Chapter 6 LP Application

6.1 Transportation Problem
A. Introduction
— To minimize the total cost of shipping products from supply point to demand points
— Each demand has min. requirement

— Each supply has capacity limitation
min. > > CijXij
i
st. Y Xij<Si , Vi
j
D> Xij=Dj , Vj
Xij >0
— Characteristics

(1) Supply and demand are integer

(2) Use plus/minus arithmetic operation

Supply Demand

S1 1 1 D1

2 D2

— Example

Destination
Origin 1 2 3 4 Si
1 3 2 7 6 5000
2 7 5 2 3 6000
3 2 5 4 5 2500
6000 | 4000 | 2000 | 1500 | 13500

— Special consideration
Total demand = total supply
(1) Total demand < total supply —p no modification
(2)Total demand > total supply —» adding dummy origin
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— Special routes

(1)Route capacities

Example

X; 21000 minimum flow

X; 21000 capacity limitation

(2)Unacceptable routes : remove the associated decision variables

— Degeneracy

(1)Number of routes is less than n+m-1

(2)Assigned some routes with 0 shipments until n+m-1 routes is assigned

B. Special solution procedure

— Stepl. Find the initial feasible solution
— Step2. Iteratively make improvement until optimal is reached
— Transportation tableau
Destination
1 2 3 4
Cll C12 Cl3 Cl4
1 S1
Origin
CZl C22 CZS C24
2 S2
C31 C32 C33 C34
3 S3
Demand D1 D2 D3 D4

— Find the initial solution

(1)Minimum Cost Method

— Allocating as many as possible to minimum routes

— If there is tie to the one can ship the most unit

Destination
1 2 3 4

3 2 7 6

1 1000(5) 4000(1) 5000
Origin 7 5 2 3 | 6000

2 2500(6) 2000(3) 1500(4)

2 | 5 | [ 4 [ 5 |
3 [2500(2) 2500

Demand 6000 4000 2000 1500
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(2)Northwest Corner Rule

— Make initial assignment to the “upper left” corner

— Then to second-row

Destination
1 2 3 2
3 2 7 6
1 [5000(1) 5000
Origin 7 5 2 3 | 6000
2 1000(2) 4000(3) 1000(4)
2 5 4 5
3 1000(5) 1500(4) 2500
Demand 6000 4000 2000 1500

(3)Vogel Approximation Method

— Use relative cost comparison for allocation

— Opportunity cost : the different between two lowest cells in each row and

column
Destination
1 2 3 4
3 2 7 6
1 [1000(2) 4000(1) 5000
Origin 7 5 2 3 | 6000
2 |2500(6) 2000(4) 1500(5)
2 | 5 | [ 4 | | 5 |
3 [2500(3) 2500
Demand 6000 4000 2000 1500

— Improve initial solution

(1)Stepping-stone Method

Stepl:
Step?2 :
Step3 :

Step4 : if

<0 (min) or

otherwise do nothing

select an empty cell
identify a closed path

compute the improvement

>0 (max) move maximum unit to empty cell

Step5 : if there is unevaluated cell go to step2 , otherwise stop
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Empty Cell Close Path Unit Cost
X C;-CptCy-Cyy 7-2+17-3=9
Xy Cpy-CputCy-Cy 6-3+7-3=7
X2 Cp-CputCy-Cyp 5-7+3-2=-1
X Cyp-CytCy-Cyy 5-2+3-2=4
X Cy;-C,;+C, -Cyp 4-2+7-2=7
Xa C,-C,;+C, -C,, 5-2+7-3=7
Destination
1 3
e o e L2 LT LS
Origin (7 s [2] [3]
2 2500 -1 2000 1500 6000
L2 [ 5 [ 4 [ 5 |
3 2500 4 7 7 2500
Demand 6000 4000 2000 1500
Empty Cell Close Path Unit Cost
X C;-CtCyp-Coy 7-2+5-2=8
X Cu-CputCp-Cy 6-3+5-2=6
X Cyu-CyutCy,-Cy 7-3+2-5=1
X Cyp-CytCy-Cyy 5-2+3-2=4
Xz Cy-Cy+Cyy-Cpp#+Cp-Cpy | 4-243-2+5-276
X c,-C,+C,-C, +C,-C, | 5-2+3-2+5-3=7
Destination
1 3
L ame o e L2 LT LS
Origin (7 Ls] [2] [3]
2 1 2500 2000 1500 6000
[ 2 | [ 5 | [ 4 ] [ 5 |
3 2500 4 6 6 2500
Demand 6000 4000 2000 1500
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(2)Modified Distribution Method (MODI)
Min > > C;X;
St. XXy =8 V¥ (U)
j
Z X =D

X 20

j =

v, (V)

Dual
Max > SU;+> DV,
i j

St. U +V,<C, V¥, ,V,

! J

_p XU 4V, =C;)=0

Destination
1 2 3 4
N [V EH R NI O O T
Origin (7 Ts5| [z] [3]600
2 1 2500 2000 1500
[ 2 | [ 5 | [ 4 [ 5
3 2500 4 6 6 2500
Demand 6000 4000 2000 1500
X,;#0 U,+V, =3 ) U,=0 V, =3
X,#0 U,+V,=2 V,=2
X,,#0 U,+V,=5 U,=3
X, #0 U,+V,=2 ’ V,=-1
X, #0 u,+V,=3 V,=0
X #0 Us+V, =2 U,=-1
d;=C; -U; -V,
d;=7-0-(-1) =8
d,= 6-0-0=6
d,,= 7-3-3=1
d,= 5-(-1)-2=4

d33 = 4—(—1)—(—1):6
d,= 5-(-1)-0=6
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— To guarantee the initial feasible solution has mth-1 basic routes , we add a

shipment of O unit to a cell in the row or column which were last lined out

before final assignment.

Destination
1 2 3 4
| 6 | | 8 | | 3 | [ 10 |
1 20(4) 10(2) 0(6) 30
Origin 2 9 5 7
2 10(1) 5(5) 15
[ 7 ] [ 8 | [ 6 | [ 4 |
3 15(3) 15
Demand 10 25 10 15
R
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& -] & A2 (Minimum cost method )
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(€)

BN § ¥ A C s g
14 16 19 .
50 10
15 18 20 0
70 15
12 17 12 -
55
Z ke 0 0 55 200
TC=14x50+16%x10+18%70+20%15+12x55=3080
(=) VAM;# (Vogel’approximation method )
(a)
1R L A B C KA
14 16 19 16-14=2
15 18 20 18-15=3
12 17 12 12-12=0
R 14-12=2 17-16=1 19-12=7
T
N E A B C B E
60
85
55* 95
R 50 80 70 200
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(b)

o o A B C i RdE %1
14 16 19 16-14=2
15* 18 20 18-15=3
+2 +F +2
S AT 15-14=1 18-16=2 20-19=1
B I A B C R
60
50* 85
55 0
7 18 50 80 15 200
(c)
I - A B C i EIE &1
| 4 16* 19 19-16=3
15 18 20 20-18=2
2 +F +2
PUER 18-16=2 20-19=1
By sy A B C E%E
60* 60
50 35
55 0
z kg 0 80 15 200
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(d)

1R B H g A B C A%
14 16 10
15 18 20 20-18=2
va 7 e
Wit A ER
1R § g A B C ST
60 0
50 20* 35
55 0
z $ g 0 20 15 200
(e)
1R ¥ E T A B C A %1
L4 19
15 18 20*
5 +¥ 45
Wit L ER
1A ¥R A B C % E
14 16 19
0
60
15 18 20
15
50 20 15
12 17 12
0
55
EA 0 0 15 200

TC=15x50+16x60+18%20+20x15+12x55=3030

6-12




® k%% 2z (Stepping-stone method )

— 1L A & EE D s fR L B

1R L A B C HHE
14 16 19
60
50 10
15 18 20
85
70 15
12 17 12
55
55
7 RE 50 80 70 200
Empty cell—= C A A B
Empty cell il A
A A - A - B - B 15—-14+16—18=—1
1R i A B C EHE
14 16 19
60
50 + 10
15 18 20
85
+ ¢——— 70 15
12 17 12
55
55
7 RE 50 80 70 200
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Empty cell BT 2 e
C C -~ B B - 19—16+18—20=1
1R A A B C ST
14 16 19
60
50 10 — +
15 18 20
85
70 + — 15
12 17 12
55
55
2 kg 50 80 70 200
Empty cell B AT R
A AC )» A( )-»> B( )-» B( )» C( )-> C( )|12-14+16-18+20-12=4
1R S A B C e
14 16 19
60
50 — + 10
15 18 20
85
— —0 + 15
12 17 12
55
+ — 55
z &g 50 80 70 200
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Empty cell BT 2 e
B B - B C - C 17—18+20—12=7
1 RR ¥ EAT A B C L
14 16 19
60
50 10
15 18 20
85
70 — + 15
12 17 12
55
+ ¢— — 55
T RE 50 80 70 200
1A% ¥ EAT A B C B LE
14 16 19
60
50 10 +1
15 18 20
85
—1 70 15
12 17 12
55
+4 +7 55
7 RE 50 80 70 200
T F T B THeg F 7 A B
14 — 16 =
0 60
50 10 =
15 == 18 —
50 20
70

6-15




1R ¥ ¥ A B C B
14 16 19
60
60
15 18 20
85
50 20 15
12 17 12
55
55
T RE 50 80 70 200
TC=16x60+15x50+18x%20+20%15+12%55=3030
Empty cell—= A C A B
Empty cell B g
A A - - B - A 14—16+18—15=1
A - - B - B 12—15+18—-16
A
- C - C +19—12=6
B B - - C - C 17—18+20—-12=7
® i x#u:z (MODI)
— L E R EE I AR S B
VJ’ Vi Vv, V3
U; 1R ¥ EAT A B C B E
14 16 19
U, 60
50 10
15 18 20
u, 85
70 15
12 17 12
U, 55
55
7 RE 50 80 70 200

6-16




d

o o

d

Chp=U +Vv, =14
C,=U +V, =16
Cp =U,+V, =18
Cpuy=U,+Vv; =20
Cyy = Uy +V, =12

c=0,=0C3-U-Vv;=19-0-18=1
=dy =Cy—-U,—V,=15-2-14=-1

AT

A_d31

B _d32 _C32

—uy-v, =12—(-6)-14=4
U,—v, =17 —(-6)-16 =7

7 v, =14 v, =16 v;=18
u RN (] A B C N
;i;_ 2
14 16 19
u,=0 60
50 10 19-18-0=1
15 18 20
u,= 15-14-2=— 85
70 15
1*
12 17 12
U, =6 95
12-14+6=14 17-16+6=7 55
7 RE 50 80 70 200
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1R CE A B C nSE
14 16 + 19 +1
60
— | 50 10
15 18 — 20
85
F 70 15
12 17 12
55
+4 +7 55
z &g 50 80 70 200
=Syl A+ o A -~ B + 4
d ,=15-14+16-18=-1
1R A A B C ST
14 16 19
60
60
15 18 20
85
50 20 15
12 17 12
55
55
z &g 50 80 70 200
C,=U+V, =16 & 0 #v,=16
Cy, =U,+V, =18 # u,=2
Cy=U,+Vv, =15 v, =13
Cpy =U, +V, =20 v, =18
Cy = U, +V, =12 @ u,=-6
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V; v, =13 v, =16 v,=18
u; 1R ¥ E AT A B C A
14 16 19
u,=0 60
+1 60 +1
15 18 20
2:2 85
50 20 15
12 17 12
u,=-6 55
+5 47 55
AN 50 80 70 200
d; =¢; —Uu; -V,
d,=d,=c¢c,-u-v,=14-0-13=1
d ,=0d;;=¢;,-U;-Vv,=19-0-18=1
d ,=0d;,=¢c;-U;—Vv, =12-(-6)-13=5
d g=d,=C,—-U; -V, =17—-(-6)-16=7
if >'8i=210 ) Dj=200
minimum cost=balance or non-balance—same answers
if > Si=210 ) Dj=220

must add dummy supplier with

Sd=> Dj-> Si=10

6.2 Assignment Problem
A. Introduction

— Resource are being assigned to the activating on one-to-one base

— Decision variable

X =

i 1, if resource i is assigned to activity j

0, otherwise

— Model

Min > >'C; X,
i
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St. Y X;=1 ,V

2 Xy=1 .,
X; =01 V¥, ,V,

Project Client

Leader 1 2 3
1 10 15 9
2 9 18 5
3 6 14 3

Min 10X, +15X,, +9X; +9X,, +18X,, +5X,; + 6 X, +14X,, +3X
St. Xy + X, + X4, =1

Xy + Xy + Xy =1

X + Xy + Xy =1
X1 + X, + X5, =1
X + X +Xgy =1
B. Solution method
— Use LP method

— Use transportation problem method

— Use Hungarian method

ZZ(C” - P| _Qj)xij
=2.2.C%, _ZPUZXU _ZQJZXU
=2- ZP -2.9,

=2-C

6-20



C. Hungarian Method Procedure

— Stepl : subtract the smallest element from each row
— Step2 : subtract the smallest element from each column
— Step3 : find the minimum line to cover all zero cell stop
— Step4 : if number of lines equal to number of rows
stop otherwise go to step5
— Step5 : subtract the smallest unlined element from every unlined element , adding this

element to every element at the intersection of two lines , go to step3

1|2 ] 3 |mix 1123
1]10(15| 9 1160
9 |18 | 5 2 |4 (130
3|16 14|33 313|110
Mix| 1 | 6 |0

1123 11213
0,010 s 1 10|02

2 13| 7|0 2 | 1|50
3|12 |50 3101310

D. Special Considerations

— supply = demand : add dummy demand or supply set C; =0
— unacceptable assignment: C; =M

— maximization

(1)Converting to opportunity losses

(2)Subtracting every element in each column from the largest element in that column
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A - D, 0
B - 3 7
C - 1 10
D - 2 12
E - 4 15
44

6.3 Transshipment Problem

A. Introduction

— intermediate node (transshipment nodes) are added to account for location where goods are
temporary stored

— general form
Min. > >'C; X,
]
St. Y Xij =S, , V, =supply point
j

Zxaj —ina =0 , V, =intermediate point
j i

> Xij =D, , V, =demand point
S1
>
1 > 3 » 5 D5
6 D6
S2
2 4 7 D7
> >
>
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B. Solution
— By converting to transportation problem
(1)Set all point as demand point and supply point
(2)Set cost for unacceptable route is M

(3) Set cost for a point to itself as 0

— Example

I, 1, D. | D, | D,
) 2 3 400 I, 6 3
) 3 1 300 l, 6

400 | 300 200 | 150 | 350

S, S, I, l, D, D, D,
S, 0 M 2 3 M M M | 1100
S, M 0 3 1 M M M | 1000
I, M M 0 M 2 6 3 700
l, M M M 0 4 4 6 | 700
D, | M M M M 0 M M | 700
D, M M M M M 0 M | 700
D, M M M M M M 0 | 700

700 700 700 | 700 900 850 | 1050
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