CHAP 14 Game Theory
14.1 Introduction
A.Definition
—a mathematical theory that deal with the situation that the final outcome depends primarily on the

combinations of strategies selected by the adversaries in a formal abstract way

B.ODbjective

—to develop a rational criteria for selecting a strategy

C.Basic assumptions

—all players are rational

—all players to promote their own welfare

D.A strategy
—a predetermined value that specifies completely how one intends to respond to each possible

situation at each stage of the game

E.Payoff table

—show the gain for a player that would result from each combination of strategies for all the

players
strategy player II
1] 2] 3
player I 1 5
2
3 -5

F.A game is characterized by
—strategies of each player
— payoff table
14.2  The formulation of two-person zero-sum games
A.Only two players
B.The sum of their net winning is zero
C.Game characteristics

—strategies of player
—strategies of player

— payoff tables
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D.A prototype example

—two candidates their strategies as follow
strategy 1 : spend one day in each city
strategy 2 : spend both days in city A
strategy 3 : spend both days in city B

— payoff table
strategy player II
1 ] 2 ] 3
player 1 1 1 2 4
2 1 0 5
3 0 1 -1

—procduces of solution
stepl : dominated stategy elimination

step2 : if only one stategy left for each player,stop,otherwise go to step3
step3 : identify saddle point if it exists stop.otherwise,mixed stategy
stop4 : identify saddle point of mixed stategy combination

E.Dominated strategies

—to rule out a succession of inferior strategies only one choice remain

F.From table

—no dominated strategies for player

—strategy 3 is dominated by strategy 1

1
2

el L
o NN
o |w

—player II strategy 3 is dominated by strategy 1

1 | 2
1 1 2
2 1 0
—for player T strategy 2 is dominated by strategy 1
1 ] 2
1 1 2
—for player 1I strategy 2 is dominated by strategy 1
1
1 1
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G.Observation

—the payoff to play I when both players play optimal is referred as the value of the game

—if the value of the game is zero, it is a fair game

—most games can't identify the optimal solution by dominated strategy only

I. Variation 1 : new payoff table

1 [ 2 | 3 Min
1 -3 -2 6 -3
2 2 0 2 0 " maximin
3 5 -2 -4 -4
Max 5 0 6
4
J.Minimax criteria minimax

—find the saddle point

point neither one can take the advantage of the opponent's strategy to improve his position
—procedure

(1) identify the minimum value of each row (r)
(2) identify the maximum value of each column (E)

(3) identify maximum value of (r )—maximin value

(4) identify minimum value of (E)—>minimax value

K.Variation 2
1 [ 2] 3 |Min

1 0 -2 2 -2 <~—Maximin
2 5 4 -3 -3
3 2 -3 -4 -4
Max. 5 4 2

)

Minima
X

—no saddle point
—unstable solution
—to allow mixed strategies

no one know in advance of what he and his opponent will do
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Example:¥ & T 7R fr= £ 7 UFHG= (XY,M) AB= A %7 » 78 > #;ti.ﬁi%“%&r‘f %

A B| w¥~ y, F 5 Y
X, %7 -4
X, F Ef.
Xs -2 -8
i
A B| “¥7” y, 7 5 ys min
X T 7 -4 2 7 -4
X, % Ef 5 8 6 5 maximin
X, 3 -2 8 |8
max min?max 8 !
maxmin M (x,y)= min max M (x,y)=5=V,

G R R R R ARERELIEE (X,) o AREREIT (y) o HBEV =5

14.3 Game with Mixed Strategies
A. X; = prob. that player T uses strategy i
yj = prob. that player I uses strategy j
B.The mixed strategies
(Xy, Xg yevees X5, JANA (Y, Yy reen ¥, )
C.The expected payoff

V= ii PiXiY;
i=1 j=1
D.For player I : Maximize V =V
E.For playerII : Minimize V =V
F.Stable condition V =V

G.Minimax theorem
if a mixed strategies is allowed, the pair of mixed strategies that is optimal provides a stable

condition with V =V =V

—solution methods for mixed stategy
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—2*2 stategy( X, X,)( ¥y, ¥, )

Y1 Y,
X, A B
X, C D

E(y,)=A(R,)+C(1-P,)
ECY,)= B(P1)+ D(]-_ Pl)

d-c a-b
a+d-b-c'a+d-b-c¢

— B, P2|:

E(X,)=AQ)+B(-Q)
E(X, ):C(Q1)+ D(l_Ql)

d-b a—-c
a+d-b-c'a+d-b-c

9Q11Q2|:

—at least one with 3 stategys
—Graphic (at least 2 stategy)
—L P model

Example: ¥ Jg

A B B, B,
A -20 10 P,
A, 30 -40 P,=1-P,

E(B,)=-20P, +30(1-P,)

E(B,)=10P, —40(1-P,)

= E(B,)=E(B,)

-, —20P, +30(1- P,)=10P, —40(1- P,)
—50P, +30 = 50P, — 40

=P :%’ P, :%

SEET AT REYRfoRG > ABA2Z S5 Ll
FIZ>Badfx* Beax 5Q, & * B,ax50Q, !
E(Al) = _20Q1 +10(1_ Q1)

E(A,)=30Q, -40(1-Q,)

= E(A)=E(A,)
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©.—20Q, +10(1-Q,)=30Q, —40(1-Q,)
300, +10 = 70Q, — 40

:le%’Qz :%

AP AR R NG 0 BB P s el

A B B, B,
A, -20 10 0.7
A, 30 -40 0.3

05 05

AR P pghd EB2 P4 Kok B A B, A2 P aff 4

# & ®=-20(0.7)+30(0.3) = -5

i

KB @ et BAS P HY Kk AR A B2 P icE
# B & =-20(0.5)+10(0.5) = -5

@8 BRI REE AT REZREFAL GRS BT B2 BE T E R e o

14.4 Graphic Solution
A.For two undominated strategies game for player I only

B.Plot the expected payoffs as function of X; for each of his opponents pure strategies

C.ldentify the point that maximizes the minimum expected payoff

—example
player II

Y1 Y2 Y3

1 2 3

player |x;| 1 0 -2 2

I X2 | 2 5 4 -3

(Y1.Y2,y3) Expected Payoff

(1,0,0) 0x;+5(1-x1)= 5 - 5x3

(01110) '2X1+4(1'X1): 4 - 6X1

(0,0,) 2X1- 3(1-X31)= -3 +5x3
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Expected
payoff |

D.Expected Payoff
Y1(_3_5X1)+ Y2(4_ 6X1)+ Y3(_3+ 5X1)

V =V = Max{M |- 3+5%,,4 - 6x, |
Maximin pointis —3+5x, =4—-6x,
=X =1, %X, =11

=V =-3+5(%)=2

11

E.To find optimal for (Y1,Y2,Y3)
y; (5-5x,)+y,(4—6x,)+y;(-3+5x )<V =V =2

20 ,* 2 * 2 *_ 2
{ﬁleFEYerﬁys—ﬁ
y1+y2+y3:1

=y, =0

= y,(4-6x, )+ y;(—3+5x1){

2 _ 1
ll’Xl 11

< Z,otherwise
= y;(4-6%)+y;(-3+5%)=%
use x,=0,x,=1
4y, -3y, =2
N { V2 =3%: =%
—2Y,+2y, =%
=Y =Y, =%
= (v 5 v:)=0.4.2)
F.Observations
—if there are more than two lines passing through the maximum point, so that more than two of y,-*
can be greater than zero

—solutions are obtained by assigning all but of there y,-* equal to zero
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14.5 Solving by Linear Programming

A.Original linear programming formulation
—for player 1
objective expected payoff > > p,xy, =V =V
i=1 j=1
—for each strategies

> pyx =V foreach x, >0,i=12,...m
i=1

B.Observations

—V is unknown

—no objective function in LP

C.Modifications

—replace V with x,,,

Max X

m+1

St Z PiXi —Xpa 20 (y;=1j=12..n)
i=1

m

D> ox =1
i=1

0<X..X, <C

X Unrestricted
—for player II
Min.  Ynua

st Z Pi¥Yj — Ynu <0
=

Y., unrestricted

D.If is negative, we need to modify the problem by

—replace x,,(y,,,) with X1 = Xmaa (Vi1 = Yne1)

—reverse payoff table from player I to player II
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—add a larger fixed constant to all entries of the payoff table

Il Il Il
1]2 1]2 1]2
r{1]-2 -3 r{1;,2 3 I [ 198 97
21-1 0 211 0 2 199 100
—example
Max X,
ot 5X, = X; 20
— 2%, +4X, —X; 20
X +X,=1
X, X, 20

X;unrestriced

(Xl'xz’xs):(ﬁ’lil’l_zl)

Min vy,

st. _2y2+y3_y430
5y1+4y2_3y3_y4 <0
YitY,+Y;=1
Y1 Y20 Y5 20

y,unrestriced
(y1' Y21 Ya y4): (O’%'%’l_zl)

14-9




Example : 1 * S RA1f2T 52 F 5

A B Y1 Y2 Ys
X, -1 2
X, 1 -2
X, 4 -3

POREV 200 Mt ARG B e

B Y1 Y Ys
X, 2
X, 4 1 5
X3 6

¥ - AAZ R 7R
2%, +4X%, + 6%, 2V

X, + X, + 7%, 2V

4%, +5x, 2V

X +X, + X =1

v_unrestriced

;4:7‘ 0,20,j=1232V20d X +X,+X =17 80, +0,+6,=3% -
BV S o g PR AR S T ARG 2 AR

20, +46, +66, >1

50, +0,+70, =1

46, +56, >1

0,20,j=123
o a?: ABZ B R v R A
2y, +95Yy, +4y, <V
4y, +y, +5y, <V
6y, +7y, <V

.

%1%:% 20,j=1232V 2049 y+y,+Y; =1 B @ +@, +; =3 % =
FHRVE ] > ot R AR S T A SR R
29, +5¢, +4¢, <1
4o, + @, +5¢, <1
6, +7p, <1
0;20,j=123
A RALA LSRR 0 E&ming = maxg 1% SR L] 2 B R E f2
20, +5¢, +4p, + ¢, =1
4o, + @, +5¢; + @5 =1
60, + 70, + @, =1
9;20,j=123...6
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P& 3 i Max O+ @, + @,

Ffred o =%.0,=5.0;=% V=5
Y, =V, =%xg= %
Y, =7
ysz%

Vi=V-3=%_3=1
TE S A hERRG s y=(55R)  FREV =3
PR E - kR feR s x=(GRE) c FREV -3

)R
1.2 F {; (dominated strategy )
B FB P T Ha s k%W%ﬂﬁwkﬂﬁm%ﬁ*%oﬁ\ﬂéwﬁT—éﬁi?;ﬁ
(74 -,*iﬁﬁﬁ.‘iw«f“i (payofftable) 4r% — B %77 (#F2ZHEZZFF ) ° 135
i % {w¢ (dominated strategy ) - #* K AL f R 2T

Bl B2 A3 BAOHBA T TG AL F AR
al 2 1 -1 oo ¥AM S 0 A HBRY AR g2
a2 2 3 4 TR (EBRERT 73Y) al> walv#
a3 1 0 5 a2i F o

Bl B2 3 F1 5 BArif A% g FB~ 0 STILER AR
a? 2 3 4 ?]%'L,;%:—-'[%T\°

a3 1 0 5
PPEE S B3FALB21F 0 FIRF S

N

Bl 2 w4 o
a2 2 3
a3 1 0 Ly =B > a3F A a2i F 0 Fp
vyiERr B4
Bl (2
a2 2 3 PRES B2 AL BLLAFE > oA W E T ETS
o
51
a? 2 %ﬂﬁi’iiﬁi“"’Aéé’ﬁaZ Bgi%ﬁ;

Bl>m i@ FAEE2E § ~fl &

2./} ¥ B~% & (minimax strategy )

Wl BRPELEL T Y- BA o ASREMELY > AHREACHB 23 2R K
P ALE R R F o T ek et BT
BL B2 p3 81 B2 B3 &
al | 0 3 -1 al o 3 -1 -1
a2 | 2 -3 4 a2 2 3 4 -3
a3 1 2 3 a3 1 2 3 1 %
@ 1 3 4
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3.8 & # % (mixed strategy)

Kb BRIFMEL L T AR - BA o A F R AP LA f/335 a2
amENEZBA -

Bl B2 B3

al 2 0 2

a2 -2 -3 2

a3 1 4 3

-

Bl B2
al 2 0
a?2 -2 -3
a3 1 4
Bl B2
al 2 0
a3 1 4
%i,ﬂw{ﬁujﬂﬁkau THREELERFE - FIiRHUEEIRSE EF LFL &
fF— #cFx b ’é-fc“"‘% ﬁ{ﬂ\!«
81 B2 ﬁm,
al 2 0 0
a3 ‘ 1 4 1 v
s B 2 4
Vv

PP FAEE a3 RIBEER f10 & F L SRAmE AR AR 5 AL A G ATEB g FIA
FEHa3nEH Ll AFa €EH al 7B ngLEAgiirLL T Tt koA §ER

B2e . Art BRI 2 0 €7 s\'ﬁiﬁmﬂ/éxpk VB {8 o FlptF A fERfED
(1) Blfzx
|81 B2 B3 81 B2 B3 )i
al 0 -1 2 al 0 3 -1 -1
a2 1 2 0 a2 1 2 0 Oov
a3 -2 -3 2 wxiE 1 2 2
V

Big * 2 Ip Ru2PF2_ 8 Y 2 &
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B Wy [0
Bl 1-X1

B2 2-3X1
53 2X1

4 X2=1-X1

P Bl B A X Eenghg 4 al1-X1 (B
#B2) 222X1 (¥BEH F3) 2 18-

Fpt 1-X1=2X1

X1=1/3 —>X2=2/3 % icF 5213
AR * 2 e {Rui 2 B 4§

AZ R B TE EP

2 7

al  22Y1 1+

a? Y1 O Yl
2-2Y1=Y1 1 /3 4
Y1=2/3

—>Y3=1/3 — -

By E Pl L2/3 -2

(2) &S

V= EE iR L

V=3 R R E B
V=:%iF 2 &
|1 B2 B3 Min
al o -1 2 -1
a?2 1 2 0 ov
a3 3 3 -1 -1
Max 3 3 2
Vv
s

Flo B o g @7 282 k- kF b FIALBRFIT A Bt e o BfE2 7
L ¥ o ZRVAEZL > BIPEL PG B Ao bl (LY T -lEHE) o

|81 B2 B3
al 1 0 3
a? 2 3 1
a3 4 4 0

v

FIRAL B IR & fop S AR e T 1 RfEB2 B R £ W s 2SR5
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max \'

max v
st. X, +2X, +4X, 2V -
- st. y, +3y,; <V
3X, +4X, 2V -
- 2y, +3y, + Yy, <V
X +X, + X, =1 -
3%, + X, 2V 4y, +4y, <v
v L) Vit Ve tde =
—L_ EET & = B V;“]KDLI‘:"]”
PRl Y 2 O(PI R E10) .

PRI TV > 0(F R F180)
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