Chapter 7 Integer Programming
7.1 Introduction
A. Definition
— A L.P with some of variables must be integer.
B. Characteristics
— Cost indivisibility
— Complex solution method
— Finite number of solutions
— Optimal solution are limited to one ,several or none
— LP relaxation
C. TypeofL.P
— All integer problem
Min 6X, +4X, +3X,

gt 2%, +3X, +4X, > 600
5X, +7X, X 70

i Xy X320 and integer

— Mixed integer program (MIP) same as above except

Xi Xy X320 and X: is integer

— Binary integer problems (BIP)

in ZZJ':X”

D> X=1, Vi
St

M

2 X =1, V]

ol

D. Example of integer programming
— capital budget

_ {O, if plantiis built

i 1, otherwise

Max 90X, +40X, +10X, +37X,
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St 15X, +10X, + 15X, <40
20X, +15X , + 10X, <50
20X, + 20X, + 10X, <40

15X, +5X, +4X, +10X, <35

1
X Xy, X, X, :{O}

(1) multiple-choice constraint
X, +X,+X,=1

(2) mutually-exclusive constraint
X, +X,+X,<1

(3) k out of n constraint
X+ X,+X,=2

(4) contingent constraint
X, <X,

(5) corequisite constraint
X, =X,

(6) or constraint

3X,+2X,<18

or X;+4X,<4
— Distribution system design

v - 1, plantiis built
' 0,0,w

Min DD CiX; +>. fuy;
] i1

St ZX‘J <Yy, Vi
J

ixij <D,V
J

3X, +2X, <18+ My
X, +4X,<4+M(1-Yy)

X, X,>20 Y={01}
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Max  5X,+6X,+4X, Max 26X, +30X, +19X,
AX, +6X,+2X, <22 (b)6Xl+6X2+5X3 <33
4X,+3X,+5X, <25 AX,+6X,+7X, <37

(a)

X; 20,85 X = 0,WH

Ans: X, =1X,=2,X,=3 & Ans: X, =0,X,=5X,=0
X,=5X,=0,X,=1 P %30 0 150
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7.2 Characteristicin I.P

A. The value of O.V of the associated L.P relaxation is an upper bound on the O.V of I.P.

B. Factors associated with computational difficultly in I.P.
— The number of integer variables.

— The structure of problem.

C. Solution methods
— Enumeration
— Rounding non-integer solution
— Branch and bound algorithm
— Zero-one Algorithm
— Cutting plane algorithm

— Heuristic methods

D. Problem in solving I.P by L.P then rounded the solution.
— Not necessary feasible after it is round

— No guarantee it is optimal

E. Enumeration
— Exponential growth of problem

— May remove corner-point

F. Heuristic method
— Efficient

— No guarantee optimal



7.3 Branch and Bound Method

A. Concept
— Divide and conque
— Branch to divide the set into two subsets
— Bounding is to determine how good , the subset can be
— Discard it when it can’t contain optimal solution
B. Procedure
— Set z*=—oc0 (Max) or oo (min)
— Solving the LP-relaxation
— If all variables satisfy constraint stop
— Branching
Among the remain sub-problems select the one that recent create , branching from this
node into two new sub-problem.
(1) Adding constraints X, <[X *] and X, >[X *]+1
(2) Itis binary integer problem (BIP), X; =0 and X; =1
— Bounding
Solve the LP-relaxation , and use its O.V as upper bounding (UB)
— Fathoming
(1) Itsbound <Z*

(2) No feasible solution

(3) LP-relaxation is integer and its ov>Z* ,set Z*=o0v
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Example
Max 2X, +3X,

St 195X, + 273X, <1365
4X, +40X, <140
X, <4

X, X, >0,and integer

Z =146
X, =2.44
X, =3.26
X, <2 X, 23
Z =139 Z=14.4
X, =2 X, =3
X,=33 X,=28
F@)
7* =14 X,<2 X, 23
Z=14 Infeasible
X, =4 F(2)
X, =
FQ)
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- Max 4X, -2X,+7X,-X,
St X,+5X3<10
X, +X,—X, <1
- X, +2X,-2X,<3
X, X,, X5, X, 20 and X, X,, X, are Integers

Z* = —0
Z =:|.4E
4
537
_1_1_!0
(4 2 4 )
X, >2
X, <1 Infeasible
7 =141 F(2)
5
6 9
11_1_10
(55)
X, <1 X, 22
Z 2141 Z ::|_21
6 6
5,11 5,11
—,1,_,0 _)2!_!0
% 5 ) % 5 )
F@)
X, =0 X, =1
feasibl
7 :131 Infeasible
2 F(2)
1
0,0,2,—
( Q
FQ)
zx-13%
2
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- Max 9X, +5X, +6X, +4X,

St 6X,+3X,+5X;+2X,<10

X+ X, <1

-X,+X,;<0

-X,+X,<0

ol

X, =1
Infeasible
F(2)

7* = —o0
Z :16l
2
5
_1110a1
g (6 )
X, =0
X, =1
Z=9 1
(01,0, VA :160§
O a0t
) 5 ) 1 5
X, =0 X, =1
2:13% Z:ii_
4 (Llagvg)
(1,0,—,0)
5
F(@)
X, =0
Z =16
1
0,—
1 Q
=14
X4 =0 X4 =1
Z=14 Infeasible
(11,0,0) F(2)
F(3)
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7.4 Converting the MIP into BIP

Require integer variable has upper X, <U

Bound let
P
Xk = zzl_l Yi
i=1

p: smallest integer such that 2° —1>u

Ex. X, <7

p=3
Xi = Zzl_l Yi
-1

__y X;=y, +2y, +4y,

>
[
<
-
<
N
<
w

~N o oA W N P O
P O B O kB O +r O
P P O O F B O O
P P P P O O O O
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7.5 Additive Algorithm (pure BIP)

A. Introduction

Primal approach: maintain feasibility but improve optimality
Dual approach: maintain optimality but improve feasibility

Star with dual-feasible: optimal but infeasible additive algorithm
0-1 algorithm

Implicit Enumeration

Ballas Algorithm
Min ) C X,

j=1
-1. set all constraint be the type of (<)
-2.getall C; >0 if C;<0= X, =1-X,

Start with setting all X; =0

Some S, <0 = infeasible

Evaluate one X, ata time toward feasibility

B. Special terms

Free variables: binary variable not fixed to any branch leading to this node
Partial solution: a specific binary assignment for some variables

1. J,: the partial solution of the nodes
+) > X; =1
- — X; =0
2. J,.,:anew element is augumented to the right of the J,

3. J,.,, isfathomed if

(a) it can not lead to a better objective value

(b) it can not lead to a feasible solution
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X, =0 O X,
/ \ 3, =0
O O
N N
X, =0 J,=1{L5
O/ \O \O J; = 154
J, ={-1-4,-6} X _1/ \ X, =0
= {15.4,-3} O J,=1543;

/ \X ,
O
/ \=154 -3,2}
J, =1{15,4,-3,2,6}
J; = {15,4,-3,2,6, 7)/ \ ={154,-3,2,6,7}

Jy = {1,5,4,—3,2,6,—7,—8} Jg = {1,5,4,—3,2,6,—7,8}

— 4. if all the element of a fathomed J, is negative , the enumeration is finished . Otherwise ,

select the rightmost positive element , complement it and delete all the negative elements to
its right
— example :

J, ={L54,-3,2,6,-7,-8}
J, =1{15,4,-3,2,6}
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C. Basic tests

— A For any free variables X_,if a, >0 forall I correspondingto S/ <0= X, cannot
improve the feasibility , X, is discard
— B. For any free variables X,, C, +Z'>Z, = X, is discard
— C. For the remaining free variables X , for at least one S/ <0 :
J, is fathomed
imin{o,aij }z S|
jeN;
— D. Measure of the total infeasibility resulting form set free X, to1l

N, # ¢, branch variables X is select as the one

V) = Max{\/j‘} , Where V| = min{O,Sit —a‘j}

jeN; jel
if V!'=0,X, =1, J,isimprove feasible solution
J,., isdefined by J, with k on the right is fathomed

D. Solution procedure
— Step0  set J, =¢ Z, =
Setall X, =0 V,en
S, =b, V,em
t=0 2°=0
— Stepl identify the branching variable X, by the basic tests A,B,C,D if no free
variables, J, is fathomed , go to step3
— Step2 X, isidentified, J,,=J, Uk} ,if V!'=0,Z<2Z,

Set Z,=Z from J,,and J,, isfathomed. Otherwise, go to stepl

t+17
— Step3 ifall j<O0 inthe remaining unfathomed J,, Vv, stop, otherwise complementary

J,,gotostep 1.
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E. Example
Max 3X] +2X, =5X,; —2X, +3X,

St X+ X, + X5 +2X, + X, <4

TX; +3X: —4X] +3X; <8
11X, 6X; +3X} —3X; >3

X7 =1{01}v,

— Convert to minimization

Min —3Xs —2X; +5X] +2X; -3X,

— All constraintto <0 constraint

—11X,; +6X; —3X] +3X, <-3

— convert C =0

Xr=17% forj=1,25

C

to i 20 by replaced

min —30—X,) =201 X,)+5X; +2X; —3(1- X,)

st L-X)+@A-X,)+ X5 +2X, +(1-X;)<4
T(L— X,) +3X; —4X; +3(1-X,) <8
—11(1- X,)+6(1— X,) —3X; +3(1—-X,) <3

X; - o,

min 3X,+2X, +5X,;+2X, +3X, -8

st. — X, — X, + X, +2X, - X, <1
—7X,+3X,-4X,-3X,<-2
11X, -6X, +3X,-3X,<-1

X; =0y,
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— LP simplex tableau
Basis | X, X, X, X, X, S, S, s, | RHS
3 2 5 2 3 0 0 0
S, -1 -1 1 2 -1 1 0 0 1
S, 17 0 3 -4 -3 0 1 0 -2
s, | 11 | -6 0 -3 -3 0 0 1 -1
t=0
— Jo={} Z°=0, (8,87,8)=(L-2-1), Z =
— TestAr a; =320 and a;; =0>0= X, isdiscard
— TestB: {}
- X,:Z2°+C,=0+3=3<Z =
- X,:2°+C,=0+2=2<Z" =
- X4:2°+C;=0+5=5<Z" =
- X,:2°4C,=042=2<Z" =
- Xs:2°+C,=0+3=383<Z"=w
— TestC:
- S,=—7-4-3=-14<-2
- §5,=-6-3-3=-12<-1
- N, ={1,2,45}
— Test D:
-V, =min{0,1—(—1)}+ min{0,—2 — (~7)}+ min{0,-1-11} =12
-V, =min{0,1- (-1)} + min{0,—2 — 0} + min{0,~1— (-6)} = —
-V, =min{0,1- 2} + min{0,~2 — (-4)}+ min{0,~1— (-3)} = -
- —mm{01—(-1)}+min{o,—z—(—3)}+min{o,—1—(—3)}=o
-k=5
t=1
— J,={}, Z2'=3, (5}.5;,5;)=(212), Z" =3

— all S, > 0= Fathomed
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t=2
— J,={-5}, Z?=0, (S2,82,S3)=(-2-1), Z =3
— TestA: a;, =320 and a,, =0>0= X, isdiscard
— TestB: {}
- X,:Z%°+C,=0+3=3=2"=3
X, isdiscard
- X,:2%+C,=0+2=2<Z2"=3
- X,:2°+C,=0+2=2<2"=3
— Test C:
-S5,=0-4=-4<-2
- S,=-6-3=-9<-1
- N, =1{2,4}
— TestD:
-V, =min{0,1- (1)} + min{0,~2 — 0} + min{0,~1— (-6) } = -2
-V, =min{0,1- 2} + min{0,-2 - (=4)} + min{0,-1- (-3)} = -1
-k=4

t=3
— J,={-54}, z°=2, (5%S:,S3)=(-122), 2" =3
— TestA: a,; =1>0 and = X, isdiscard
— TestB: {}
- X,:2%°+C,=2+3=5>Z7"=3
X, isdiscard
- X,:2°+C,=2+2=4>7" =3
X, lisdiscard

- N, ={} isfathomed
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t=4
— J,={5-4}, z*=0, (5,5,,85)=(1-2-1), Z =3
— TestB: {}
- X,:Z*+C,=0+3=3=2"=3
X,  isdiscard

- X,:Z2*+C,=0+2=2<2"=3

— Test C:
-5,=0>-2
- S,=-6<-1

- N, ={} fathomed

F. Example

Max 2X; +2X, +3X; - X, -2X,
St. —2X; +3X,; —4X; +5X, +5X. 25
X +2XF —4X; -3X7 <0

X; ={01v,

— Convert to minimization

Min —2X -2X, -3X; + X, +2X.
— All constraintto <0 = constraint

2X,[ —-3X, +4X,; -5X, -5X; <-5
— convert C, <0 to C, >0 by replaced

X =1-X, forj=1,2,3

min. —2(1- X;) = 2(1- X,)=3(1— X))+ X +2X s
st 2(1-X,)-3(1-X,)+4(1—- X,;)-5X; —5X s <5
(1= X)+2(1-X,)=X; =3X "5 <0
X ={01v,
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min 2X, +2X,+3X,+ X, +2X, -7

st. —2X,+3X,-4X,-5X, -5X,<-8
— X, —-2X, - X, -3X,<-3

X ={0v,

— LPsimplex tableau

Basis | X, X, X, X, X, S, S, RHS
2 1 2 0 0

S, -2 3 -4 -5 -5 1 0 -8

S, -1 -2 0 -1 -3 0 1 -3

— J,={}, 2°=0, (5),8))=(-8-3), Z =
— TestA: {} —
— TestB: {}

- X,:2°+C,=0+2=2<Z" =
,:2°+C,=0+2=2<Z2" =
,:Z2°+C,=0+3=3<Z" =

,2°+C,=0+1=1<Z" =

X X X X

5:2°+C,=0+2=2<Z2" =
— Test C:
- S,=-2-0-4-5-5=-16<-2
- S,=-1-2-0-1-3=-7<-1
- N, ={1,2,345}

Y
V, = min{0,-8 — (3)}+ min{0,—3 - (-2)} = -12
- V, =min{0,-8 - (-4)} + min{0,-3 - (0)} = -7
V, =min{0,-8 — (-5)}+ min{0,-3 - (-1)} = -5
V, = min{0,—8 — (-5)}+ min{0,-3 - (-3)} = -3
-k=5
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— J,=0}, 2'=2, (5/,8))=(-30), Z =
— TestA: {}
3>0 X, isdiscard
— TestB: {}
- X,:Z2'4C,=2+2=4<7" =
- X,:Z'+C,=2+43=5<Z"=w
- X,:2'+C,=2+1=3<Z"=w
— Test C:
- S, =-2-4-5=-11<-3
- 5,=-1-0-1=-2<0
- N, ={1,3,4}
— TestD:
-V, =min{0,-3 - (-2)} + min{0,-0 - (-1)} = -1
-V, =min{0,-3— (-4)}+ min{0,0 - (0)} = 0
-V, =min{0,-3— (-5)}+ min{0,~0 - (-1)} =0
-k=4

— J,=p4), z?2=2, (S2,8)=(21), Z =3

— all  §,>0= Fathomed

=3
— 1, =54}, Z°=2, (5},8))=(-30), Z"=3
— TestA: {}
3>0 X, isdiscard

— TestB: {}

- X,:Z2°+C,=2+2=4>7" =3

- X,:2°+C,=2+3=5>272"=3

- N, ={} isfathomed
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— J,={-5-4}, 2*=0, (5/,5;)=(-8-3), Z'=3
— TestA: {}
— TestB: {}

- X,:Z*+C,=0+2=2<7Z"=3

- X,:2*+C,=0+2=2<2"=3

X;:Z*+C,=0+3=3=2"=3
X, isdiscard
- X4:2*+C,=0+2=2<Z" =3
— Test C:
- §,=-2-0-5=-7>-8
-S,=-1-2-1=-4<-1

- N4=¢
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1 2
1 1
V=51.25 V=69
3 4
1,2 1,2
V=56 V=69
5 6
1,23 1,2,3
V=66 V=—o0
7 8
1,2,3,4 1,2,3,4
V=6 V=66
9 10
1,2,3 4,5 12,345
V=66 V=—o0
H ¢

A HEOL g s o
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