CHAP 11 Queuing Theory
11.1 Introduction
A.Waiting in line for service
arrival departure

OOO— service facility OOO—

B.Characteristics of queuing process
—arrival pattern of customers
(1) input to queuing system
(2) basic measure

- average arrivals per unit time (mean arrival rate)
- average time between successive arrival (mean inter arrival rate)
(3) type of customers

- patient customers

balked
- impatient customer : < reneged
jackey

(4) type of pattern
- stationary: time-independent
- non-stationary: time-dependent
—service patterns of servers
(1) service type
- single
- batch
(2) service rate
- state-dependent-depend on number in waiting
- independent of number of customers
—queuing discipline
(1) First In First Out (FIFO)
(2) First In Last Out (FILO)
(3) Service In Random Order (SIRO)
(4) Variety Priority Schemes (PRI)
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—system capacity

(1) finite queuing

(2) infinite

—number of service channels

(1) number of parallel service channels

(2) two types of multiple channel system

O OO
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—stage of services
(2) single stage
(2) multiple stages

- recycle
- non-recycle
B.Operations Characteristics (Measure of Effectiveness)

—idle time (P,)
—the prob. of a specific number of units in the system (Pn)
—average number of units in the system (L)
—average time each unit spends in system (E(w))
—average waiting time (E (wq )
—average number in queue (Lq)

— prob. of a customer have to wait (P, =1-P,)
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C.Notation (A/B/X/YIZ)
A: interarrival time distribution
B: service time distribution
X: number of parallel service channels
Y restriction on system capacity
Z: the queuing discipline
D.Symbol for distribution
M: Exponential distribution
D: deterministic
Ek: Erlang type k
GI: general independent for arrival

G: general for service

11.2 The Birth-and-Death Process

A.Most elementary queuing model

B.The state of the system at time t (N(t)) is the number of customers in the system at time t

C.Three basic assumptions
—given N(t)=n, the current prob. dist. of the remaining time until the next birth (arrival) is exponential
with parameter

2, (n=01..n)
—given N(t)=n, the current prob. dist. of the remaining time until next death (service completion) is

exponential with parameter z,

—only one birth or death can occur at a time

2'0 /ll ﬂ’n—z ﬂ’n—l
— — — —
O=O—0—O—E—=0
Hy Hy Hna Hy

—start with 0

(1) count is mode of the number of time that process enters the state and the number of times it leaves

the state

- E, (t) =number of times that enters state n by time t

- L, (t)= number of times that leaves state n by time t
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(2) two types of events must alternative
- B, (t)- L, () <1
3) diviching both sides by tand let t — o

t—>o

(4) rate in = rate out

- for state O

In= 4P, +0(L-P,)= 11,
Out = 4,P,

state 0 > w1, P, = 4,P,

D.Balance equation for Birth-and-Death process

State  Rate in=Rate out

0 Py = APy
1 APy + 1,0, = (Z’1+/ul)
2 AP+ pyPs = (ﬂ +/Jz)p
n-l ﬂ’n—Z pn—2 + /un pn = (ﬂ’n—l + lun—l)pn—l
n 2’ n-1 pn 1 + :un+1 pn+l (/1 + /un)
State Prob.
0 P=2R
1 Pz:%Pl"'ﬂ%(ﬂlpl_/lopo):%a:jﬁ P
2 P, =P, +L(u,P,—4,P)=2P, =220 P
n Pn - l;nl P + (/un an -1 ﬂ“n ZPn 2) A/’lnl Pn—l =%P
P =Aheehp =CRy,  (Where C, =)
> P, =1, @+ch
n=0 n=
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w=LL 7 =mean arrival rate=S'AP
v S

)

11.3 Queuing Model Based on The Birth-and-Death Process

WzL%
a A

AM/M/1/ o [FIFO

—interarrival times are exponential dist. (Poisson Arrival with 1)

—service time is an exponential dist. ()

C, = (i)” =p" where p=2

H

=P =p"R

n=0
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Example 2:CH 1 i #5575 5 | |5 901 1 Poiisson distribution {3 Fli3f -fv- l’[ﬁ'ﬂ'ﬁ?"if#," bt
LI'SFié[ﬁiFF’ﬁ'lfij‘ félﬁ\ﬂjféﬂﬂ%ﬂ}  BR E;ﬁiﬂﬁgfiﬁﬁ\ﬂjfﬁﬁ\ﬁ o 2 ”E?EW@?EEIT%E'J??%E? (]
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0 LT 2 IR ] T G A0%P T+ kL £ Jpe « ASSE TR T - DFSEORL Y 3T 2

Sol:

A =90 (iﬁ/]ﬁﬁ) —Fﬂﬁﬁ?ﬁ%}” Mg =3600/38 (EF‘;]/JE%) Mo, =3600/30 (EF‘;]/JE%)

PRI,
L 90x38
old — -
e 00
90x 30
Prew = =0.75
3600
2 Pold 0.95
AR IfF= L, = L= — ———0.95=18.05
Bk T I (u—7) 1- po Poid = 0.05 iR

PR e P =1— p, =1—0.75=0.25 = 25%
P R T SR (S19) BUESHRIVRLT  PUEIRLA BN (USRI o T
(=25% ) T IHEHELON [RR » FEERITIRL T A FI -

B.M/M/S/ « [FIFO

—S>1
- C, = (%)" for n=1,2,......;s
n!
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(s-1) u Su

n = — = - for n=s+1,....... , 00
sl \ su sls"*
—if A <su
_s—l AN 2P » -
- P, = no(’;z +(”s? ;(ﬁ)ﬂs}
[ (2] () -+
P i
(%‘T P, .0<n<s
. pr1 - : i
sffslz‘s P, .,n>s
_3 ()
R e
L=L,+—
M
=k
-W:Wq+%

- if A > su , the queue explode i.e. unstable

Example 1 5 P-4 B RIS 194053 6%~ R ~ S UG RIS > FRE R
PRI o FIRraa g e - gt TR ISl el > 1 152455 g
i ST Z%‘*Jﬁ S R R o T B ST ER
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Sol:
121.5"/’J‘E\3J: ,u=2.5"/’J‘E‘3JC
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(MIM/1) 1 p=4=1-06

25

(MIMI2) : p =2 =45 =03
(MIM/3) :p =4 =45 =02
shEHE M/M/1 M/M/2 M/M/3
P, 0.4 0.538 0.548
P, 0.24 0.323 0.329
P, 0.144 0.097 0.099
P, 0.086 0.029 0.02
L, 0.9 0.059 0.006
L 15 0.659 0.606
W, 0.6 0.039 0.004
W 1 0.439 0.404

Example 2 : 3 %iLF:“E = R ARRTESNE SR LA - 157 ShpuPoisson dist. =[5 - BT E T PR
LR AR T RN RE %Eﬂjf AR =T S5REE 057?%3@@5\%}@ °
1. ﬁ*HE\%LW[ [ R pARRER R 5 )

2. L,Lq,WW
Sol:
iﬁﬂM/M/S/ooElfJ}éEB%%’ﬁ JE'HM, 4,u=2S= 3p— :4:2
1. PO:l1+2+2+§-1_123J_1:—
P=P, =%
2" 272\ (1 1(2\" -
Pn=WPo=(?X§) (#)=1(2) n>=3
583
2 Lq= 6-% =% L:g+2:2§
8
9

Example 3 [R5 Rl AR e 2 ER AR - {77 f%%ifmﬁ@#%zfﬁl%ﬁ@j%ﬁﬁ HTEIRE A
Beoi el > ST A b 5 ] [ 108 éf%ﬁ*ﬁ%ﬁ BRI I (145, T (D) 190 F 2 DT
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Fiw?

Sol:

SERLMIMI2] o fl0pHR 53k - 21 ]12=10, 41 =60/5=12,8 =2

11-9



p = 4= = 0.4167
2 2 A L) *10*12
l—q =Z(n—S)Pn — (#) H P, — (12) . *l=0175
(s—1(su—2) (2-1)(2*12-10y° 17
5 5 *
s-1 oN N n_n - s—121(“)l 22(“)2
p =143 2L 4 5 ° “l1+y 12, 12 _ L 04117
N s!(1-p) L 2!(1_(2))
12
1 1
W =W, +—=0.0175+—=0.1008
Y7, 12
L=L, + 220175+ 1,008 = 1w =10%0.1008
Y7 12
C.M/M/S/KIFIFO

—finite queue

limited number of customers in the system(k)

A for n=01,.....k-1

Ay =
0 for n>k
A A A
® O ® oNo
- 0w |
M H y
(1) M/M/1/K/FIFO
(%)n =p" n=12,..,k
" 0 n>k
Tk -1 1_ 2 k+1 -1 B
Po: Z(%)n} - (#Z L Iirl
L n=0 1_; 1_p
l_p n
. Pn = 1 pkﬂjp
k
L=> nP,
n=0
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1_pk 1 dp no( )
_ 1_p i 1_pk+l

1-p " dp( 1-p

~ P _(k+l)pk+l
_1_p 1_pk+1
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k-1
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L
W, =9
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Sol: A =413 '] L u=2 1"k p===
(N} 2 (N P 3
1.  P,=-£:=0.04481
1-p
3. L= = 24812 L, =L-(-P,)=15293

A=2(1-P,)=0.4759
W = £ =5213 (/]#) W, =44 =3.2133 (/)

2. 1-P,=1-0.0481=0.9519
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Example 2: 5.7 WrfH v 7 4~ RIS VIR HERRGEC 67 VRaRS]9E B
AP T R E T - 1 iR ﬁﬂlﬂlﬁﬂjf ﬁw =} HQWE 12053 g
ST T R R T SRR L25T SRR - B T S S
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Sol:sERLM/MIL, Ejﬁum}i&ﬁg T k{,g‘rﬁ LRkt k
ASTHES e,
SP =15

L =k-2(-PR)=k-pl-P))

S

PR LR R pES B R L <0.125k - Eﬁ‘m:1,2,3,4,5,5\3]fyw}1 NG UE

k P, L, L, <0.125k ?
1 10/11 0.091 F£1(0.125)

2 50/61 0.197 FL(0.25)

3 500/683 0.321 £1(0.375)
4 | 1250/1933 | 0.467 £L1(0.5)

5 | 2500/4433 | 0.640 71(0.625)

HEI_ zyﬂ hﬁpF\[ F“‘Hf[}];{&g

(2) M/M/S/IK/FIFO

11-12



gl Gy
: Lzznpn +L, +S(1_:ijp“]

L, PV P 1 A e )
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(3) PR T] 2 DI o = s

Sol:

M/M/4[7/FIFO

A =30 unit/hr > 4 =10 unit/hr > p=i= 30 =0.75
s 4*10

1) R= I, =0.045
R }(1“1!+2!+33!+§u+~°;u(o.751+0.752+o.753)]

L, = 15(2175())(3245[1 (0.75)° - 3(0.75)°(0.25)]

=0.477
L =3.2845

7
(2) P, = 34(0045) 0.0641

A =A1-P,)=28.0770
W =4/ =0.1170

(3) AP, =1.9230=30*0.0641
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Sol: ' E5M/M/3/30 » S=3 » K=30 > A = G(L/JEH]:)

p=2("153)=12(* 11 FF)
p:E:%<l:j“j§P0

3 1 . 33 30 .
ZH(%) +§Z(%)
n=0 '+ - n=4
1 4 (1 27
EWRITA SR SENCI Sl
G
=1.65
P, = ;1 =0.61
%(%) x0.61, 0<n<3
(1) p ="

L(Ej x0.61, 3<n<30
313" (6

N 30
_ P _ 1 (1 _
(2) Py = Jsh P, = 337 (6) x0.61=0

11.4 Economic Analysis
A.The Real Value of Queuing Model is for Alternative Evaluation
B.Cost Component

—waiting cost

—service cost

—system idle cost

C.Steps In Solving The Problem
—identify the objective

— list the variables and establish their value

—identify specific alternatives
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—compute Py, L, L, ,W,W,
—compute total cost
T.C.=T.C. of serving + T.C. of waiting

=LC, +KC, +4C,
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Example:
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Sol :

PO :1—1_1—ﬁ_040
40

7]
A 24
u—A 40-24

L 2 24t
Y wu(u-2)  40(16)
b Y goe3
u—A 40-24
W, - A _ 24
u(pu—2) 40(16)
gt g
u 40
| =1- p=1-0.6=04

=0.038

O SR 185 S 10.088 | B (225534 » AR ifio & §EE ¢
8.00-2.25=5.753
5.7555x $ 75,/ 53 S = $431.25 (=)

R i 12 ey 4 £ 8 150 » P BT A 481
$431.25- $150= $281.25 (&)

FIELPFRFOAT G VR - ©p -
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Sol :

PO:1—1—1—2—060
Y7, 30
A 12
u—2 30-12
L 2o 120
Y u(u-2) 30(18)
1 goss

u—2 30-12
W, - A _ 12
u(pu—2) 30(18)
_A12 gy
,u " 30
| =1- p=1-04=06

=0.67

R [0 L R 1853 SRR 150,022 1 B (133534 - AT H[I& KB ;

8.00-1.33=6.675}
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