8.1

Chapter 8  Network Model

Introduction
Definition
— Aset of nodes and a set of arcs connecting these nodes

— node : vertices, point
— arc : link , edge, line

— notation : G : (N,A)

Network Components
— Nodes

— Point where flow generated relayed or terminated

— Branch point of network

— Arc : alinkage connects two nodes

— Types

— Undirected O—O
— Unidirectional Q—,Q
— Bi-directed : :

— Conservation of flow

total inflow + supply = total outflow

or

total inflow = total outflow + demand

— Source nodes : inEq. (1) > X; =0

— Sink nodes : inEq. (2) > X, =0
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— Network representation

(1)Adjacent matrix of a directed network G

X. =

{1 if there is arc from node i to node |
ij

0 otherwise

(2)Node-arc incidence matrix

1 node i is starting node of arc k
Z, =4-1 node i is ending node of arc k
0 otherwises

— example :

011000
000110
000001

— X, =

""loo 1011
000000O
0000 10

(1,2) 1 (1,3) [ (24) | (2,5) [ (3,6) | (4,3) | (4,5) | (4,6) | (6,5)

1 1 0 0 0 0 0 0
10 1 1 0 0 0 0
7z -/0 -1 0 0 1 -1 0 0 0
0 0 -1 0 0 1 1 1 0
0 0 0 -1 0 0 -1 0 -1
0 0 0 0 -1 0 0 -1 1
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8.2  Shortest path problem
A. Introduction
— A path between two nodes is a sequence of distinct arcs connecting these two nodes.

(1)Directed path : each arc in path toward to end point
(2)Undirected path : arcs in path can either toward or away to end point
(3)cycle : a path begins and ends at same node

— If the network contains at least one undirected path between two nodes , these two nodes are
connected

— Connected network : a network that every two nodes are connected
— Shortest path
(1)origin : starting node of path
(2)destination : ending node of path
(3)objective : minimum total distance traveled
B. Solution Method

— Type
(1)one to many : Dijestita method

(2)many to many : Floyd method

— Dijestita method
(1)Definition
— SP (i) =shortest distance from origin point (No) to point |
— PN (i) =proceeding node of |
— LN (i) =label index of I
(2)Procedure
— Step 0 : initialization

SP(i): 0
PN(i)=0
LN(i)=0

LN(No)=1 , for origin node
SP(No)=0
set IDX=No
— Step 1 : for all nodes with LN=0,compute the distance from associated node i

to point IDX as  potential SP(i)= SP(idx)+ afidx,i) if SP'(i) < SP(i)
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then SP(i)=SP (i), PN'(i)= IDX

— Step 2 : identify the node i with smallest SP(i*)and LN(i*):O,set
LN(i")=1

— Step 3 :ifall LN(i):l, stop. Otherwise set IDX =i",go to step 1

— Example:

Iteration O
SP [ PN | LN
10|01
2 | o | 0] 0 |SPO+(L2)=3
3 1 o | 0 | o |SPA)+(@3)=7
2 o o o |SPO+L4)=4
5| o | 0] 0
6 | o | O[O
Iteration 1
SP [ PN | LN
10|01
2 | 3] 1] 1 [sP(2)+(23)=5
s 7 1 [ o |SP@)+(24)=w
T T T o SP(2)+(2,5)=
SP(2)+(2,6)=12
5| o | 0] 0
6 | o | O[O
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SP(5)+(5,6) =10

PN | LN
PN | LN
PN | LN

SP
12
SP
12
SP
12

Iteration 2
Iteration 3
Iteration 4
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Iteration 5
SP | PN | LN
1 0 0 1
2 3 1 1
3 5 2 1
4 4 1 1
5) 7 4 1
6 10 5 1

Shortest —path —tree

— Floyd’s Algorithm
— Notation
D,., ={d(i, j)} : distance matrix

nxn

P... ={p(i, j)} : predecessor matrix

— Algorithm procedure

Step 1 : initialization

Set k=1
C(i,j) ifarc(i, j)e A
d,(i,j)=| © ifi=]j
0 otherwise
po(i1j):i Vi, vj

Step 2 : update distance matrix
dy (i, j)=min[d, (i, }).d, 4 (i, k) +d, 4 (k, j)]
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example

N ii

k:1

k=2

D(i.i) =

VNI 0N =

CoO~NOOUOTPh~hWN -

Step 3 : update predecessor matrix

p(i.j) 7 k

Pesis J)

if d (i, j)=d,(,j)

otherwise

Step 4 : if k = n stop, otherwise set k = k+1 go to step 2

VNI N -

12234 56478
QN 2 07 0000
©2 024 8 A X
R 09 ) © 0 [ o0
©07 4 %0 10 0
0008 010 n 7 ©

0 O00R F 0 7 )

oo g 12 10 0

©0 7 4 ° 0 10 0
ooy coqn 0 7

©eogf K 07 o ©

0000 9 12100

16 oo oo oo

P i

P(i.1) =

ONOOTPR~WN -

R . . (UL L G [ .

234K5A78
2345A78
2345A78
2345A78
2345A78
2345A78
2345A78
2345A878
2345A78
12345678
12345878
12 34+K5A78
12345878
14+ 24 K5A78
12 234K5A78
12345878
12345878
12345878
12345678
122 42678
12315678
223 45678
113 42678
22325678
123 45678
123 45678
123 45678




O 0O O O O O o
0 M o~~~ N~ N~
_R/u33636666
o™ o e 1 b oW
S vt o < <
N23333333
o N N Nt o] oo
A N ] o A
AN MO O~

I

WIW
8 8 88 8 8 8 o
Y Ndgow3r~og
© 3303 8o~
w 999093 o
O™ 4 No g G w 8
®m JNoN < oo 8
N oo addg g8
T oo dm83gn g

A ANM< O O~ 0

k=3
B(i.1)

123456738

14444448

4 2 333338

CO oo
~oM

™ ©

(o N Te}
<™
o m

(9P 9p)

— <

4 2 3456 78
4 3 335678
4 3 3436178

1234561738

—ANM < LO O~

P'(i.i) =

9
+ 0 2 4 6 108
8 8 6 5107 0 <

00 00 0 09 1210 0

5202 486 >
0
6
1310 8 1010 0 7 <0

™ o

) =

D “(i

12345678

WL LW O M~
< OMIT MO~
TMHOM OO OO
TOOMOMLWOL ML

ST ~W
TOMOMOM U
SNMOOMmMm U

A AT W

—AANM IO O~

12345678

mtNoc oS}
LNONSo0©oR
~NoAaNS OGS ool

o~wLmo B woR

k=5

—AANM <L O©MN~0

DA(i.i)

8 unchanged

7, k=

k=6, k

— example :
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8.3

Minimum Spanning Tree

A. A spanning tree

— atree that contains every node in the networ

B. A minimum spanning tree

a spanning tree with minimum total length of arcs

C.The "greedy" algorithm

— step 1 : define two sets of nodes

S : a set of connected nodes

S

— step 2 : identify the nodei” in S

: a set of unconnected nodes

—step 3 : repeat step 2 until S s empty

— example :

. closest to a node in Ss , remove i” from

S

step O

s=1{,2,3456,7}

step 1

S

{6.5)
{1,2,34,7}
=1

s

T.

@)

step 2

s =1{6,5,3}

s=1{,2,47}
T.C.=1+3=4

step 3

s =1{6,534}

s={,27}
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T.C.=4+1=5
s=1{6,534,2} 0

stepd |s={17} ©

{6,5.3,4,2.1} ® 0
{7

= {7 —
=7+2=9 © !

16,5,3,4,21,7) O—CO—O
(o) G—O
O

S
step 5 S

T.

O

nwl wn
I

step 6
T.C.=9+5=14
s ={o}

STOP

step 7

8.4  The Maximum Flow Problem

A. Definition

— under a directed and connected network, the objective is to find the feasible pattern of flow
that maximize the total flow from source (S) to terminal (T) node.
B. Assumptions
— flow conservation conditions hold for the intermediate nodes of the network.
— Initinite supply in source node
C. Model

Max >t

it

vk =5
St f,, > f, =0
gk: ‘ ,Z;‘ K vk #t

0<f, <u, (i,j)eA

— Basic concept

— Flow augumenting process

— Residual capacity
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D. Residual network
— Forall (i,)) in original network without a directed arc the opposite direction (i,j),add this arc
with arc capacity of zero.
— Residual capacity represents the unused arc capacity in the original network or the amount of

flow in the opposite direction is this network that can be cancelled.

E. Solution algorithm
— Stepl : find any directed path from source to terminal nodes that has positive flow capacity,if
it exits, go to step 2.

— Step2 : identify the residual capacity ¢ of this path by find the minimum residual capacity of

the arc in this path increase the flow in this path by c”.

— Decrease by ¢ residual capacity of each arc in the path, increase by c¢” residual capacity of

each arc in the opposite direction of this path ,return to step 1.

F.  Procedure for finding path with positive flow capacity
— ldentify the nodes that can be reached from source node along a arc with strictly positive
residual capacity.
— For each node reached identify the new nodes that can be residual capacity >0

— Repeat this search until terminal is reached

example :
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— Max-flow  min-cut theorem
Sl
N

Sl

1. acutisaset of directed arcs containing at least one arc from every directed path
from source node to terminal node.

2. the maximum flow equals the minimum cut value for all the cut of network.

3. the optimal is reached,whenever there exist a cut in the residual network whose value

is zero.
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example :
an airlinecompany with six scheduled flights depart every two hours at capacities

of 100,100,100,150,150,150.
The booked customers of these flights are 106,140,130,170,220,180.

If custormer is delay by 2 hours,it will be compensated with $ 200,and $ 20 per

additional hour delay.
1. formulate it as network problem

2. what type of problem itis ?

solution :
node : customers arrives or departs
link : customer abord the airplane
link cost : the compensate money the airline paid
A 106 140 130 170 220 180
1
customers
arrive
j
customers
depart

ZSi =106+140+130+170+ 220 +180 = 946
ZDJ- =100*3+150*3 =750

,
C; =200+ Y (i— j—1)x20x2

j=i+2

model :
6 7
min DD CyX;
i=1 j=1
st D> X <8, Vi
i
inj <D; vj

j —
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Example:
FLENTRTE T LRGP EZ B Y o Bimd Hr 2F o L f - &
et f B

B B A B R F IR

Wi o i BL A SLBACR AT

@ (' Shortest
path problem ); 2.7 | B3 T 3540 0 3 T 5B M LUK p AR B (Minimum
Spanning Tree ) ; 3 ELE E F § A MY a2 f fm > FIr FRCEFI L F R

S IBVE —1% 4Ry m BEYR AR F X FINiFE T #HikE 5 (The Maximum Flow

Problem ) °

O-A-B-E-D-T R 13 O-A-B-D-T @ pEA 13
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(2) O-ADT 4% 3

(3) O-A-B-DT #3i%% 1
(4) O-B-D-T dping 2
i
(5) O-C-E-D-T 458 1
i
(6) O-C-E-T 4zixg 1
i

(7) O-C-E-B-D-T 4% 1
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