CHAP 13 Decision Theory

13.1 Introduction
partial or imperfect information leads to
A.Decisions under risk with probability associated values
B.Decisions under uncertainty value with out probability associated (unknown cannot be

determined)

13.2 Decisions under risks
A.Expected value

—criterion is actual money or its utility function

(1) the value of money depends on the attitude toward the worth of money (utility)

(2) develop actual utility curve (money versus its utility)

(3) the use of expectation maybe misleading when only applied a few times (the difference sample
mean and population mean)

—example

The prob. of machine breakdown is binomial distribution. with P. The cost of repair is C;, the
cost of maintaince is C,. There is n machines, what is the best maintenance interval?
EC(T-1)>EC(T) and EC(T +1)>EC(T)

T-1

C,> E(n)+C,n
EC(T)=—- =

T

-1
n(c1 P+ czj
M)=—"2

binomial distribution. = EC

T
T-1
T P DR EC(T)
t=1
1 0.05 0 500
2 0.07 0.05 375
T 3 0.1 0.12 366.7 <—EC(T)
4 0.13 0.22 400
5 0.18 0.35 450
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—example
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B.Expected value-variance criterion

: E(S,)=0x0.4+0x04+0x02=0

: E(S,;)=-3000x0.4+0x0.4+15000x 0.2 = 1800

—incorporated factor of variance to improve its applicability to " short-term " decision problems

—if o2 is smaller

(1) the variance of Z smaller

(2) the prob. that Z approaches E(Z) become larger

— possible criterion

Max. E(Z)- K var(2)

where K is risk aversion factor (the degree of importance of var(Z) relative to E(Z) attitude

toward excess deviation from expected value)

—example
T-1
C,>.n +nC,
CT — t=1

T

Var(C, )= (¢ S var(n)

t

T-1

-(f Xra-r)

t=1

(s[5 -

t=1

since E(C1)=EC(T)

= Min. EC(T)+Kvar(C;)

T

t

-1
7|
=1

set K=1

= Max. EC(T)+var(C,)
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Min. EC(T )+ K var(C; )

214 214

SARUPEOPLES

T, | P p.2 Ti P, Tﬁ P> | EC(T)+var(C,)

=) =)

1 | 005 | 0.025 0 0 500 =1

2 0.07 | 0.0049 0.05 0.0025 6,312.5

3 0.1 0.01 0.12 0.074 6,622.22

4 0.13 | 0.0169 0.22 0.174 6,731.25

5 0.18 | 0.0324 0.35 0.0343 6,764

C.Aspiration-level criterion

— prespecificed level which is acceptable

(1) which may be two-level index that are conflicts

(2) accept it whenever first satisfies which may not be optimal

—for exmaple

(1) expected cost of operating system

(2) expected cost of customers inconvenience

—example
for a continuous density function, set a limits on expected excess quantity A, , expected shortage
quantity level Al,jl‘”(x —1)f(x)dx < A, . J: (1-X)f(x)dx < A,

X2

f(x)— 20 10< X <20
1o " otherwise

[P F () =] (X ~ 1) 22 dx

=20(In2 + L -1)< A

i =) (e)ax =[ (1 = x) 2 ox

=20(In2 + L -1)< A,

Inl-%>In20-4 -1
Inl -4 >In10-5: -1
if Ai=2, Ap=4 Inl -5>18% , Inl-4>1.102

20 — 10 —

I 10 | 11 | 12 | 13 | 14 | 15| 16 | 17 | 18 | 19 | 20
Inl -5 | 1.8 |1.84|1.88|1.91|1.94|1.96|1.97|1.98|1.99 |1.99|1.99

Inl—% | 1.3 |1.29|1.28(1.261.24|1.21|1.17 | 1.13 [ 1.09 | 1.04 | 0.99
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—example
B BRI I P[RSS S 2507 o 8 L 400 -
At | injﬁi’:%Jﬁif[’:’\Fé ’F\'E”F - TE‘L%“*IH;' SEFERR] > % Fﬂa je“i’:gﬂflﬁjﬁﬁiﬁ
i) ﬁJF:ﬁJf'ﬂ 650,0 =120 = 453 B I H L 2 iAo E R A TR
(1) 122
(2) ¥~ rip 712407
Sol :
(1) 22 RER D
S ETEl X AT FIEREL Y AT y ~N(6501202) » £ (y) 5y [k Fylir
B EREEr= | (x—y)f (y)dy
R 2 IO E R COcy) - B
Ey{c< y)} = (400-250)C] x~ [ (x= y)F(y)ely |- 250" (x= y)f (v

=150x — 400xﬁo f(y)dy + 400[:0 yf (y)dy

_m
=
_5\4

s

L OGECOy)
*|JYT:0

150 - 400[" f (y)dy — 400xf (x)+ 400xf ()
=150-400[" f(y)dy
(i [° f(y)dy=0.375 = P(y <x)=0375

P(y<x)= P(y_GSO < X_GSOJ - @(X_%OJ - 0.375
120 120 120

X — 650 , e ey o
0 =-0.32 R S ETRE X = 6117

FEXTE

(2) El}’?\fﬁ% (12712407 V1)
E, {C(x,y)}=150x—-160x[" f(y)dy+160[" yf(y)dy
n 98, IC ) o
dx

150-400[" f (y)dy —160xf (x)+160xf (x)
=150-160 f(y)dy
i [° f(y)dy=0.9375 = P(y <x)=0.9375

P(y<x)= P(y_GSO < X_650j :cp(x_%oj ~0.9375
120~ 120 120

X —650
120

fi#a =1.535 fiF R S TR X7 =834 47
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D.Most likely future criterion

—replace the random variable with a single value of highest prob. of occurrence as deterministic
value

—the most probable future provide adequate information for decision making

— inadequate when

(1) a larger numbers of values which has a small prob. such as objective function

(2) several values with same highest probability

E.Experimental data is decisions under risk

—modify the prior probability to reflect the availability of new information as the posterior
probability

— ultimate objective is to use these probability of sampling test together with prior probability to
compute the posterior probability

P{@i‘zj }: Pig{'zz}’}: Piz,lo,pio) (Bayes's Probability)

m

> P{z,lo plek}

k=1

where P{@i‘zj } given the experiment outcome Z; , the probability of selecting 6,
—example

The percentage of defect in lot 1 is 0.04 ,P(1)=0.95, while in lot 2 is 0.15, P(2)=0.05. If we test
two items from the lot

Z,=both are good

Z,=one is good

Zs=both are defect

Z, Z; Z3
plz g} 109520 00768 00016
J 9, 10.7225 0.2550 0.0225
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Plo..z,}=P{z,l6.}P{6.}=

Z; Z, Zg
6:| 0.092 00768 0.0016 [0-95}
0,10.7225 0.225 0.0225]0.05

Zl Zz 23
P2, _ 6] 087590 0.07295 0.00152
¢, 10.036125 0.01275 0.01125

P{Z,}={0.912025 0.08571 0.002645}

Z; Z, Z,
p{g_‘z_}: 6 ]0.96039 0.85124 0.57467
" 0,(003961 0.14876 0.42533
—example

decision : ship the lot to customer A
ship the lot to customer B
A, B maximum limit on defect pertage is 5 and 8, respectively, over limit cost $100 per

percentage, lower limit cost $80 per percentage.

& 9,
80 1000
320 700

E(ak‘zi)z ;C(ak,ej)D{Hi‘Zj}

(1) if test outcome is Z;

Ch

C(a,0)= .

E(a,[Z,)=80*0.96039 +1000*0.03961 = 116.49

E(a,|Z,)=320*0.96039 + 700 *0.3911 = 335.65
(2) if test outcomes is Z;

E(a,[Z,)=80*0.85124 +1000*0.14876 = 216.86

E(a,|Z,)=320*0.85124 + 700 *0.14876 = 376.53
(3) if test outcomes is Z3

E(a,[Z,)=80*0.57467 +1000*0.42533 = 471.30

E(a,|Z,)=320%0.57467 + 700 *0.42533 = 481.63
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Example: 5 (3ff1 2 il B 5B SRR EOIHE R (6,) < b n(9,) < T
(6;) = Tl 2 il = P ORSRRL - P(6,)=05 > P(6,)=03 - P(6,)=02
T2 A fme PP PRI 12@@ > PP BIEH s 27;&'@
Bl 5 W ISR S T - I AR (s,) ~ AR 4R (s,) -
AT L (s,) - ASUSSH T FORTER > SRR LIy o

A (s,) i - i (s,) A L (s,)
= 301(0,) 0.6 0.3 0.1
WP (6,) 0.3 0.4 0.3
JHErH (6,) 0.1 0.4 05

BRI IR i (1) BEm i S e
(2) T ERAEEUEG N TSR 8
Sol : ?J a, FvEE > a, B T
(1) 2T EiFEss P(s, ) ket P(os, )
P(s,) = P(s,]6, )P(6,) + P(s,|6, )P(8, )+ P(s,|6; )P(6,)
= 0.6x0.5+0.3x0.3+0.1x0.2 = 0.41
P(s,) = P(s;[6, P(6,)+ Pls. |6, JP(6, ) + Pls;[6; JP(6)
=0.3x0.5+0.4x0.3+0.4x0.2=0.35
P(s,)=1-0.41-0.35=0.24

P(6,]s,)= P(s6,P(@,) _06x05 7417
' P(s,) 0.41 '
P(0,5,)= P(s.|0, P(6,) _03x03_ Lo

P(s,) 0.41
P(6,]s,)=1-0.7317 - 0.2195 = 0.0488
B

P(6]s,)= 22702 _ 0.4286

0.4x03
PO.fs.)= 0.25

P(6,]s,)=1-0.4286 - 0.3428 = 0.2286

=0.3428
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P(91|83)= 03225 =0.2083

P(‘92|53): 03223 =0.375

P(6,]s;)=1-0.2083-0.375 = 0.4167

® P N R R (s,) - 1l

E(a,)=0%0.7317 +12*0.2195+ 27*0.0488 -1 7 = 4
E(a,)=-1

e’ = a, o B HGRL TE
® P R - 4R(s,) » 1]

E(a,)=0*0.4286 +12*0.3428 + 27*0.2286 -1 7 = 2.29
E(a,)=-1

[ifa” =a, o FLSHRPTREE
® P RLASAR 1L (s,) - B

E(a,)=0%*0.2083+12*0.375+27*0.4167 -1-7 = 7.75
E(a,)=-1
[if=a” =a, o FUS TR

(2) F A= el > Eg ff PR ey
E =-1%0.41+2.29*0.35+7.75*0.24 = 2.25
T AT
E(a,)=0%05+12*0.3+27*0.2-7 =2
E(a,)=0
PI=a” =a, > FUSHGTREE - gk f
[REE2.25 > 2 » Al | 4o i gt

13.3 Decision Tress
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A.Multiple-stages

B.A decision tree

[]: decision point (O : chance event
—example
high(0.75

gh ) $1,000,00
- $300,000
Iarge low(0.25) high(0.75) $900.000
1 $200,000

(0.75) expansion low(0.25)

small high 0 expansion _

high(0.75) $250.000
% low(0.25) $200,000
(0.25) $200,000

< stage 1 —><— stage 2 —>

stage 2 :

E{net profit | expansion}=(900*0.75+ 200*0.25)*8 — 4200 = 1600
E{net profit | no expansion}= (250*0.75 + 200*0.25)*8 =1900

E{net profit | large plant}=(1000*0.75 +300*0.25)*10 — 5000 = 3250
E{net profit | small plant}= (1900 + 2* 250)*0.75 + 200*10*0.25 = 1300
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Example:' Pjﬂﬂj@fﬂﬁ %,L%fm,},jf[t iﬁ‘ﬁ[ﬂjl]?ﬂpj’ieﬁjg IR ;,F N B ;cﬁdj—”;rlﬁ[[awn; = ?J?J
Jffp fH g8 42 IJDE( A EH‘E?‘JD'E”F' 2 Jjjm ; “‘%ﬁﬁi’ C[fEH R RIS P < Ay
L SR P s s & R

1. AR TS

&l F% Fer 550 450 300 250 150
B 0.35 0.35 0.20 0.05 0.05
2. i@?’Jp’?ﬁl f'[ d'y
&l F% Fer 750 650 550 450 350
SR 0.40 0.30 0.15 0.10 0.05
3. El@#ﬁﬁ[
F il F% £a) 900 800 700 600 500
SR 0.20 0.25 0.30 0.15 0.10

RSE Y B PP 10 8 308 - SR ) Jees it 2

550
430 -
0357450
035
2 0.20 300
0.5
005 —— 950
REF R 150
705 730
620 -
T o —— 6%
B T R
i L?IH @<)1 53()
010
005430
\330
S 705 .
P 00— ——TI5
025
4 0.30 675
015
00— ——575
\475

AT B

E#T 2 1 0.35*550+0.35*450+0.20*300+0.05*250+0.05*150=430
%HFS 1 0.40*730+0.30*630+0.15*530+0.10*430+0.05*330=620
%ﬂﬂl : 0.20*875+0.25*775+0.30*675+0.15*575+0.10*475=705

Ml A
b HO R -
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13.4 Decision under uncertainty
A.No probability is available
B.Have no intelligent opponent (nature)

C.Payoff table P = (ai 0 ) : payoffs of possible actions under possible future state of event

D.Depends on decision attitudes from pessimistic to optimistic
E.Laplace criterion

— insufficient reasons principles

—assume sate are equality likely to occurs

Max{lzn: P(a,.6, )}
& |ns
6, 0, 6, 0, | :Zre)-p
a 5 10 18 25 14,5
a 8 7 8 23 115
a3 21 18 12 21 18
a 30 22 19 15 21.5

F.Minimax (Maximin) criterion
—most conservative

—make best out of the worst possible conditions

6, 0, o, 0, Max.
a 5 10 18 25 25
a 8 7 8 23 23
as 21 18 12 21 21
a 30 22 19 15 30

G.Savage minimax regret criterion

— less conservative

— loss matrix

Max P(ak ,9,. )— P(ai ,Hj)
a

r(ai,ej)= (éi,ej)— Mm P(akﬁj)

—minimize maximin regret (no matter less or profit)
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0, 0, o, 0, Max.
o 0 3 10 10 10
r@.0;)| a 3 0 0 8 8
% 16 11 2 5 16
2 25 15 11 0 25

H.Hurwicz criterion

—range from optimistic to pessimistic

—set a=(0,1) : index of optimism

profit: g

cost: Min {a-l\gin P(ai,Hj)+(1—a)-h/LaX P(a,6

Max {a-l\/lgax P(a,,0,)+ (- a)-Min P(ai,ej)}

)

—example
set =5
min P, 0;) mgaxP(ai,ej) a-min p+(1-a) -maxP
& 5 25 15
a 7 23 15"
as 12 21 16.5
a4 15 30 22.5
Example:

(= ) Maximax % ( &k )
HxﬁkF@ETF e B SV P o SRR R R RL “hziflﬁ A U

H o FIfInEE R

ElIE: k0 J\H 1?{/4\5 J{H‘EI“

IR
NS R THE AIE SR
1. ﬁ,'J,%BEJFJ/ﬁfﬁ [ $ 100,000 - $30,000 $ 100,000 Maximax
2. - Jﬁ’s?ﬁ?/ﬁﬂi [ $ 50,000 $ 15,000 $ 50,000
3. = $ 20,000 $ 20,000 $ 20,000

(Z ) Maximin 3= (258135 )
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I UL (SR AL DR S D o F)
@w7 g3 s 1o

ERL
ME S R THE AIE SR
1. ﬁj'&%ﬁﬂi $ 100,000 - $ 30,000 $ 100,000
2. - ﬂ&ﬁ@ﬁﬂig $ 50,000 $ 15,000 $ 50,000
3. ! $ 20,000 $ 20,000 $ 20,000 Maximax

=) Hurwicz Criterion (##g525¥EH])
T AL RS S 25 iltﬁ%?'ﬁwfﬁ' VSR {7 0% LY
(e F T ?ﬁ” R S F’“’*"
fi bk fa i g .
oo 8 RO P (a5 DR EOR P

BETTHAL AR -5 - SERLRV IR - [0 a=02
I’E[Fl ﬁﬁ%#‘i (&EIU’IJZ‘LH&JE |L

F
Ry B TR UKD o T S
1. ﬁrﬁ%ﬁﬂig $ 100,000 - $ 30,000 - $4,000
2. — R, $ 50,000 $ 15,000 $ 22,000 Max
3. = $ 20,000 $ 20,000 $ 20,000
o I 0.2 038

R
i

ﬁw* *JWW%TW*:

e T

ES Flx T TR
1. ~ $ 150,000 $ 65,000 - $100,000
2. T $ 80,000 $ 50,000 -$ 10,000

Gt U R LY QIR (IR - (IR Pk e H - 2=09 - %ﬁl l”j[“:ff
1A S e

-+ 150,000 * 0.9 + (-100,000) * 0.1 = 125,000 ik
‘I -+ 80,000 * 0.9 + (- 10,000) *0.1= 71,000

(P4) Equally Likely Criterion (FE/Sffi'§¥=[])
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3:}&’:1‘*?{' ﬁ ;p& ?Ej[}JLIgFIFIJ)[;{&} Ejf] ]@F i ?egwur;;[pjﬁk}%“ﬁl Pﬁ;ﬁq{fﬁﬁ:@;
%ﬁﬁ%ﬁ@w%@wv@ﬁ e A e

IR Sk R SR TR RS P % 2

-1 (150,000 + 65,000 + (-100,000) ) /3 = 38,333
"+ (80,000 +50,000 + (- 10,000) )/3=40,000  fk*

LT ) BRI |

(Zr) Minimax (J‘Jﬁ%?’{’?‘}l*af‘fﬁﬂ/%@ﬁi?)
A yE=Maximinik & (] PO ‘ﬁ‘Maximiniii:f;T AATE §RE T ﬁ@ﬁiﬂf%ﬁ& *
KLU « RIS b3 0 L a* fﬂbwwiuﬁiﬁf@
Foo IS IE R T H o LT HV“V*W‘*EU

%*‘I‘ﬁiﬁd
ES FJ;@ TFJ%@ ﬂj;ﬁt I/ﬁi% FE1
1. ﬁ, {&%ﬁﬂi $ 0 $ 50,000 $ 50,000 Minimax
2. — ﬂ&%ﬁﬂi $ 50,000 $ 5,000 $ 50,000 Minimax
3. = $ 80,000 $ 0 $ 80,000

R+ (TR O3
—elements in decision theory
—act(a;)
—event(;)
—Pay off table pay(a;,#,)
—probability of g,
—certainty
—Tisk
—uncertainty
—decision criteria
—optimal action
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