Chapter 5 L-P sensitivity analysis

5.1 Introduction

A. Definition

— To study how changes of coefficients affect the optimal solution.

— Referred as
— Parameter analysis

— Post-optimal analysis

B. Reasons
— Omitted factors
— Inexactitudes

— Uncertainty

C. Change in
— Cj

— b

D. Objective detect changes in
— Obijective function value

— Optimal solution

E. Application
— Provide respond information
— ldentify critical coefficients

— Determine the worth of additional resource



5.2  Objective function coefficient

A.  Background
— One C; change atatime
— Range of optimality
— Therangea C; can vary without cause change in the optimal solution

B. Graphical solution procedure
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C. Simplex solution procedure

— The range of optimality is determine by ¢; —z; <0 Vvx; in the final tableau

— Procedure

— Replace the value of c¢; by c; variable in the final tableau

— If x; isbasic variable  recompute (cj —zj) for all nonbasic
— If x; isnon-basic variable  recompute (cj —zj) for x; only
— Setall associate ¢; —z; <0 under consideration

— ldentify the  LB,UB for c;

Ex
X, X, S, S, S,
RHS
basis Cs 3 5 0 0 0
s, 0 0 0 1 vy 2
X, 5 0 1 0 JA 0 6
Z, 3 5 0 3 1
C,-Z, 0 0 0 -3 -1
For C, 201_15£0:>c1£152
_ 15
513030120 [017]
For C, csz—%sO:cszs%
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5.3 Right hand side value
A. Shadow price

— The change in the O.F.V. if aunit of b, increase

— Applicable to small change
— Simplex method

— " constraint  z; value of s;

— “ ”constraint -z, value of s,

—_ ” constraint zjvalue of a,

EX. Shadow price for resource 1 O -5, >0
2 % —5s,=0
31 5s,=0
><l X2 Sl SZ SS
RHS
basis Cg 3 5 0 0 0
s, 0 0 0 1 A -1 2
X, 5 0 1 0 JA 0 6
X, 3 1 0 0 -4 A 2
Z, 3 5 0 3 1 36
C,-Z, 0 0 0 -3 1

B. Range of feasibility

— the range of value b, may vary without causing current basic variables become infeasible.

— Simplex approach

b1 aij 0 b; +Abi51j >0
— “<”constraint A (2= :
b am | |0 bm + Ab.am >0
bs 51,- 0
— “ constraint D |=Ab| o>
bn Em,- 0
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Ex Ab,

2 7
6|+Ab,| %[>0

2 7

2+1Ab, >0 Ab, >
= 6+5Ab, >0 = Ab, >-12
2-1Ab, >0 Ab, <6

= -6<Ab,<6

=6<b, <12

C. Simultaneous change

— if there are two or more coefficients change

— use 100 rule for acceptance

— compute the ratio of the net change to allowable change

— if total change ratio do not exceed 100

—5<Ab, <10
—30< Ab, <20

Ex

if

Ab, =4 ~4 2 18
=>—+—=
5 20 20

= <100%
Ab, =2
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Ex.

Max. 15 x, 5 X, (1)
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5.4 Duality

A. Purpose
— In theory

(1) Active or inactive constraint

(2) Complementary slackness principle

— In economics shadow price

— In computation efficiency

B.  Transformation rules

Primal Dual
Max Min
n m
C; b,
b, c,
a; a;
A X > b Y, <0
A X =b, Y, unrestricted
AX; <h, Y, 20
Xj <0 Atii <C;
X unrestricted 'A]‘IY|:C1
X; 20 AY; ¢

C. Summary

— Canonical form  converted problem to canonical form

Primal Dual
Max  cx Min  uB
St Ax<B St UuAT>c
x>0 u=0




D. Specially case

Max CX Min uB
St AX; <b, St u=0
AX; =D u; unrestricted
AX; 2D u; <0
X, 20 uA; 2¢;
X, <0 u;A; <¢;
X, unrestricted UiA; =C;
EX:
Max 2%, +4x, Min 7u; +70u, +10u,
St X +3X, <7 St u, +4u, +u, > 2
4%, +5%, <70 3u, +5u, —u; >4
X, — X, <10
Xy, X, 20 u,,u,,u; 20
EX:
Max X, —2X, —3X, Min 10u, —6u,
St 3x, +5%, +10x;, <10 St 3u, +2u, <1
2%, — X, +11x, > -6 Su, —u, =-2
10u, +11u, > -3
X <0
X, unconstrained u, =20
X; =20 u, <0

E.  Primal-Dual properties

— If both the primal P anddual D have feasible solution then they have optimal solution
andMax Z=min Y

— For any feasible solution to P and any feasible solution to D the value of corresponding

objective function will always be relative by Z <Y

— For any feasible solution to P and any feasible solution to D. If Z" =Y "then they are both

optimal for each respective problem.
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feasible Y

feasible Z
Z<7Z =Y"<Y
Primal Dual

Suboptimal Over optimal

Optimal Optimal
Over optimal Suboptimal
Unbounded Infeasible

Infeasible Unbounded

If either problem had an unbounded feasible solution then the other problem has no feasible

solution.
— The primal = the dual of the dual
— U dual variable to primal = price vector dual price shadow price imputed price

F.  Complementary slackness principle

Primal Dual
u“(ax-b,)=0 x"(ua, —¢,)=0
U U
u =0 Ya, -c; =0
or ax—b =0 or x =0
Primal value Dual value

Original X Z,-C, Surplus variable
Slack X U, Original variable
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Ex :

Min  4u, +12u, +18u, Max 3X, + 2X,
St u, +3u; 23 St X, <4
2Uu, +2U, =2 2%, <12
3%, +2X, <18
u,,u,,u; 20 Xy, X, 20

know
U, =0 = O 1
U, =0 = 2%, <12 i 2
U, =0 = 3%, +2X, =18 ........... 3

(1) (3) x, =4 X, =3 s, =0 s, =6 s, =0
(2) 3) ,=2 x,=6 s§=2 s,=0 s,=0

(X,,%,,8,,5,,5,) = (4,3,0,6,0)

(2,6,2,0,0)
Ex.
Max.Z 15X, 8X, Max.Z 15X, 8X,
S.t. X1 2X, 5 S.t. X1 2X5 5
3 X1 2X2 12 — 3 Xl 2X2 12
5 X1 4X, 15 3 Xy 2X5 12
Xy 0,X; 0 5 X1 4X, 15
Xy 0,X; O
R4 B AR
X1 X5
o W, -1 -2 -5
B w, 3 2 12
3 W, -3 -2 -12
W, 5 4 15
15 8

Min. Z=5u;+12 u,+15 U3z
S.t. ui+ 3ux+ 5uz =15
2u1+ 2uUx+ 4u; =8

U = 0, & #5044 , us=0
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5.5 Computer analysis

A.  Standard equality constraint form

— background

the optimal solution is a corner point

— procedure adding slack surplus variables

B  General form

Max CX
st AX =B

Ex.

Max. Z 3X:1 5X

S.t. X1 4
2X, 12
3X; 2X, 18

X, X, =0

C If there are feasible solutions

— m=n unique solution

A,

at

C:1xn
A:mxn
B:mx1
X :nx1

XZ

10 4

st. | 02 {Xl} 12
XZ

32 18

— m>n at least (m-n) redundant constraints

— m<n

infinite number of solutions
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D X can be partitioned into

Xg basic solution , m variables
Xg non-basic solution , n-m variables
set D=mxn matrix

N =mx(n-m)

><B
AX =B = (D,N = DX, +NX, =B
X

N

= DX, =B
= X, =D"'B
EX.
FAFRG - AHAALB AGF XV L ALINF FHOHE AT B B RO
B E cBHE AT A AL BELHE L2 KT AP LG R60%E F G ~ 120
W S IS0 K E BB c EE AR F 22 A L $2000 A BB $300 -
PP LA AEI B PIREFHEACBHES D
Sol:

e AT
min  w =200y, + 300y,
y, +2y, 260
4y, +2y, 2120
St By, +2y, =150
Y1, Y, 20

S S/ ORE R R
Max  u =60x, +120x, +150x,

X, +4X, +6X%; <200

st
2X, + 2X, +2X, <300
=20 =20 =0 Max u=$10000
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