CHAP 12 Dynamic Programming

12.1  Introduction
A.For making a sequence of interrelated decision
B.A systematic procedure for determing the optimal combination of decisions
C.No standard mathematical for multistage

D.A particular equation to fit each individual problem

12.2  Characteristics of Dynamic Programming
A.The problem can be divided into stages, with a policy decision required at each stage
B.Each stage has a number of states associated with states are various possible conditions in which the
system might be at that stage.

C. The effect of the policy decision at each stage is to transform the current state into a state
associated with the next stage. We can use network representation
(1) nodes: a possible state
stage: a column of nodes
(2) each link as the contribution to the objective function from making that policy decision
D.The solution method is designed to find an optimal policy for overall problem
E.Given the current state, an optimal policy for the remaining stages is independent of the policy
adopted in the previous stage.
F.The solution procedures begins by finding the optimal policy for the last stage
G.A recursive relationship that indetifies the optimal policy for stage n, given the optimal policy for
stage n+1 is available

*

f7(s, )= Max(or Min}{f, (s, x, )}
where
f.(s,.%,)= opt{rn (s, %, )+ fnil(sml)}
H. Use recursive relationship, solution procedures move backward stage by stage until the initial stage

. fy(s,)is boundary condition

s, |— | s, |- | Sea | > | Sy | o | Swa| | Sw

fl(sl,dl) fz(szvdz) fn—l(sn—l’dn—l) fn(sn'dn) fN—l(SNfl’del) fy (SN'dN)
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12.3  Deterministic Dynamic Problem

A. State at next stage is completely determined by the state and policy decision at the current stage

B. Classification

— Dby objective function

sum
(1) minimization product

sum

(2) maximization P
— by set of states
(1) discrete

(2) continuous

roduct

(3) state rector (more than one variable)

Examplel:

To allocative five teams

to three countries to increase life expectage.

Additional person years life No. of team assigned

Country 0 1 2 3 4 5
1 0 45 70 90 105 120
2 0 20 45 75 110 150
3 0 50 70 80 100 130

Sol:
(1) identify stage, state
stage : country 1, 2, 3

state : number of teams remain to be allocate to the remaining country

X, (decision variable) = the number of teams to allocate to country (stage) n

(2) the objective function
Max Zn: P.(x;)
i=1
3
st. D % =5
i=1

X >0

= 17(6) = max
fn(sn’xn): Pn(xn)+ f

for the last stage (n=3)

P(x,) = the measureof performance from allocating Xi to country |

fn (Sn ! Xn)

n*+1(sn - Xn)
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f5 (Sa3) Xg

w
w
w

50
70
80
100
130

QB |WIN|FL|O
O |WIN|FL|O

(3) move back to stage 2, state s,=2

=P,(2)+ f;(0)=45+0=45

(1)+f(1)=20+50 70 +f,(2)=70,x;=00r 1
@ =P,(0)+ f,(2)=0+70=70

(4) proceeding in a similar way for other possible state s,

fz(Sz,Xz):Pz(X2)+f3*(Sz-X2) fz*(Sz) Xz*
0 1 2 3 4 5
0 0 0 0
1 50 20 50 0
2 70 70 45 70 Oorl
3 80 90 95 75 95 2
4 100 100 115 125 110 125 3
5 130 120 125 145 160 150 160 4

-n=1, only one state s;=5

@ % =5 f,(55)=P,(5)+ f, (0)=120

O x =4 f,(54)=P/(4)+ f,(1)=155

57D % =3 f,(53)=P,(3)+ f, (2) =160

@ X =2 f,(52)=P/(2)+ f,(3)=165

@ X =1 f,(51)=P 1)+ f,(4)=170

® x =0 f.(5.0)=P.(0)+ f. (5)=160
x, =1, f,(5)=170 X =1
x, =1=s,=5-1=4= f,(4)=125 ,x;=3
X,=1=s,=4-3=1= f,(1)=50 X, =1
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Example2: Data for the government space project
ERFFTIZB e AR FLOUFAT > B P AP L 504060085 5 R B
DA P A AT B EHRS B BFE RIIL L R A BRERPT 4

s S e

Number of new Prob. of Failure Teams
scientist
1 2 3

0 0.4 0.6 0.8

1 0.2 0.4 0.5

2 0.15 0.2 0.3
Bt A el 8 7 = B 2304 preni F do ] (TRREF T Bt R el ) ?
Sol:

(1) goal

to allocate the two additional scientist to minimize the prob. that all three teams will fall

R B e ] I A
el 1123

(2) formulation

stage — nresearch team

state — S, : the number of scientists still available for allocation to the remaining teams

Xi = number of additional scientists to allocate to team n

Pi(Xi) = prob. of failure for team i if it is assigned Xi
FREE Bl s - BRAE
AR REX, ARBE N g R E S R B L R 5 P(x,)
AR RES, C EFE NPT SRR 0Ll GF B E RA K

(3) model
3 LA
Min P, (X, )P, (X, )P, (X = . .
; 1( 1) 2( 2) 3( 3) f, (83)=QS'Q{P3(X3)}
3
sit. ;Xi =2 fn*(sn): Q]Slsnn Pn(Xn)' fn*+1(sn _Xn) } n :1’2
Xn
S, —> | S,-X,
fn*(Sn): m|<n fn(sn’xn)
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(4) solution procedure

n=3
53 fs*(ss): M<i5n P3(X3) X3*
0 0.8 0
1 0.5 1
2 0.3 2
n=2
X5 f2 (32’ Xz) = Pz (Xz)' fs*(sz - Xz) fz*(sz)
S, 0 1 2
0 0.48 0.48
1 0.30 0.32 0.30
2 0.18 0.20 0.16 0.16
S, =
Sz = 1
S;=2-X,-X,
n=1
| fisux)=Rx) f(s—x) f(s)
S, 0 1 2
2 0.064 0.060 0.072 0.060

X, =1l=s,=2-1=1
s, =1=x,=0
$;=2-1-0=1=x; =1

hidfasix=1%x=0>x=1;FHF] 45 5 0060

Example3:

Max 3x, +5X,

s.t.
X <4

2x, <12
3X, +2X, <18
X, X, 20
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Sol:
(1) identify stage, state
stages — two activity 1 & 2

state — Sn: amount of resource still available for allocation

Z(Rn’Rz'Rs)

(41218)

(4-x,1218-3x,)

f2 ( R1i, R2, R3, X3 ) = 5%z

fi ( 4, 12, 18, x1 ) = 3x1 + I\/)I(znjlx 5X2

Sn
Sl
S2

= fn*(Rl’RZ’ Rs): Max fn(Rl’RZ’ R3,Xn)

f,(4,12,18,x,)=3x, + f, (4—x,1218-3x,)

f,"(412,18)= Max f,(4,12,18,x,)

X, <4
3x, <18}0<x, <4
X, =0
R
X, <—2%
T2
R
X, <2
T2
(2) solution
n=2
S_L fz (R1’ R21 R3) X2
> = JR, R; - R, Rs
R >0 S5mings, = mln{T,T
n=1
f,"(41218,% )=3x, + f, (4—x,,12,18-3x,)
X, <4
= Max {3x, + f, (4—x,1218-3x,) } 3x, < 18
X, 20
:Max{3x1+5mir{1—22,l&fxl) } 0<x <4

=X, =2
=R =4-2=2 R,=12 R,=18-3(2)=12
=>n=2,X,=6 f=36
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Example3.1: ( )

Max 3x, x 5X,

s.t.
X <4

2%, <12
2X, + 2%, <18
X, X, 20

Sol:

f,"(4,12,18) = Max 3x, x 5min{6, 18 _23)(1}

0<x, <4
(1) 0<x <2
3%, -5-6 =90x,
x, =2 ,f =180
(2) 2<x, <4

18-3x, =27X1—2X12

3X,
of

: —_—
0%,

a—f2:—9 X, =3
OX;

=0 27x,-9x’=0 x =3

fog-_ 8
2 2

—  Knapsack problem
— Carloading problem
—  To determining amount of each item such as to maximize total utility without capacity violation
— Each item with different unit weight and unit utilities
n
Max > u;x,

model )
st. D Wx; <W
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Example4:
A hiker can carry up to 11 Ibs of food in his knapsack .He must select amoung four items as :

Item | Unit weight | Unit utility

A 4 12

B 3 6

C 2 5

D 1 2

Sol:
Stage:item i
State S, : weight capacity left for item to select
X; : number of item i selected
S, =11

Recorsire function S, =11-4X,

S, =11-4X, -3X,
S,=11-4X,-3X,-2X,
fi(x): 032‘3(% uiZ; + fi+1(si _Wizi)

stagen=4  f,(x,)=2x, 0<x,<s, =X, =S5,
stage n=3 f,(x,)=max 5x, + f,(S5 —2x,)

= max 5x, + f,(s, —2x,)

=max X, + 28, 0£x3§{sﬂ

lo 1 2 3 4 5 6 7 8 9 10 11
5 7 10 12 15 17 20 22 25 27

o o 1 1 2 2 3 3 4 4 5 5

—h
w

*

<
o5

stagen=2  f,(x,)=max 6x, + f,(s, —3x,)

= max 6x, +2(s, —3x2)+[S _23)(2}

= max 252+{S_23X2} OSXSS[S—z}:x’EO

lo 1 2 3 4 5 6 7 8 9 10 1
2 5 7 10 12 15 17 20 22 25 27

o o o0 o o0 o o o o0 o o

—h
N

*

x
N

stagen=1  f,(x,)= max_12x1, + f,(11—4x,)

0<z<[1y;]
XZ
S, ‘ 0 1 2 | 1
11 |0+27 12+17 24+7| 31 |
X;=2=85,=3=>X,=0
S,=3= X, =1
S,=3-1x2=1=X, =1

X"
2
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Example5 :
Scheduling employment levels

Season | spring |summer| autum | winter | spring
requirement‘ 255 ‘ 220 | 240 ‘ 200 ‘ 255

—  Employment should not below requirement
—  employment above requirement is 200 (x, — X, )°

— fractional is possible by part=time employees
— cost can be fractional

Sol:
Stage : season 1 summer
2 autumn
3 winter
4 spring

x,: employment level for stagen  n=1,2,3,4
X, = 255

why spring be last stage , optimal value of last stage must be either known or without considerly

other stayer (spring is peak season )

for any other season , we must consider impact on the following seasons.
r. = min requirement for stage n
r, =220
r, =240
r, = 200
r, =255
feasible range r, <x, <255

n r, range S, =X, cost
220 |200<x, <255  |s =255 200(x, — 255)” + 2000(x, — 220)
240 |240<x, <255 220 <5, <255/200(x, — X, )* +2000(x, — 240)

3 200 [200<x, <255  |240<s; <255|200(x, — X, ) + 2000(x, — 200)

4 255 |x, =255 200 <'s, < 255|200(255 - x, )°

cost for stage n =200(x, — x, ,)° +2000(x, —r.)

state: s, =x, ,
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—  Model

4

Min %[ 200(x; - x,,)* +2000(x; — 1;) ] r<x <255

i=1

4
f,(5,.%,)=200(x, —s, J* +2000(x, =1, )+ min_$[200(x; - x,, }* +2000(x; 1,
+1

<X <255
i=n

n=4 = 1f’(s,)= min f(s,,x,)

r,<x,<255

fn (Sn 1 X, ) = 200(Xn -3, )2 + ZOOO(Xn - I ) + fn:l(xn)

n=4

Sy f4* (84) XZ
200 <s, <255 | 200(255 s, )’ 255

n=3 £7(sy)=_min_[200(x, —s, * +2000(x, — 200)+ f,"(x,)]

200<X; <255

= min_|200(x, — s, )’ +2000(x, — 200)+ 200(255 - X, )’ |

200<x3<255
of, (as;, X;) _ 400(x, — s, )+ 2000 — 400(255 - x, )
3
=400(2x, —s, — 250) =0
s; +250
X3 =
2

2 2
£(s:)= 200( 5, +250 s3j n 200(255 57 250) n 2000( 5 +250 200]
2 2 2

S3 fy (S;) X5

240 <'s, < 255|50(250 - s, )* +50(260 — s, )* +1000(s, —150) Lac

n=2 f,(s,,%,)=200(x, —s,)* +2000(x, —r, )+ f, (x,)

= 200(x, —s, )* +2000(x, — 240)+50(250 — x, )* +50(260 — x, )* +1000(x, —150)
f2(s,)= 240@!2255 fa(sz.%;)
% =400(x, — s, )+ 2000 —100(250 — x, ) —100(260 — x, ) +1000
2
= 200(3x, —2s, —240)=0
25, + 240
=X, = —3
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071 (s,,x,)

2! 722 = 600 > 0 for 240< x, <255
0X,
%’Xz) >0=min x,=240  for 240<x,<255  with s, <240
X2
s, £ (s;) s,
220<'s, <240 200(240 s, )’ +11500 240
240<'s, <250 %[(240 —s,) +(250-s,)* +(270-s, )’ +2000(s, —195)]

f,(s,, % )=200(x, — s, )’ +2000(x, —r,)+ f,(x,)
n=1 =r=220
= 220 < x, <255
f,(s,,% )= 200(x, —s, )" +2000(x, — 200)+ 200(240 — x, )* +115000

if 220<x, <240

=200(x, — s, )° +2000(x, —220)+ 2—30[(240 —x ) +(255-x,)* + (270 - x, )* j+ 2000(x, —195)
if 240 <x, <255

@ = 400(x, — s, )+ 2000 — 400(240 — X, ) = 400(2x, — s, — 235)
Xl

s, = 255
w — 800(x, — 245)< 0 for x, <240

Xl

00l X, =240 8 %220 < X, <240 P & f(s, )18 chig

¥ 240 < x, <255
@ = 400(x, —s, )+ 2000 —420[(240 — x, )+ (255 — x, ) + (270 — x, )]+ 2000
Xl
= 400 (4x, —3s, —225)

. 0(sn)
2

%] =>0 forall x,
0%,
CCTE
L OX
— X1 — 3312225
B Sl =255 ’ , ) A
% = 2475 @ f,(s, %) 2 240< % < 255 § 1
SoX .

Bofs s, =2554s X, = 2475 & » f,(255,x,) » 1455 (s,
f *(255) = 200(247.5— 255)" + 2000(247.5 — 200)
" 2%;0 [2(250 - 247.5)¢ + (265 - 247.5)° +30(742.5 - 575)|

= 185000
X, = 247.5,x, = 245,x; = 247.5,x; =255 & 9532 4 & 3 $185000
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Example6: ;1’2?114 % sed m*‘m\ﬁ:}» T E -3 7;@ dUEr o Bk s g A E ’i;“_ 2
PRI KEFFTAE :“"’i‘a KRGS ¥ XRLE S-S R
- T

7 Eirp?f’nb;é«‘m?Lﬁ&_, :

o

T8 20— 3 = e = ek
1 05 0.6 0.7 05
2 0.6 0.7 08 0.7
3 0.8 0.8 0.9 0.9

S AR TR 2 L A IUA A (E L sk 2 A o
EINLEE - v 2 N T EFH 2 R AT

R A~ A e e
1 1 2 1 2
2 2 4 3 3
3 3 5 4 4

LR $1000 o
ARETFE=FF > dai 3% gt v 2 kgL o

‘: n:"‘}é:\':;: %n@;%l&ln\?‘_lf:,ﬁiiﬁto

P(X,) 5 %% x BT FE w2 3a A4 sz 85 o
Co(X,) 5 % N 3 x, B ¥ 2w+ 4 o

S, % FIRBH TF 2 47 -

fn’k(s) = max [Pn (Xn)* fn+l(S _Cn (Xn))]

X,=1,2,3
n=4
S f (S) x;
0<s<190 0 0
200<s<290 05 1
300<s<390 07 2
400<s<1000 09 3
n=3
X3 f3(53, X3)= Ps(x3)' f4*(33 - Xs) fz*(ss) X,
S, 0 1 2 3
0<s<290 0 0 0
300<s<390| O 0.35 0 0.35 1
400 < s < 490 0 0.49 0 0 0.49 1
500<s<590 | O 0.63 04 0 0.63 1
600<s<690 | O 0.63 0.56 0.45 | 0.63 1
700<s<790| O 0.63 0.72 0.63 | 0.72 2
800<s<1000| O 0.63 0.72 0.81 | 0.81 3
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n=2

*

XZ fZ(SZ’XZ) fZ*(S ) X2
S, 0 1 2 3
0<s<590 0 0 0 0 0
600<s<690| O 0.294 0 0 0.294 1
700<s<790| O 0.378 | 0.245 0 0378 1
800<s<890| O 0.378 | 0.343 | 0.280 |0.378| 1
900<s<990| O 0.432 | 0.441 | 0.392 (0.441| 2
1000 0 0.486 | 0.411 | 0.504 | 0.504| 3
n=1
X fl(sl'xl) ff(s ) XI
S, 0 1 2 3
1000/ O |0.2205|0.2268 | 0.3024 |0.3024| 3
oM EKIBLFH
FoMER2BTEFHE =
FoMPEARLIBETAE =
P AR LT FE

Example7: < jg ™ 7|22 B SR E R AL ¢

Max Z =12x, +3x? —2x} +12x, — X3
St. X +X,<3
=20 X,20

Sol:

R AT ArTHIN X +X, <3P 2. L iEARdK
pl £, (R) = Max{12x, —x¢ }

0<x,<R

EX

M:u—wgzo (0<x,<2 )
OX,

0% f,(R,X,)

#:—6X2<0 (X2:2 )
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. _[R(OO<R<2)
? |2(2<R<3)

f, (R) X;
0<R<2 12R - R?® R
2<R<3 16 2

n=1 p¥
f,°(s,)= Orpips[12x1 +3x7 -2 + £, (3-x,)]
2 _ny3
{,‘222(1(12)(1 +3X; —2X, +16)

max(12x, +3x7 —2x’ +12(3—-x,) — (3—x.}°)

1<x, <3

=Mmax

F0<x <143

MBX) _ p(3x2 —3x, ~14) > 0
0%,

(3 x) x, =12 % &+ &

M-

¥l<x, <3m 3

MBX) _ 52 4 ax, —9)
0%,

£ —3(x} +4x,-9)=0
X, =-2+413

2
ThBX) _ 30y +4)<0
0%,

“f,(3x) ax =2+V13L2F &+ &

ISR (le:(—2+\/ﬁJ:(l.606J

X, 5-4/13 1.394
Z =12(1.606) + 3(1.606)2 — 2(1.606)° +12(L.394) — (1.394)* = 32.739
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