xxxx  

綜合計算如下表： 
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運算次數 
Lx  Rx  1x  2x  )( 1xf  )( 2xf  

0 0 2 0.995 1.005 7.0588* 6.9388 
1 0 1.005 0.4975 0.5075 5.7559 5.8568* 
2 0.4975 1.005 0.7463 0.7563 7.6794 7.7198* 
3 0.7463 1.005 0.8707 0.8807 7.8527* 7.8303 
4 0.7463 0.8807 0.8085 0.8185 7.8615 7.8742* 
5 0.8085 0.8807 0.8396 0.8496 7.8838* 7.8800 
6 0.8085 0.8496 0.8241 0.8341 7.8790 7.8836* 
7 0.8241 0.8496 0.8319 0.8419 7.8831 7.8834* 
8 0.8319 0.8496 0.8358 0.8458 7.8839* 7.8821 
9 0.9319 0.8458 0.8339 0.8439 7.8836* 7.8829 

10 0.8319 0.8439 0.8329 0.8429 7.8833* 7.8831 
11 0.8319 0.8429 0.8324 0.8424 7.8832 7.8833* 
12 0.8324 0.8429 0.8327 0.8427 7.8833* 7.8832 
13 0.8324 0.8427 0.8326 0.8426 7.8832 7.8833* 
14 0.8326 0.8427 0.8327 0.8427 7.8833* 7.8832 

Stop 
 
所以  8427.08326.0 * ≤≤ x
取  83765.02/)8427.08326.0(* =+=x

8839.7)83765.0( =f  
雖然 不是真正最適化解，但其誤差在 已可被

我們接受了。 
83765.0* =x )1005.583765.08427.0(1005.5 33 −− ×=−×

 

另解： 
 
運算次數 

dx
xdf )(

 Lx  Rx  New '  x )( 'xf  

0  0 2 1 7 
1 -12 0 1 0.5 5.7812 
2 10.12 0.5 1 0.75 7.6948 
3 4.09 0.75 1 0.875 7.8439 
4 -2.19 0.75 0.875 0.8125 7.8672 
5 1.31 0.8125 0.875 0.84375 7.8829 
6 -0.34 0.8125 0.84375 0.828125 7.8815 
7 0.51 0.828125 0.84375 0.8359375 7.8839 

Stop      
 

836.0* ≈x  
84375.0828125.0 * ≤≤ x  

[例題]  
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解： 

)42(2623),( 212121
2
2

2
1 −−−++++= xxxxxxxxZL λλ  
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⎪
⎪
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∂
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∂
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∂
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0222

02626
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21
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λ

λ

λ

解得
11
7

1
* =x ，

11
30

2
* −=x ，

11
24* =λ  

 

所以 7.85)
11
30,

11
7( =

−f  

15-15 


