
Chapter 7     Integer Programming 

7.1  Introduction 

A.  Definition  

— A L.P with some of variables must be integer. 

B.  Characteristics 

— Cost indivisibility 

— Complex solution method 

— Finite number of solutions 

— Optimal solution are limited to one ,several or none 

— LP relaxation 

C.  Type of L.P 

— All integer problem 

Min  321 346 XXX ++

St  
600432 321 ≥++ XXX

    7075 321 ≥−+ XXX

    and integer 0321 ≥XXX

— Mixed integer program (MIP) same as above except 

    and  is integer 0321 ≥XXX 2X

— Binary integer problems (BIP) 

Min  
∑∑

i j
ijX

  St    
∑ ∀=

j
ij iX ,1

      
∑ ∀=

i
ij jX ,1

      ⎭
⎬
⎫

⎩
⎨
⎧

=
1
0

ijX

D.  Example of integer programming 

— capital budget 

    =ijX
⎩
⎨
⎧

otherwise , 1        
built is iplant  if , 0

 

  Max  4321 37104090 XXXX +++

7-1 

 



  St        ++ 21 1015 XX 4015 4 ≤X  

           ++ 21 1520 XX 5010 4 ≤X  

           ++ 21 2020 XX 4010 4 ≤X   

      35104515 4321 ≤+++ XXXX  

       
⎭
⎬
⎫

⎩
⎨
⎧

=
0
1

,,, 4321 XXXX

(1) multiple-choice constraint 

    1321 =++ XXX

(2) mutually-exclusive constraint 

    1321 ≤++ XXX

(3) k out of n constraint 

    2321 =++ XXX

(4) contingent constraint 

    21 XX ≤

(5) corequisite constraint 

    21 XX =

(6) or constraint 

1823 21 ≤+ XX  

or  44 21 ≤+ XX

— Distribution system design 

    =iY
⎩
⎨
⎧

wo, , 0       
built is iplant  , 1

            Min  ∑∑ ∑
=

+
m

i

n

j

m

i
ijijijij yfXC

1

             St   ∑ ∀≤
n

j
ijijij iysX ,

                  ∑ ∀≤
m

j
jij jDX ,

                  MyXX +≤+ 1823 21

                 )1(44 21 yMXX −+≤+  

                 { }1,00, 21 =≥ YXX  
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例題 

路管理局提供下列等級的車輛列車： 

 

而各類型 的收入比例為5 6：4。該管理當局共有22節高級車廂與25節普

各類型列車的收入比例為26：30：19，而管理當局共有33節高級車廂與37節

（a）
321

321

≥
≤++
≤++

某一鐵

 (a) 

 

 

列車 ：

通級車廂可供其調配。試問各類型的列車應如何分派？ 

(b)改變為下列型態的列車，求解問題 

 

 

 

 

且

普通級車廂可供調配。試問各類型的列車應如何分派？ 

465 321 +

整數,0
25534
22264

+

jX
XXX
XXX

 

Ans:  或 

321 === XX  

目標函數：29 

其中， 皆用盡。 

(b)

0

321

321

32

≥
≤++
≤++

+XXXMax 326 1

3,2,1X 321 === XX  

1,0,5X

並未所有車廂

整數,0
37764
33566

19+

jX
XXX
XXX

XX

 

Ans:  

XMax

0,5,0X 321 === XX  

目標函數：150 

其中， 用盡。 

列車1

 

4高級與4普通級車廂 

並未所有車廂皆

管理當局可能開出第一種類型的

班次、第二種類型的列車2班次、第三

種類型的列車3班次，如此方能用盡所

有車廂，但此時的收入為143，而非最

佳解150。 

6高級與3普通級車廂 

2高級與5普通級車廂 

6高級與4普通級車廂 

6高級與6普通級車廂 

5高級與7普通級車廂 
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7.2  Characteristic in I.P 

 

A. The value of O.V of the associated L.P relaxation is an upper bound on the O.V of I.P. 

 

B. Factors associated with computational difficultly in I.P. 

— The number of integer variables. 

— The structure of problem. 

 

C. Solution methods 

— Enumeration  

— Rounding non-integer solution  

— Branch and bound algorithm 

— Zero-one Algorithm 

— Cutting plane algorithm 

— Heuristic methods 

 

D. Problem in solving I.P by L.P then rounded the solution. 

— Not necessary feasible after it is round 

— No guarantee it is optimal 

 

E. Enumeration 

— Exponential growth of problem 

— May remove corner-point 

 

F. Heuristic method 

— Efficient  

— No guarantee optimal 
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7.3  Branch and Bound Method 

 

A. Concept 

— Divide and conque 

— Branch to divide the set into two subsets 

— Bounding is to determine how good , the subset can be 

— Discard it when it can’t contain optimal solution 

B. Procedure 

— Set －∞（Max）or ∞（min） =*z

— Solving the LP-relaxation 

— If all variables satisfy constraint stop  

— Branching 

Among the remain sub-problems select the one that recent create , branching from this 

node into two new sub-problem. 

(1) Adding constraints [ ]*XX j ≤  and [ ] 1* +≥ XX j  

(2) It is binary integer problem (BIP) , 0=jX  and 1=jX  

— Bounding 

Solve the LP-relaxation , and use its O.V as upper bounding (UB) 

— Fathoming 

(1) Its bound *Z≤  

(2) No feasible solution  

(3) LP-relaxation is integer and its  , set *. Zvo ≥ voZ .* =  
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Example 

Max  21 32 XX +

 St  1365273195 21 ≤+ XX   

      140404 21 ≤+ XX

       41 ≤X

                   egerandXX int,0, 21 ≥

                   

 

 

 

−∞=*z  

 

)1(
3.3

2
9.13

2

2

1

1

F
X
X
Z
X

=
=
=
≤

 

32X ≥22X ≤

8.2
3

4.14
3

2

1

1

=
=
=
≥

X
X
Z
X

26.3
44.2
6.14

2

1

=
=
=

X
X
Z

 
 

 

 

 

 

 

 

 

 

 

 
14* =Z  

 

 

 

 

 

 

 

 

 

 

 

 

)2(F
Infeasible  

)3(
2
4

14

2

1

F
X
X
Z

=
=
=
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- Max  4321 724 XXXX −+−

St    10351 ≤+ XX

      1321 ≤−+ XXX

      322 421 ≤−+− XXX

       and  are Integers 0,,, 4321 ≥XXXX 321 ,, XXX

 

−∞=*z  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

               
2
113* =Z  

)2(

21

F
Infeasible
X ≥

)0,
6

11,1,
6
5(

6
114

12

=

≤

Z

X

 

)1(

)0,
6

11,2,
6
5(

6
112

22

F

Z

X

=

≥

)2(

11

F
Infeasible
X =

)3(

)
2
1,2,0,0(

2
113

01

F

Z

X

=

=

 

 

)0,
5
9,

5
6,1(

5
114

11

=

≤

Z

X

)0,
4
7,

2
3,

4
5(

4
114=Z
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- Max  4321 4659 XXXX +++

St   102536 4321 ≤+++ XXXX  

      143 ≤+ XX

      031 ≤+− XX

     042 ≤+− XX  

      iiX ∀
⎭
⎬
⎫

⎩
⎨
⎧

= ,
1
0

 

−∞=*z  

 

 

 

9* =z  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

14* =z  

)1,0,1,0(
9
01

=
=

Z
X

 

F (3) 

)2(

13

F
Infeasible
X =

)
2
1,0,1,1(

16
03

=
=

Z
X

)
8
1,

8
1,1,1(

16
12

=
=

Z
X

)1(

)0,
5
4,0,1(

5
413

02

F

Z

X

=

=

 

)
5
4,0,

5
4,1(

5
1160

11

=

=

Z

X

 

)1,0,1,
6
5(

2
116=Z

 

)2(

14

F
Infeasible
X =

)3(
)0,0,1,1(

14
04

F

Z
X
=
=
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7.4  Converting the MIP into BIP 

 

     Require integer variable has upper UX k ≤  

     Bound let  

            ∑
=

−=
p

i
i

i
k yX

1

12

            p: smallest integer such that  up ≥−12

 

     Ex.   7≤iX

           ∑
=

=

−=
3

1

12
p

i
i

i
i yX

          321 42 yyyX i ++=  

 

 

                            1X 1y 2y 3y

              0      0      0      0 

              1      1      0      0 

              2      0      1      0 

              3      1      1      0 

              4      0      0      1 

              5      1      0      1 

              6      0      1      1 

              7      1      1      1 
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7.5  Additive Algorithm (pure BIP) 

 

A. Introduction 

— Primal approach: maintain feasibility but improve optimality 

— Dual approach: maintain optimality but improve feasibility 

— Star with dual-feasible: optimal but infeasible additive algorithm 

— 0-1 algorithm 

— Implicit Enumeration  

— Ballas Algorithm 

Min  ∑
=1j

jjXC

-1. set all constraint be the type of (≤ ) 

             - 2.get all  if 0≥ijC ⇒≤ 0ijC 0,1' ≥−= jjj CXX  

— Start with setting all  0=jX

— Some infeasible ⇒≤ 0iS

— Evaluate one  at a time toward feasibility jX

 

B. Special terms 

— Free variables: binary variable not fixed to any branch leading to this node 

— Partial solution: a specific binary assignment for some variables 

— 1. : the partial solution of the nodes tJ

                +J       1=jX

                -J       0=jX

— 2. : a new element is augumented to the right of the  1+tJ tJ

— 3.  is fathomed if 1+tJ

(a) it can not lead to a better objective value 

(b) it can not lead to a feasible solution  
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)(.........0 φ=J  

 

01 =X        1X

                         { }11 =J  

                     04 =X 5X

06 =X                            { }5,12 =J    

                                  { }4,5,13 =J  

{ 6,4,1 −−−=nJ }                  13 =X           03 =X  

                             { { }3,4,5,14 =J  },5,15 =J 3,4 −

                                 12 =X  

                                     { }2,3,4,5,16 −=J  

                                           { }6,2,3,4,5,16 −=J  

 

                                               

              { }           { }7,6,2,3,4,5,17 −=J  7,6,2,3,4,5,18 −−=J

 

         { }8,7,6,2,3,4,5,110 −−−=J       { }8,7,6,2,3,4,5,19 −−=J  

 

— 4. if all the element of a fathomed  is negative , the enumeration is finished . Otherwise , 

select the rightmost positive element , complement it and delete all the negative elements to 

its right  

tJ

— example : 

    { }8,7,6,2,3,4,5,1 −−−=tJ

   { }6,2,3,4,5,11 −=+tJ  
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C. Basic tests 

— A. For any free variables , if  for all I corresponding to  can not 

improve the feasibility , is discard 

rX 0≥ira ⇒≤ 0t
iS rX

rX

— B. For any free variables , is discard rX ⇒≥+ u
t

r ZZC rX

— C. For the remaining free variables X , for at least one  : 0<t
iS

          is fathomed tJ

          { }∑
∈

≥
m

Nj

t
iij

t

Sa,0min

— D. Measure of the total infeasibility resulting form set free  to 1  rX

      φ≠tN , branch variables X is select as the one  

      { }tjNj

t
k VMaxV

t∈
=  , where { }i

j
t
ij

t
j aSV −=

∈
,0min

1
 

      if , is improve feasible solution  1,0 == t
k

t
k XV tJ

       is defined by with k on the right is fathomed 1+tJ *
tJ

D. Solution procedure 

— Step0  set ∞== uZJ φ0  

         Set all nX ii ∈∀= 0  

               mbS jjj ∈∀=  

                00 0 == Zt

— Step1  identify the branching variable  by the basic tests     A,B,C,D if no free 

variables,  is fathomed , go to step3  

kX

tJ

— Step2   is identified , =  kX 1+tJ tJ { }kU  , if u
t

k ZZV <= ,0  

          Set  from , and  is fathomed. Otherwise , go to step1 ZZu = 1+tJ 1+tJ

— Step3  if all 0≤j  in the remaining unfathomed , tJ t∀  stop, otherwise complementary 

, go to step 1. tJ
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E. Example 

        

Max  
+++++ +−−+ 54321 32523 XXXXX

  St.   
42 54321 ≤++++ +++++ XXXXX

       83437 5431 ≤+−+ ++++ XXXX

              333611 5421 ≥−+ ++++ XXXX

              
{ } jjX ∀=+ 1,0

 

— Convert to minimization  

Min  
+++++ −++−− 54321 32523 XXXXX

 

— All constraint to      constraint 0≤

    
333611 5421 −≤+−+− ++++ XXXX

 

— convert  to  by replaced 0≤iC 0≥iC

             for j=1,2,5 jj XX −=+ 1

  

         min  )1(325)1(2)1(3 54321 XXXXX −−++−−−− ++

          st.   4)1(2)1()1( 54321 ≤−+++−+− ++ XXXXX

               8)1(343)1(7 5431 ≤−+−+− ++ XXXX

               3)1(33)1(6)1(11 5421 ≤−+−−+−− + XXXX

               
{ } jjX ∀=+ 1,0

 

        min 832523 54321 −++++ XXXXX  

         st.. 12 54321 ≤−++−− XXXXX  

            23437 5431 −≤−−+− XXXX  

            133611 5421 −≤−+− XXXX  

              { } jjX ∀=+ 1,0
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— LP simplex tableau 

Basis 1X  1X  1X  1X  1X  1S  2S  3S  RHS

 3 2 5 2 3 0 0 0  

1S  -1 -1 1 2 -1 1 0 0 1 

2S  17 0 3 -4 -3 0 1 0 -2 

3S  11 -6 0 -3 -3 0 0 1 -1 

 

    t = 0 

—  { } ∞=−−=== *0
3

0
2

0
1

0
0 ,)1,2,1(),,(,0, ZSSSZJ

— Test A:  and  is discard 03 ≥=ija ⇒≥= 0033a 3X

— Test B:  { }

-  ∞=<=+=+ *
1

0
1 330: ZCZX

-  ∞=<=+=+ *
2

0
2 220: ZCZX

-  ∞=<=+=+ *
3

0
3 550: ZCZX

-  ∞=<=+=+ *
4

0
4 220: ZCZX

-  ∞=<=+=+ *
5

0
5 330: ZCZX

— Test C: 

-  2143472 −<−=−−−=S

-  1123363 −<−=−−−=S

-  { }5,4,2,11 =N

— Test D: 

- { } { } { } 12111,0min)7(2,0min)1(1,0min1 =−−+−−−+−−=V  

- { } { } { } 2)6(1,0min02,0min)1(1,0min2 −=−−−+−−+−−=V  

- { } { } { } 1)3(1,0min)4(2,0min21,0min4 −=−−−+−−−+−=V  

- { } { } { } 0)3(1,0min)3(2,0min)1(1,0min5 =−−−+−−−+−−=V  

- k = 5 

 

    t = 1 

—  { } 3,)2,1,2(),,(,3,5 *1
3

1
2

1
1

1
1 ==== ZSSSZJ

— all Fathomed ⇒≥ 0iS
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     t = 2 

—  { } 3,)1,2,1(),,(,0,5 *2
3

2
2

2
1

2
2 =−−==−= ZSSSZJ

— Test A :  and 0332 ≥=a ⇒≥= 0033a 3X  is discard 

— Test B:  { }

-  3330: *
1

2
1 ===+=+ ZCZX

            is discard 3X

-  3220: *
2

2
2 =<=+=+ ZCZX

-  3220: *
3

2
3 =<=+=+ ZCZX

— Test C: 

- 24402 −<−=−=S  

-  19363 −<−=−−=S

-  { }4,21 =N

— Test D: 

- { } { } { } 2)6(1,0min02,0min)1(1,0min2 −=−−−+−−+−−=V  

- { } { } { } 1)3(1,0min)4(2,0min21,0min4 −=−−−+−−−+−=V  

- k = 4 

    

 

    t = 3 

—  { } 3,)2,2,1(),,(,2,4,5 *3
3

3
2

3
1

3
3 =−==−= ZSSSZJ

— Test A :  and  is discard 0131 ≥=a 3X⇒

— Test B:  { }

-  3532: *
1

3
1 =>=+=+ ZCZX

            is discard 1X

-  3422: *
2

3
2 =>=+=+ ZCZX

            is discard 2X

-  is fathomed { }=3N
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    t = 4 

—  { } 3,)1,2,1(),,(,0,4,5 *4
3

4
2

4
1

4
4 =−−==−−= ZSSSZJ

— Test B:  { }

-  3330: *
1

4
1 ===+=+ ZCZX

            is discard 1X

            -  3220: *
2

4
2 =<=+=+ ZCZX

— Test C: 

-  202 −>=S

- 163 −<−=S  

-  fathomed { }=1N

 

 

F. Example 

 

Max  
+++++ −−++ 54321 2322 XXXXX

  St.   555432 54321 ≥++−+− +++++ XXXXX

       0342 5421 ≤−−+ ++++ XXXX

              
{ } jjX ∀=+ 1,0

 

— Convert to minimization  

Min  +++++ ++−−− 54321 2322 XXXXX

— All constraint to constraint ⇒≤ 0

    555432 54321 −≤−−+− +++++ XXXXX

— convert  to  by replaced 0≤iC 0≥iC

             for j=1,2,3 jj XX −=+ 1

  

         min.  54321 2)1(3)1(2)1(2 ++ ++−−−−−− XXXXX

          st.   555)1(4)1(3)1(2 54321 −≤−−−+−−− ++ XXXXX

               03)1(2)1( 5421 ≤−−−+−− ++ XXXX

               { } jjX ∀=+ 1,0
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        min 72322 54321 −++++ XXXXX  

         st.. 855432 54321 −≤−−−+− XXXXX  

            332 5421 −≤−−−− XXXX  

              { } jjX ∀=+ 1,0

 

—  LP simplex tableau 

Basis 1X  1X  1X  1X  1X  1S  2S  RHS  

 2 2 3 1 2 0 0  

1S  -2 3 -4 -5 -5 1 0 -8 

2S  -1 -2 0 -1 -3 0 1 -3 

    t = 0 

—  { } ∞=−−=== *0
2

0
1

0
0 ,)3,8(),(,0, ZSSZJ

— Test A:  { }
— Test B:  { }

-  ∞=<=+=+ *
1

0
1 220: ZCZX

-  ∞=<=+=+ *
2

0
2 220: ZCZX

-  ∞=<=+=+ *
3

0
3 330: ZCZX

-  ∞=<=+=+ *
4

0
4 110: ZCZX

-  ∞=<=+=+ *
5

0
5 220: ZCZX

— Test C: 

- 216554022 −<−=−−−−−=S  

- 17310213 −<−=−−−−−=S  

-  { }5,4,3,2,11 =N

— Test D: 

- { } { } 8)1(3,0min)2(8,0min1 −=−−−+−−−=V  

- { } { } 12)2(3,0min)3(8,0min2 −=−−−+−−=V  

- { } { } 7)0(3,0min)4(8,0min3 −=−−+−−−=V  

- { } { } 5)1(3,0min)5(8,0min4 −=−−−+−−−=V  

- { } { } 3)3(3,0min)5(8,0min5 −=−−−+−−−=V  

- k = 5 
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    t = 1 

—  { } ∞=−=== *1
2

1
1

1
1 ,)0,3(),(,2,5 ZSSZJ

— Test A :  { }
3 >0  is discard 2X

— Test B:  { }

-  ∞=<=+=+ *
1

1
1 422: ZCZX

-  ∞=<=+=+ *
3

1
3 532: ZCZX

-  ∞=<=+=+ *
4

1
4 312: ZCZX

— Test C: 

-  3115421 −<−=−−−=S

-  021012 <−=−−−=S

-  { }4,3,11 =N

— Test D: 

- { } { } 1)1(0,0min)2(3,0min1 −=−−−+−−−=V  

  - { } { } 0)0(0,0min)4(3,0min3 =−+−−−=V  

- { } { } 0)1(0,0min)5(3,0min4 =−−−+−−−=V  

   - k = 4 

    

     t = 2 

—   { } 3,)1,2(),(,2,4,5 *2
2

2
1

2
2 ==== ZSSZJ

—  all   Fathomed ⇒≥ 0iS

    

    t = 3 

—  { } 3,)0,3(),(,2,4,5 *3
2

3
1

3
3 =−==−= ZSSZJ

— Test A :  { }
   3 >0  is discard 2X

— Test B:  { }

-  3422: *
1

3
1 =>=+=+ ZCZX

-  3532: *
3

3
3 =>=+=+ ZCZX

-  is fathomed { }=3N
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    t = 4 

—  { } 3,)3,8(),(,0,4,5 *4
2

4
1

4
4 =−−==−−= ZSSZJ

— Test A:  { }
— Test B:  { }

-  3220: *
1

4
1 =<=+=+ ZCZX

            -  3220: *
2

4
2 =<=+=+ ZCZX

            -  3330: *
3

4
3 ===+=+ ZCZX

                  is discard 3X

            -  3220:4 *
2

4 =<=+=+ ZCZX

— Test C: 

-  875021 −>−=−−−=S

- 141212 −<−=−−−=S  

- φ=4N  
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例題 

考慮5種不可分割的貨物，其單位重量與價值如下： 

號列 重量 價值 

1 

2 

3 

4 

5 

18 

12 

15 

16 

13 

27 

9 

30 

16 

  6.5 

設卡車的總載重限制為45單位重，此問題為如何裝運貨物，使在載重限制內，

裝運價值最大的貨物。 

 

解：首先，依照貨物單位重量的價值排列這些貨物： 

索引號列 貨物號列 重量 價值 價值/重量 

1 

2 

3 

4 

5 

3 

1 

4 

2 

5 

15 

18 

16 

12 

13 

30 

27 

16 

9 

  6.5 

2 

  1.5 

1 

 0.75 

  0.5 

由於貨物不可分割，依排列順序裝運貨物，直至未超過載運限制的裝貨為止。

則裝運所有的貨物3與貨物1，總重量33，總價值57；但並非最佳解，因為若裝

運所有的貨物3、1與4，則裝運總重量為45，總價值為66。則此問題之樹形解

（solution of tree）如下所示，過程如同分枝限定法： 

節點1包含了所有貨物的組合，但不包括索引號列1的貨物；節點1之上界計算
如下： 

索引號列 貨物號列 重量 價值 
2 
3 
4 

1 
4 
2 

18 
15 
16 

9 
30 
16 

若裝貨內容包含所有貨物1、貨物4及11/12的貨物2，則裝載總重量為

18+16+11/12（12）＝45單位，而總價值為V＝27+16+11/12(9)=51.25單位。 
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其中，節點9為最
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1,
V

9 
2,3 ,4,5  
V=66 

佳的裝貨
4 
1,2
=6
1
V=
5 
,2,3
=66
10 
1,2,3 ,4,5
V=－∞

組合。 

7-21 
6 
,2,3 
－∞
1 
1 

51.2
7 
,3 , 4
=63 
8 
2,3 ,4 
=66


