CHAP15 Markov Chain
15.1 Introduction

A.Stochastic Process

—an indexed collection of random variable {X, }, where the index t run through a given set T
— {X, }represents a measurable characteristics of interest at time t

—with finite number of mutually exclusive and exhausive categories or states

— points in time maybe space equally or depends on system behavior

B.Markov Property

—P{X,, = i1 Xo =Ko, Xy =Ky, X, = ij=P{X,, = i|X, = i}is the conditional prob. of any future event
is independent of the past event and depends only on the present state of process

C.State Space (M)

—the set of finite states

D.Chain

—a discrete stochastic process with a limited state space

E.Conditional Probability

M
— P =P{X,,, = i|X, =i}=P{X, = X, =i}>0,Y P =1, forvi

=1

F.Transition Matrix

0 I:)o(on) Po(ln ) Po(zn) - PO(r:)
1

p) _ 2
mpoy .. . pW

G.A Finite-State Markov Chain

—a stochastic process with {X, }

—a finite number of states

—the Markov property

— stationary transition probabilities

—a set of initial probabilities, P{X, = i} forVi
—example:

state 0 : The stock increased today and increased yesterday

state 1 : The stock increased today and decreased yesterday
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state 2 : The stock decreased today and increased yesterday

state 3 : The stock decreased today and decreased yesterday
09 0 01 O
B 06 0 04 O
|0 05 0 05
0 03 0 0.7

15.2 Chapman-Kolmogorov Equations
A.Definition

pij(”) - Z Rﬁv)Pkgn’”) forvi, j,n and0<y<n

PV -p.P.P...P=P.P"!

B.P;; is conditional prob. for unconditional prob., we need information on prob. of initial state [Qx, (i)]
Qx,(i)=P{x, =i} for i=012,...m

—example:

08 02
P= {0.3 OJ,QX0 (0)=0.5,Qx,(1)=0.5

08 027
P®=[05 0.5]
0.3 07

0.70 0.30
=[05 05

045 055
=[0.575 0.425]
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15.3 Classification of states of Markov Chain

A.Accessible fromitoj (i — j)
If Pij(”) >0 forsome n>0

B.Communicate stateiand j (i <> j)
C.General rule of communication
—1 ]
—lo = el
—io jjeok=iok
D.Disjoint Classes
based on communication , a Markov chain can consist of one or more disjoint classes
E.lrreducible Markov Chain
all states communicate with one another
F.Markov Chain State Type

—recurrent State
f, = P. {return to state i given it starts in state i}=1

YR =

n=1

—transient State

f, <1=limP™ =0

n—oo

—absorbing State

—recurrent state is a class property
—a-finite-state Markov chain, not all states can be transit

—an-irreducible finite state Markov chain are recurrent

15-3



—example: 0.3

1% 3% 0 0 O O 05 O
2% % 0 0 0 —

P =30 0 1 0 0 03 Ns/
40 0 % % 0 o4
511 0 0 0 0] O

absorbing state = 2
transient state = 3,4
recurrent state = 0,1

—the period of state i

PM -0 for Vn=t2t3t

i
—the aperiodic state

a state with periodt=1
—the positive recurrent

starting in state i, the expected time to recurrent state i is finite
—the null recurrent

if expected time to reenter is infinite
—the ergodic state

a positive recurrent state that are aperiodic
—the regular Markov Chain

an irreducible Markov Chain with all states are ergodic

—the state transition diagram

04 03 0.3 Les 2
TS
P=/05 0 05 13
23
0 04 06
—summary
ositive t=
recurrent P t>1
state . null
transient
ergodic  (t=1)
. positive (t>1)
. Irreducible
Markov Chain reducible two or more recurrent classes

at least one recurrent class
at least one transitent class
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15.4 First Passage Time
A.Define

—the length of time in going from state i to state j for the first time

—the expected first passage time from state i to |

y {w“’ %
i = £ "
J Z; i it > f0 =1

—where

(n)— . . . . . .
f;" = prob. of the first passage time from state i go into state j is equal to n

n-1

_p® () (1K)
_Pii N f'J' Pi

k=1
=U; =1+) PU
k=]

—example:

0[0.080 0.184 0.368 0.368
1/0632 0368 0 0
2/0.264 0.368 0.368 0
3/0.080 0.184 0.368 0.368

Uzo=1 4+ P31U1o + P32U2 + P33Ug
Ux=1+ PaU1o + P22U2 + P23U3
Upo=1+ PuuUipo + P12Uz + P13Ugy

U3o =1+ 0.184U10 + 0.368U20 + 0.368U3c
Uzo =1+ O.368U10 + 0.368U20
Uw=1 + 0.368Uyg

= U, =1.58,U,, =25LU,, =3.50
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15.5 Long-Run Properties of Markov Chain
A.After a larger number of transitions

—there is a limited probability the system will be in state j

— the probability is independent of the initial state i.e. [jmP," =7

n—o0

— x;specify the following steady-state equation
;>0

. P,

ilj

M-

I
LN

T =

.ME
N
Il
'_\

—
Il
o

— r;1s the steady-state probability

B.Observations

— m;does not imply the process settle down into one state
—in steady-state equations, there are (m+2) equations
—ifiand j are recurrent states belong to different classes

PMW -0 for Vn

ij
—example:

0.77,+0.4r, =m,
0.7 03
P= = 4037, +0.67, =7, ST =D, T, =

~N|w

04 04
o+, =1
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15.6 Absorption States
A.For an absorbing state k

— the first passage probability from i to k is called the probability of absorption into k ( f, )

— f, satisfies the following equations

fik = z Pij fjk
j=0

f, =
ot M

ik

if state i isrecurrentand i =k

—solution method

(1) identify i, k such that f,, =1,f, =0

(2) solution the rest equation to find f,,

—example: A firm with two machines. If the machine is in normal condition the probability of the

machine is still in normal condition in the next day is 0.8, if the machine is breakdown, it takes two days
to repair. There is only one mechanic (A) and he can only repair one machine a time. The cost of
operating a machine is $500/day. If the machine is breakdown, the cost of purchase from other firm is
$1,200 per day. The repair cost is $1,500 per day

(1) average daily cost

(2) if we hire mechanic B, the machine can be repaired in one day with cost of $2,500 per day

(3) if we choose to keep one machine only , the production of one machine is replaced by purchase from
other firm, is it worth?

sol:

(1) Definition of states

1two machines are normal

2one normalone breakdown (but not fixed)

3one normalone under repair for one day

4two breakdown

5two breakdownone not fixed, one has been fixed for one day

1[/0.64 032 0 0.04 0 |
2| 0 0O 08 0 02
P=3/080 020 0 O
4, 0 0 0 O
5/ 0 1 0 O

steady-state prob. 7, =[0.45 0.26 0.20 0.02 0.07]

500*2+1500%(1-0.45)+1200*(0.26+0.20)+2400*(0.02+0.07)=2593
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(2) Definition of states
1two normal
2one normal , one breakdown
3two breakdown
1/0.64 0.32 0.04

P=2/080 020 O
3] 0 1 0

steady-state prob. 7, =[0.67 0.30 0.03]
1000+2500*(0.30+0.03)+1200*0.30+2400*0.03=2257

(3) Under mechanic A, Definition of states
1normal
2breakdown no repair

3breakdown repair one day

1/08 02 O
P=2/0 0 10
3110 0 O

steady-state prob. 7, =[0.72 0.14 0.14]
(500+1200)+1500%(1-0.72)+1200*(0.14+0.14)=2456

Under mechanic B, definition of states
1normal

2breakdown

1 0.8 0.2
P= 2 { 1 0 }
steady-state prob. 7z, =[0.83 0.17]
1700+2500*(1-0.83)+1200*0.17=2329
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A[0.90 0.02 0.08
P=B|0.04 0.87 0.09
0(0.15 0.12 0.73
1 "J{‘j‘ o ﬁj,[,!‘ < TTelEr 2
2 3 'ﬁgn—~ LEEI:F BFF[[}[%@I R R IR Bﬁfﬁlp;&ﬁa} EBI 2
3 jxp M T gjjl’g— S elgE 2

SOL :
0.90 0.02 0.08
(1) V, =V,P=[0.35 0.30 0.35]0.04 0.87 0.09
015 0.12 0.73
=[0.3795 0.3100 0.3105]
(2) P? =P, P, +P,P,, + P,,P,, = 0.0008 +0.7569 + 0.0108 = 0.7685
0.8228 0.0450 0.1322
oo P®=100843 0.7685 0.1472
0.2493 0.1950 0.5557
0.90 0.02 0.087"
(3)V, =V,P®=[0.35 0.30 035]0.04 0.87 0.09
015 012 0.73
=[0.43 0.32 0.26]
B2 = - S I i S 2
SOL :

7, =0.907, +0.047, +0.157,
7, =0.027, +0.877, +0.127,
7y =0.087, +0.097, +0.737,
l=r +7,+rm,
m,=0472 7,=0291 7,=0.237

IRES * MSREBs il T ESIVIPOT B e i e 208 sr%aaﬁ;m' i@[ CSIFARRRD OIS BS = i

P18y py - F“?,E%TBFF’!@I’ Fls 9% u IEFER AR - B
SOL :
7, =0.907, +0.04x, +0.097,
7, =0.027, +0.877, +0.187,
7y =0.087, +0.097, +0.737,
=7 +7,+7m,
7, =0371 7,=0.389 =x,=0.240

A{0.90 0.02 0.08
P=B|0.04 0.87 0.09
0|0.09 0.18 0.73

[Tligi4 = 5 2 FlFSIE %%’Eﬁg PG R TR BB 2l R
[? F’T,E{_J;[erju 5y
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Xy =3~ G - B ol
%ﬁaﬁiﬁh’pﬂ* AIRINIE]  SREINES o - AP -A

(S - 7 ISR % X \/fé@ﬁ ﬁjs‘ﬂfr' ?
SOL :

0.70 0.25 0.05
P=| 0 060 0.40
0 1 0
U, =1+0.70U,; +0.25U ,,
U, =1+0.60U, =U,;; =5417 U, =25 U, =35
Ugp =1+U,
- ﬁf‘%ﬁ%%ﬁ*ﬁ%@iﬁﬁ-ﬁ[ﬁﬂ R % Fﬁﬂﬁ‘lfﬁ%} S ESER S P25 )

IRES = (1) 27 SSRGS AL 1 SR 4sh B FX 5 » EURRRRETT &
(2) PJ‘PTS'HTH!J ’ riJ E{JEPE/HS“}'{{'T; =1 {—dQ qu;JJ;M—&,\ (?
(3) HlpoZgrisfRgs » HF;'“:IF-}%“_L*V&»T%‘ Fle g 9
(4) %ﬁé$~ Y EAREE YR 1L % D 2

2[1 0 0 O
40 1 0 O
SoL: P=
11 0 04 02 04
3105 02 03 0
0 04
R =
0.5 0.2
0- 0.2 0.4
103 0
., [08 —04]" 1[1.47 059
N=(1-Q)" =
-03 1 3044 1.18

SRR 0 7 5

IR T -

(2) # (L HRSTELR, - 7 B > T ,dwqﬁﬁul 353 BIEB1.47-7E20.59:% -
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1[1.47 05971] [2.06
(3) t=Ne= -
31044 1.18|1| |162
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FUF ARSI o T S e I HR SRR G162

(4) B=NR=

3/0.590 0.412

1 3 2 4
11147 0591 0 04
3044 1.18(3/05 0.2

2 4
_ 1[0.295 0.706

T ISR SEL ~ 35T [I450.44. 752118 -
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1 2 3 1
110 1 0
P=2/0 0 1
311 0 O 1 1
0 01 1 00 010
P2={1 0 0| PP=/0 1 0| P*=|0 0 1| P°=
010 0 01 1 00
5 (R T SR > 2 T - 3 -
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2% % 0 0 0 ¥% 0 0
310 0 ¥ 0 0 0 % O
5 40 0 0 % % 00 %
510 0 0 % % 0 0 %
60 0 0 0 0 1 0 O
770 0 ¥ 0 0 0 ¥% O
810 0 0 % % 0 0 %

{L,2}- % . {458} % - 3,7} ¥% > {6} % -
L2} smsgresre o {458) 0 BT s - (6] s -

- S

15-11



(I8 = PRy HI S il B A SRR HUE = RS (B) o FE WP (W)
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()3 X, =0, }fiu- ﬁﬁ%’%ﬁﬁﬁ]ﬂl: HHFL I
R)FEf B i -
a. Prix, =2,%, =2,%, =2,X, =1, X; =0,%, =1, X, =2| x, =3} ?
b. Prix, =2,x, =3,x, =2|x, =1} ?

EJ% :
1

(1) PIEE Xy =X, +9 0 2 B X,y T HE (X s X oo Xy )| X, WD 5 3R X I HARIER R
-1

T 5 g RO Xy HRE O S (o s Xy ) SO 5 0591+ SRS = 01,23)
£t N{J,q@%@}@yj i ﬁ BT | S (X, cn =00, - FU G F IS (PR IR
FPAEEE NI e B OF Ve E BURGSE @5 F RV AT ®3‘Ep%}‘f‘?ﬁﬁ*wl}a

@) i (I AEER S = {01.23) - [ H BRI Py = Prix,, =01x, =0}=1
Py, = PI‘{ o = 2| Xy = }: «L}%@@V&k} IAIEEL - EI” I'HIPy =Py =Py =0
Py =Py =Py =0 -

?II Xn :1E\3J¥ ’
P = Pr{xn+1 =0[x, _1}
=Pr{sTn+ L% B - o (1) TVEF IR o (2) IVE|RIR)

N
33 9
I:)11 = I:)r{xn+1 =1| Xn =1}
=Pr{Zin + LG i > () e (2) VEHIEGIC I
12 21 4
= 4 —-—=—
33 33 9
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P, = Pr{x,, =2|x, =1}

=PriZin+ L0 # » # () FVE[RIER > # (2) VEF ISR
2
3

FEBRE RS PRI 1Ry = 0

el 4 4 1
[ﬂji[ T X, :Zﬁ‘jj: e =0,P2125,P22 :§’P23:§
i = RS
1 2

Nl

2 4
3 9

0 3
oo 1 0 o0
Q-1 |%% % % ©
210 % % %
3/0 0 1 0
il = R £
0 1 2 3
o 1 0 oJo 1 0 O ‘}/ ﬁ/ ﬁ/ 0]
0 9 9 9

L R LI B RN A A

. 09 19}06 . 09 19}06 i %134%144%1%1

/A

(3) *TJFF I TRLAE PR AOBL 4 a7 | R oo

Prix, =2,X, =2,%, =2,%, =1, % =0,%, =1, x, = 2| X, = 3}
=Pr{x, =2| X, = 3}-Pr{x, =2| x, =2,%, =3}-Pr{x, = 2| x, =2,%, = 2,X, = 3}
Prix, =1|X; =2,X, =2,% = 2,X, =3}-Pr{x, =0| X, =1, %, =2,X, =2,%, = 2,X, = 3}
Prix; =1| X =0,X, =1, X, =2,X, =2,%, =2,X, =3}
Prix, =2|X; =1% =0,%, =1, X, =2,X, = 2,X, = 2,%, = 3}
256

= P32 Pzz Pzz I:)21 I310 I:)01 P12 = m

b.
Prix, =2,X; =3,X, =2| x, =1}

=Pr{x, =2|x, =1}-Pr{x, =3| x, =2,x, =1}-Pr{x, =2| x, =3,x, = 2,%, =1}

32 128
=p@p@p - 1=
7os e (81}(81) 6561

RS d o F1 s ST, = 200955 DA AT R > L
4 5

Pr { Xpa = 2|X _2}_5 ’ l’ﬁ“ﬂ%ﬁij‘ﬁFf /rgj;ppr{xml ¢2|Xn =2}:_
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{Xs :2} (V)

{X2=2}§ { }
X, # 2
{Xlzz} ’
x;=2} (v) (0)
{xziz}é‘:
{x, =2}
{onz} {X3:2} (V)
{X2=2}§
{x, =2}
o =2} =21 (V) (o)
{X2¢2}<§z

% #2f

Xy = 241955 S R

Ui EI[T7 (V) %ﬁj} F{fjﬁﬁ}{kﬁ}&ﬁ HH Pr{x3 = 2}: (g) +2(g) (gj+(g) (%) =%
e E (X, = 2} I~ 5T ARG

{x, #2}

{x, # 2YH1 {Ffi5) e
c. IR 1 58 k53 SRR 7 Co)

e ()55

d. RPN RS SRS 2 2V I Prix, =1 %, =2} =

Pr{x2 =1X, = 2} B 144729 4

Prix, =2} 324, "9
TR R Pr{k, =11 %, = 2% fe- WaPepyatl £ B o TR |

T\/

@I-h

e. [IIREd H1Pr{x, =1] X, = 2} =
Pri{x, =1,x, =2| X, = 2}
Pr{x, =1| X, = 2}-Pr{x, =2| x, =1,%x, = 2}
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