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'Loading and Curling Stress Models for
Concrete Pavement Design

YING-HAUR LEE AND MICHAEL I. DARTER

Determination of the edge loading tensile bending stress in a concrete
slab due to individual and combination effects of wheel loading and
thermal curling is important to a mechanistic-based design procedure.
The recent discovery of two additional dimensionless mechanistic var-
iables, such that the problems encountered in previous investigations
that have used dimensional analysis for thermal-related curling prob-
lems are resolved, is described. A new regression technique (projec-
tion pursuit regression) together with traditional linear and nonlinear
regressions are utilized to develop prediction models. These prediction
models provide an accurate representation of the finite-element model.
They are simple, easy to comprehend, dimensionally correct, may be
extrapolated to wider ranges of other input parameters, and are ready
for implementation in a spreadsheet or computer program. Examples
of practical applications showing the use of the new models are also
provided.

Cracking of slabs can be caused by three different repeated load-
ing positions: transverse joint, longitudinal joint midway between
transverse joints, and at the corner. Given certain design, construc-
tion, and loading conditions, any of these load positions could
lead to fatigue cracking over time. This paper focuses on the lon-
gitudinal joint edge location, which could lead to transverse crack-
ing. Determination of the maximum bending stress at the edge is
important to a mechanistic-based design procedure (the other po-
sitions are also important and should:be evaluated). The analysis
of longitudinal edge stress due to the individual and combination
effects of wheel loading and thermal curling is presented in this
paper. Critical stresses from the corner loading is being pursued
as part of continuing research at the University of Illinois.

Finite-element models have been successfully used to account
for the effects of a finite slab size as well as the possible loss of
support due to a linear temperature differential more realistically
than theoretical solutions basded on infinite slab and full contact
assumptions. However, because of the required run time and com-
plexity of the finite-element model, finite-element analysis cannot
easily be implemented as a part of a design procedure. Therefore,
a series of finite-element runs were performed over a wide range
of pavement designs. The resulting edge stresses were compared
with theoretical Westergaard solutions, and adjustment factors
were introduced to account for this discrepancy. Statistical re-
gression techniques were utilized to develop predictive models for
each adjustment factor. These predictive models were then used
as an alternative to finite-element analysis to estimate stresses for
pavement design with sufficient accuracy.

Previous predictive models (1,2) were based on a series of input
parameters by using multiple regression and stepwise regression
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techniques. Thus, the resulting models contain only arbitrary lin-
ear combinations of variables, with few insights in describing their
actual physical relationships. The results of the prediction are also
limited to the ranges of the cases analyzed.

This paper presents a more mechanistic-based approach in de-
veloping such predictive models. Through the use of the principles
of dimensional analysis, the dominating mechanistic variables
were first identified on the basis of previous research. In addition,
two newly discovered additional dimensionless mechanistic vari-
ables were necessary such that the problems encountered in pre-
vious investigations that used dimensional analysis for thermal-
related curling problems are resolved. A new regression technique
(projection pursuit regression) together with traditional linear and
nonlinear regressions were used to develop prediction models.

Consequently, three closed-form mechanistic design models
that have been carefully validated and that are ready for imple-
mentation in a spreadsheet or computer program are presented as
a result of the present study. In contrast to those earlier predictive

. models, the new models not only used the dominating mechanistic

variables identified herein but they were also properly formulated
to satisfy applicable engineering boundary conditions. These
stress models turned out to be accurate representations of the fi-
nite-element model. They are simple, easy to comprehend, and
dimensionally correct and can be extrapolated to wider ranges of
other input parameters. The parameter estimates of each model
have their own physical meanings as well. Examples of practical
applications showing the use of the new models are also provided.

This paper not only provides more complete coverage of the
solutions to the cases analyzed but it also demonstrates the ad-
vantages of incorporating subject-related engineering knowledge
and selecting proper functional forms for the predictive models.
It will be of interest to those working on mechanistic pavement
design and pavement prediction modeling.

IDENTIFICATION OF IMPORTANT
MECHANISTIC VARIABLES

Primary Structural Responses Due to Loading

In the analysis of a slab-on-grade pavement system, Westergaard
(3) and others (4,5) have presented closed-form solutions for three
primary structural response variables, that is, slab bending stress,
slab deflection, and subgrade stress, owing to a single wheel load.
On the basis of the assumptions of an infinite or semi-infinite slab
over a dense liquid foundation (Winkler foundation), three differ-
ent loading conditions (interior, edge, and corner) were analyzed.
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The Westergaard solutions for a circular edge loading based on
medium-thick plate theory are given as follows:
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o,, = Westergaard’s edge stress (FL™2),
3, = Westergaard’s edge deflection (L),
P = total applied wheel load (F),
a = radius of the applied circular load (L),
E = modulus of elasticity of the concrete slab (FL ™),
h = thickness of the slab (L),
1 = Poisson’s ratio of the concrete,
k = modulus of subgrade reaction (FL%), and
I = radius of relative stiffness of the slab subgrade system (L).

(Note that primary dimensions are represented by F for force and
L for length.) The subgrade stress was not explicitly specified;
however, it can easily be determined by multiplying the slab de-
flection by the modulus of subgrade reaction.

Through the use of the principles of dimensional analysis, ear-
lier investigators (4) have demonstrated that theoretical Wester-
gaard solutions for these three primary structural responses can be
reduced to three dimensionless terms, shown as follows, which
all depend on the normalized load radius alone for a constant
Poisson’s ratio (usually p =~ 0.15).
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where o and g are equal to slab bending stress and subgrade
vertical stress (FL™?), respectively, and 3 is equal to slab deflection
o).

By doing so the relationships between the primary structural
responses and the external wheel loading are concisely defined.
The dependent variables are oh’/P, 3kI*/P, and gl*/P, whereas the
independent variable is the dominating factor a/l, rather than the
other input parameters (E, h, W, k, and a). These relationships are
not only simple to understand but they also provide a dimension-
ally correct form for further analysis on a more complicated
problem.

The analysis of finite slab length and width effect owing to an
external wheel load is not possible until the introduction of finite-
element models. According to previous research (4,5), the nor-
malized slab length and width (L/I and W/, respectively) are the
dominating mechanistic variables for the finite extent of slab con-
dition, where L and W are the finite slab length and width, re-
spectively. In fact, theoretical treatments on the effect of thermal
curling (rather than wheel loading), which can be traced back as
early as Westergaard (6) and Bradbury (7), have already shown
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that the finite extent of slab condition is simply a function of these
two dimensionless terms. Thus, the following expression can con-
cisely describe the above relationships:

®
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Primary Structural Responses Due to Thermal
Curling

Considering the curling stresses caused by a linear temperature
differential on a concrete slab over a dense liquid foundation,
Westergaard (6) developed equations for three slab conditions
(i-e., an infinite, a semi-infinite, and an infinitely long strip). For
the case of an infinitely long strip that had a finite width W and
an infinite length along the x-axis, the deflection and bending
stress solutions along the y-axis are given as follows:
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where

o, = bending stress along the y-axis (y is equal to =W/2 at the
slab edges) (FL™),
8, = deflection along the y-axis (L),
« = thermal expansion coefficient of the concrete slab (T™),
and
AT = linear temperature differential through the thickness of the

slab (T).

Bradbury (7) later expanded Westergaard’s bending stress solu-
tions for a slab with finite dimensions in both the x and the y
directions. Thus, considering a narrow and long strip of slab, the
curling stress along the edge of the slab could be determined by
the following equation:
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where o, is equal to bending stress at the edge of the slab due to
thermal curling (FL?).

Similarly, the closed-form solutions derived for slab bending
stress, slab deflection, and subgrade stress owing to a linear tem-
perature differential can be summarized in the following expres-
sion by using dimensional analysis for a constant Poisson’s ratio:
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Identification of Two Additional Dimensionless
Parameters

For thermal-related curling problems, Westergaard’s and Brad-

bury’s analytical solutions are based on an assumption of full .

contact between the pavement slab and the subgrade. However,
experimental data by Teller and Sutherland (8) have clearly shown
that parts of the pavement slab were found without subgrade sup-
port when a temperature or moisture differential existed through
the slab thickness. Thus, the effect of the loss of subgrade support
owing to a temperature differential must be considered to account
for the actual pavement condition more realistically. The ILLI-
SLAB finite-element model (9—11), which has implemented this
effect through an iterative procedure and which has been devel-
oped over the years at the Univesity of Illinois, was selected for
this study.

Because of the above theoretical difference, attempts by earlier
investigators (I2) to relate the actual structural response due to
the combination effect of a single wheel load and a temperature
influence using only the aforementioned dimensionless parameters
were not very successful. Thus, it was necessary to search for
other possible mechanistic variables to describe this difference
adequately. Particular attention was focused on the effect of the
self-weight of the concrete slab on the thermal-induced curling
stress. Westergaard (6) did not explicitly consider the self-weight
effect in his deflection equation, since the center of the slab was
assumed to be flat and the deflection was zero. On the other hand,
the effect of self-weight is included in the ILLI-SLAB model. The
deflection at the center is determined by
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where <y is equal to the unit weight of the concrete slab (FL™).
Considering Westergaard’s analytical solution for deflection as
shown in Equation 7, the deflection due to thermal curling alone
may be described by normalized slab length and width (L/I and
W/, respectively), the dimensionless product of «AT, and the de-
flection factor (I°/h). All these parameters are dimensionless ex-
cept the last one, I’/h, which has the same dimension as length
and can be used as an indicator for the extent of loss of subgrade
support. By taking the ratio of self-weight deflection versus /*/h,
the following dimensionless parameter, D,, was defined to repre-
sent the relative deflection stiffness due to the self-weight of the
concrete slab and the possible loss of subgrade support:

D, = — 12

It was hypothesized that the resulting ILLI-SLAB edge strain
due to curling alone may be well characterized by L/l, W/l, aAT
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as well as by this additional parameter (D,). To validate this hy-
pothesis, 16 ILLI-SLAB runs were performed by keeping the
above four parameters constant while changing any individual in-
put variables. The resulting edge stress was numerically confirmed
to be proportional to the elastic modulus of the concrete slab as
summarized in Table 1. In other words the resulting edge strains
are equal to each other. o

By the same token this ‘‘deflection ratio’’ concept was applied
again in searching for another dimensionless parameter for the
effect of an applied wheel loading on a curled slab due to a linear
temperature differential. On the basis of Westergaard’s analytical
solution for deflection shown in Equation 2, the edge deflection
can be represented by two parameters, a/l and P/(ER’k)'?. The
second one is a deflection factor that is analogous to P/kF* and
that has the same dimension as length. By taking the ratio of this
deflection factor versus I’/h, the following dimensionless param-
eter, Dp, can be used as an indicator to represent the relative de-
flection stiffness due to the external wheel load and the loss of
subgrade support:
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Thus, it was also hypothesized that six dimensionless parame-
ters, a/l, L/l, W/l, aAT, D,, and Dy would adequately describe the
primary structural responses for the combination effect of loading
plus thermal curling. To numerically validate this hypothesis, 16
ILLI-SLAB runs were performed and are summarized in Table 2.
Keeping these six parameters constant and changing any individ-
ual input variables result in ILLI-SLAB edge stresses proportional
to the elastic modulus of the concrete slab. Thus, a unique edge
strain was obtained as well. -

Equations 14 and 15 summarize the above relationships due to
the effects of thermal curling alone and loading plus curling, re-
spectively:
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Factorial Finite-Element Runs

A series of factorial finite-element runs were performed on the
basis of the dominating variables identified previously. Small per-
sonal computer programs were written to generate the finite-
element grids and input files to facilitate routine finite-element
analyses. The finite-element mesh was designed according to the
guidelines established in earlier studies (Z0). With the assistance
of a file of batch commands, these factorial runs were performed
as a background job on the HP/Apollo network. The desired re-
sults were automatically summarized to avoid untraced human
€rToIS.

NEW PREDICTIVE MODELING PROCEDURES

The proper selection of regression techniques is one of the most
important factors to the success of prediction modeling. Tradi-
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TABLE 1 ILLI-SLAB Runs: An Additional Parameter (D,) for Curling Only

AT h E k L W o Y o;
°F in. Mpsi pci in. in. x10°¢ pci psi
16  8.47 39.94 51 398.94 398.94 6.88 0.136 1156.576
16 21.18 2.56 51 398.94 398.94 6.88 0.022  74.405
40 . 8.47 39.94 51 398.94 398.94 2.75 0.136 1156.132
40 21.18 2.56 51 398.94 398.94 2.75 0.022  74.376
16  8.47 19.97 102 282.09 282.09 6.88 0.136 578.046
16 21.18 1.28 102 282.09 282.09 6.88 0.022  37.179
40  8.47 19.97 102 282.09 282.09 2.75 0.136 577.815
40 21.18 1.28 102 282.09 282.09 2.75 0.022  37.164
16  8.47 4.99 409 141.05 141.05 6.88 0.136 145.151
16 21.18 0.32 409 141.05 141.05 6.88 0.022 9.339
40  8.47 4.99 409 141.05 141.05 2.75 0.136 145.095
40 21.18 0.32 409 141.05 141.05 2.75 0.022 9.335
16  8.47 2.22 920 94.03 94.03 6.88 0.136  64.563
16 21.18 0.14 920 94.03 94.03 6.88 0.022 4.139
40  8.47 2.22 920 94.03 94.03 2.75 0.136  64.539
40 21.18 0.14 920 94.03 94.03 2.75 0.022 4.138
Note:
1. L/l = 5.0, W/l = 5.0, GAT = 1.1E-04, D, = 3.0E-05, j = 0.15.
2. 1°F = (F -32) /1.8°, 1 inch = 2.54 cm, 1 psi =

6.89 kPa, 1 pci = 0.27 MN/m’ -

tional ‘“parametric’’ regression techniques such as linear and non-
linear regressions require the imposition of a parametric form on
the functions, and then the parameter estimates are obtained af-
terward. With the multidimensional pavement engineering prob-
lems in mind, several unresolved deficiencies in the use of tradi-
tional stepwise regression and nonlinear regression were

frequently identified. These include problems in the selection of
correct functional form, violations of the embedded statistical as-
sumptions, and failure to satisfy some engineering boundary
conditions.

In situations in which little knowledge about the shape and the
form of a function exists, several new ‘‘nonparametric’’ regression
techniques developed over the past 10 years have gradually gained
popularity. Without imposing an unjustified parametric assump-
tion, nonparametric regression techniques strive to estimate the
actual functional form that best fits the data through the use of
scatter plot smoothers (13).

The projection pursuit regression (PPR or “‘projection’”) algo-
rithm introduced by Friedman and Stuetzle (14) appears to have
the most favorable features because of its capability of handling
variable interactions when suggesting transformations to improve
the fit. The projection algorithm strives to model a multidimen-
sional response surface as a sum of several projected curves
through the use of a local smoothing technique. The projected
curves are essentially two-dimensional curves, which can be
graphically displayed, easily visualized, and properly formulated.
The relative importance of each projected curve can be determined
by measuring the absolute value of each coefficient associated
with them as well. '

A new statistical package named S-PLUS that has been widely
used by statisticians for data analysis (15—-18) was selected be-
cause of the availability of this new regression technique. As a
result the following two-step modeling procedure was adopted
(19):

1. Use the projéction algorithm to break down the multidimen-
sional response surface into a sum of several smooth projected
curves, and

2. Use traditional linear and nonlinear regression techniques to
obtain the parameter estimates of each individual projected curves
and the overall regression statistics.

PREDICTIVE MODELS FOR LOADING ONLY

The effects of an external wheel loading subjected to a finite slab
length and a finite slab width were analyzed separately. Adjust-
ment (multiplication) factors for each individual effect were de-
veloped. Their combination effects can be approximately repre-
sented by multiplying both adjustment factors together.

Effect of Finite Slab Length

An adjustment factor (R.) for the finite slab length effect was
developed on the basis of the following relationship:

. a; a L
R‘=_=f(7’7)

a.

(16)
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TABLE 2 ILLI-SLAB Runs: Two Additional Parameters (D,) and D) for Loading Plus Curling

c P

AT h E k L W o ¥ o;
in. lbs °F in. Mpsi pci in. in. x10¢ pci psi
2.5% 1833 16 8.47 9.99 204.35 119;68'7159.58 6.88 0.136 172.2%6
2.5%* 733 16 21.18 0.64 204.35 119.68 159.58 6.88 0.022 11.039
2.5% 1833 40 8.47 9.99 204.35 119.68 159.58 2.75 0.136 172.239
2.5*% 733 40 21.18 0.64 204.35 119.68 159.58 2.75 0.022 11.038
5.0 3666 16 8.47 19.97 102.17 169.26 225.68 6.88 0.136 344.294
5.0 1466 16 21.18 1.28 .102.17 169.26 225.68 6.88 0.022 22.063
5.0 -3666 40 8.47 19.97 102.17 169.26 225.68 2.75 0.136 344.239
5.0 1466 40 21.18 1.28 102.17 169.26 225.68 2.75 0.022 22.060
7.5 8248 16 8.47 44.93 45.41 253.89 338.51 6.88 0.136 773 .457
7.5 3299 16 21.18 2.88 45.41 253.89 338.51 6.88 0.022 49.565
7.5 8248 40 8.47 44.93 45.41 253.89 338.51 2.75 0.136 773.335
7.5 3299 40 21.18 2.88 45.41 253.89 338.51 2.75 0.022 49 .557
10.0 14663 16 8.47 79.88 25.54 338.51 451.35 6.88 0.136 1360.855
10.0 5865 16 21.18 5.11 25.54 338.51 451.35 6.83 0.022 87.211
10.0 14663 40 8.47 79.88 25.54 338.51 451.35 2.75 0.136 1360.642
10.0 5865 40 21.18 5.11 25.54 338.51 451.35 2.75 0.022 87.197

Note: _

1. Load dimensions are ¢ x c, except those starred cases use 2c x c. L/I
= 3.0, W/l = 4.0, GAT = 1.1E-04, D, = 3.0E-05, D, = 3.0E-05, p = 0.15.

2. 1°F = (F-32) /1.8°, 11b =4.45N, 1 inch = 2.54 ¢cm, 1 psi = 6.89
kPa, 1 pci = 0.27 MN/m’.

where o,, is Westergaard’s edge stress solution given in Equation
1 (FL™®), and o is the edge stress determirned by the finite-element
model (FL™). On the basis of a previous investigation (7), the

®,(ATX1) = —4.0308

1

+ ; —3.3043 E (18)
maximum edge stress condition or Westergaard’s infinite slab as- 0.2029 + 0.0345A7X1™™ '
sumption may be achieved by selecting a value of 5.0 or more
for the normalized slab length term (Z/I). Thus, a more conser- a L
vative value of 7.0 for both the normalized slab length and the ATXI = _0‘94367 + 0.3310 N 19)

normalized slab width (W/I) was selected to ensure an infinite slab
condition. The following factorial finite-element runs were per-
formed:

a/l: 0.05, 0.10, 0.20, and 0.30 and
Ljl: 2.0, 25, 3.0, 3.5, 4.0, 4.5, 5.0, 6.0, and 7.0.

Note that W/l was kept at a constant value of 7.0 for all runs. The
pertinent input parameters of these factorial runs regarding load
size, total wheel load, slab thickness, concrete modulus, and sub-
grade reaction are given in Table 3. The resulting ILLI-SLAB
edge stresses when L/l was equal to 7.0 and W/l was equal to 7.0
were used to approximate Westergaard’s solution in calculating
adjustment factors. A three-dimensional perspective plot providing
a very clear picture of the relationship among R,, a/l, and L/l is
shown in Figure 1(a).

By using the aforementioned predictive modeling approach, the
following one-term projection model was developed:

R, = 09399 + 0.07986®,(ATX1)

an

Statistics: N = 36, R*> = 0.994, SEE = 0.0063, CV = 0.67 percent

Limits: 2 <L/ = 7,0.05 < a/l =03

(note that N is the number of datum points, R? is the coefficient
of determination, SEE is the standard error of estimates, and
CV is the coefficient of variation.)

Effect of Finite Slab Width

The effect of finite slab width was often neglected in practice,
since it is not as significant as the slab length effect. However,
this effect as represented by the following adjustment factor (Rw)
was considered in the present study to have a more complete
coverage on this topic:

a; a W
Rw=—=f(7’ 7)

Ow

(20)
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TABLE 3 Pertinent Input Parameters for Loading and Loading Plus Curling

a/l c a E k h I P DG Dp
in. in. Mpsi pci in. in. 1bs

0.05 2.5** 1.995 S5 200 10.59 39.89 1250 -3.07 2.61

0.10 . 5.0 2.821 4 300 8.23 28.21 2500 2.47  10.82

0.20 10.0 5.642 3 400 9.97 28.21 10000 2.72 39.34

0.30 10.0 65.642 2 500 7.16 18.81 10000 2.52 114.40

‘Note: N o

1. ~ Load dimensions are ¢ x c, except those starred cases \.ise 2c x ¢c. QO =
5.5E-06 /°F, g = 0.15, y = 0.087 pci, p = 100 psi, DG = D, x 10°, DP =
D, x 10°.

2. 1°% = (F-32) /1.8°C, 11b =4.45N, 1 inch = 2.54 cm, 1 psi = 6.89

kPa, 1 pci = 0.27 MN/m’.

w
0.99 1.01 1.03 1.05

o . 0

FIGURE 1 Finite slab size effects: (a) length and (b) width.
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Thus, the following factorial ILLI-SLAB runs were performed:

a/l: 0.05, 0.10, 0.20, and 0.30 and
Wik 2.0, 25, 3.0, 3.5, 4.0, 4.5, 5.0, 6.0, and 7.0.

Note that L/ was kept at a constant value of 7.0 for all runs. The

pertinent input parameters were the same as before. A three-
dimensional perspective plot for the relationship of R,, a/l, and
W/l is shown in Figure 1(b). As expected the slab width effect is
not very significant. In fact this effect is negligible when W/l is
greater than 3 or 4. Besides, this effect is more pronounced for a
pavement slab with a smaller W/! but a larger a/l.

Similarly, the following one-term projection model was devel-
oped:

Ry = 1.00477 + 0.01214®(ATX]) @1)
O (ATXI) = —0.5344 + 1.6540(1 — ATXI) ™2 (22)
w
ATXI = 09951 % ~ 0.09856 (23)

Statistics: N = 36, R* = 0.947, SEE = 0.00299, CV = 0.30
percent
Limits: 2.0 < W/l < 7.0,0.05 < a/l =03

Because of the limited number of runs performed and the nar-
row range of the adjustment factors obtained, this projection
model was not as accurate as expected. However, it is relatively
adequate for practical pavement design. With finer grids and more
finite-element_runs performed, the above equations can easily be
improved by using the same modeling approach to achieve a
higher degree of accuracy if necessary.

EFFECT OF THERMAL CURLING ONLY

The effect of a linear temperature differential and the finite extent
of slab sizes must be considered together, since the principles of
superposition cannot be applied here. To account for the theoret-
ical difference between Westergaard’s solution and the finite-
element model, an adjustment factor (R.) for curling may be de-
fined as:

L
l’

~|=
2

>

oy

h2
= f(aAT, 12) 24
where o, is Westergaard’s and Bradbury’s edge stress solution
given in Equation 9 (FL™?).

Note that the adjustment factor introduced here is undefined
when there is no temperature differential across the slab thickness.
If temperature differentials are small, the ILLI-SLAB results
caused by daytime curling are approximately equal to those
caused by nighttime curling. The difference between them be-
comes substantial because of the combination effects of the self-
weight of the concrete slab and the differént extent of the loss of
subgrade support caused by higher temperature differentials.
Therefore, predictive models were separately developed for each
daytime (positive AT) and nighttime (negative AT) curling
condition.

D-21
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Preliminary Analysis

To investigate the combination effects of a linear temperature dif-
ferential, a finite slab length, and a finite slab width, the following
full factorial ILLI-SLAB runs were performed:

L/ 3,5,7,9, 11,-13; and. 15;
Wik 3, 5, 7, 9, 11, 13, and 15; and
AT: +10, *20, +30, and *40°F.

The symmetry option of the program was used to allow finer grids
generated for the ILLI-SLAB runs. A constant slab thickness of
10.59 in. with an €lastic concrete modulus of 5 X 10° psi over a
subgrade with a k-value of 200 pci was also chosen for these runs.
The coefficient of thermal expansion « was 5.5 X 107%/°F, and
the slab Poisson’s ratio was 0.15. The unit weight of concrete slab
(y) was set to 0.087 pci because it is approximately constant in
practice. [Note that 1°F = (’°F — 32)/1.8°C, 1in. = 2.54 cm, 1 Ib/
in? = 6.89 kPa, 1 pci = 0.27 MN/m’.]

The relationships among these variables and adjustment factors
for the daytime curling condition are displayed in Figure 2.
Through the assistance of graphical displays the overall trend and
the individual adjustment factor can be easily identified. In this
manner any extraordinary behavior of the data may be located as
well. As expected, the L/! requirement for an infinite slab condi-
tion is higher for higher temperature differentials. The theoretical
discrepancy is higher for a shorter slab with a large negative tem-
perature differential. On the basis of this investigation, those
shorter slabs having both L/l and W/ equal to 3.0 were decided
to be excluded from later predictive model development. It is
mainly because-numerical difficulties might arise while taking the
ratio of small ILLI-SLAB results and small theoretical Wester-
gaard solutions. Any approximation that resulted from the ILLI-
SLAB program might adversely affect the accuracy of the adjust-
ment factors.

Attempts to develop predictive models with only these three
important variables were not very successful. This was also the
main reason that prompted the authors to search for an additional
mechanistic variable, as previously discussed.

Predictive Models for Thermal Curling Only

Additional ILLI-SLAB runs were apparently necessary since D,
was unintentionally kept at a constant value in the previous fac-
torial runs, that is, D, was equal to 3.07E-05. Thus, the following
full factorial finite-element runs were performed:

Wil. 3, 7, and 11;

L/ 3,5, 7,9, 11, 13, and 15;

AT: +20 and *40°F; and

D,: 0.78E-05, 6.13E-05, and 11.03E-05.
This was done by simply changing the unit weight of the concrete
slab from the previous 0.087 pci to 0.022, 0.174, and 0.313 pci
(1 pci = 0.27 MN/m®) while keeping all the rest of the input

parameters the same as before. Together with those 392 cases
previously analyzed, a total of 644 ILLI-SLAB runs that repre-
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FIGURE 2 Effects of a positive temperature differential and finite slab size.

sented a partial factorial of these four dimensionless parameters
were obtained to develop the following predictive models.

In general, the adjustment factor may be adequately defined by
the sum of a series of projected curves by using only these di-
mensionless parameters as independent variables. However, it was
decided not to rely only on the projection algorithm for modeling
variable interactions to obtain the least number of projected curves
for this high dimensional response surface (five dimensions).
Some highly probable interaction terms were tested and included
during the modeling process as well. By doing so, only a limited
number of projected curves, which are more comprehensible to
the user and which can be easily formulated, are necessary for the
model.

For the daytime curling condition the following two-term pro-
jection model was developed (note that a piecewise linear model
was chosen to represent these projected curves):

R.=0.88369 + 0.22005®,(ATXI) + 0.02383D,(ATX2)  (25)

—2.8903 + 2.7825ATXI + 1.2565ATXI?,
if ATX1 = 0.85

®(ATXI) = { —24275 + 4.9285ATXI — 1.9459ATXT,
: if 0.85 < ATXI =< 1.5
08111 — 0.1409ATXI, if ATXI > 1.5
(26)
23228 — 3.8187TATX2 — 52.8964ATXZ,
ifATX2 < —0.2
01891 — 0.2237ATX2 + 6.3312ATX2%,
P,ATX2) = if —02 <ATX2 < 0.6
257909 — 58.833GATX2 + 32.43224TX2",
if ATX2 > 10.6
27
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ATX1 = 0.00656 V_ZV + 0.09886{;- — 0.02621ADT

) L
~ 0.01857DG + 0.99456l0g,eDG + 0.00129DG (28)

w L
ATX2 = —0.00306 T + 0.01649 7 + 0.02163ADT
L
+ 0.01336DG — 0.99953log,,DG + 0.00413DG 7 (29)

Statistics: N = 312, R*> = 0.987, SEE = 0.0248, CV = 2.81
percent

Similarly, the following two-term projection model was devel-
oped for the nighttime curling condition:

R.=0.69811 + 0.36425D,(ATX1) + 0.03841D,(ATX2)  (30)

—1.5663 + 1.3093ATX1 + 0.7435ATX1?,
if ATX1 = 0.5
—2.3037 + 3.6569ATX1 — 1.0298ATX1?,
if 0.5 <ATXI =2

1.0017 — 0.0272ATX1, if ATX1 > 2

®,(ATXI) =

€Y

—0.5836 + 1.0057ATX2 + 0.9323ATX2?
ifATX2 = 1
—0.9296 + 2.2040ATX2, if ATX2 > 1

®,(ATX2) =

(32
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w
ATXI = —0.02688 T + 0.13185 L7 + 0.04738ADT

L
— 0.02553DG + 0.98938log,,DG + 0.01089DG 7 33)

w , .
ATX2 = —0.14612 T + 0.01252L7 — 0.10378ADT

L
— 0.01890DG — 0.98355log,,DG + 0.00053DG 7 (34)

Statistics: N = 312, R? = 0.986, SEE = 0.0431, CV = 6.17
percent :

Where: ADT = aAT X 10°, DG = D, X 10°.

Limits: 3 =L/l = 15,3 = W/l = 15,55 < ADT = 22,0.78
= DG = 11.03

EFFECT OF LOADING PLUS
THERMAL CURLING

The combination effects of loading and thermal curling cannot be
adequately described by simply superimposing the individual ef-
fects of loading and thermal curling alone, since the assumption
of a condition of full contact between the slab and subgrade is
often violated. Thus, the following adjustment factor (R;) was
introduced to quantify this difference (20):

o; = 0, + Ro, 35)

Together with knowledge of the dominating mechanistic variables
involved, the adjustment factor can be determined by the follow-
ing expression:

g, — O, a L W 'yh2 Ph
R. = —% = pad - - 1 =
T o, f(l’ (XAT, l: l > klzy kl4 (36)

where o, is the edge stress determined by the finite-element model
because of loading alone, which may be estimated by (R, - Rw -
a.) (FL™).

Preliminary Analysis

A preliminary analysis was conducted by using the following four
parameters: a/l, L/l, W/l, and oAT. The following full factorial
ILLI-SLAB runs were performed:

a/l: 0.05, 0.1, 0.2, and 0.3;
L/l: 3,5,7,9, 11, 13, and 15;
Wil: 3,5, 7,9, and 11; and
AT: 0, =20, and *40°F.

The pertinent input parameters are given in Table 3. Extreme dif-
ficulties were encountered while using only these four dimension-
less parameters to develop a predictive model for the adjustment
factor. The addition of more interaction terms and more projected
curves did not resolve this model inadequacy either. This problem
also prompted us to search for the additional dimensionless mech-
anistic variables as discussed previously.
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Predictive Models for Loading Plus Thermal Curling

To assess the effect of all six parameters on edge stress it was
necessary to perform additional ILLI-SLAB runs. However, a
complete full factorial of these six parameters, which requires a
tremendous amount of computer time, is not feasible. Thus, it was
decided to generate a smaller supplemental factorial that could be
added to the previous data base to form a partial factorial for later
model development. The data previously presented gave four D,
values (3.07E-05, 2.47E-05, 2.72E-05, and 2.52E-05) and four D,
values (2.61E-05, 10.82E-05, 39.34E-05, and 114.40E-05) corre-
sponding to four a/l values of 0.05, 0.1, 0.2, and 0.3. In other
words, a/l and D, were correlated with each other. To randomize
the relationship among a/l, D,, and Dp, a smaller full factorial on
the basis of the following parameters was performed:

a/l: 0.05, 0.1, 0.2, and 0.3;
Li: 3,5,17,9, 11, 13, and 15;
W/l: 3, 7, and 11; and

AT: 0, £10, and *=30°F

This was done by changing the unit weight of the concrete slab
and the total wheel load (or tire pressure) while keeping the other
input parameters the same as before for different a/l values. The
pertinent input parameters are given in Table 4.

For the case of daytime curling plus loading the following
three-term projection model was developed:

Ry = 0.94825 + 0.15054%,(ATX1)
+ 0.037240,(ATX2) + 0.03395B,(ATX3) (37)

—2.5575 + 0.8003ATXI, if ATXI = 3
—2.6338 + 1.1038ATX1 — 0.0914ATXI?,

PLATXT) = if 3 <ATXI < 7
0.7564 — 0.0155ATXI, if ATXI > 7
’ (38)
—0.6788 + 0.0107ATX2, if ATX2 < 3
37674 — 2.2970ATX2 + 0.2963ATX2?,
P,(ATX2) = if 3 <ATX2 < 7
—7.0337 + 1.2945ATX2, if ATX2 > 7
(39)
4.0843 + 4.8241ATX3, if ATX3 = —1
0.1815 + 0.0541ATX3 — 1.0899ATX3?,
D5(ATX3) = if -1 < ATX3 = 05
0.0453 + 0.0383ATX3, if ATX3 > 0.5
(40)
w L
ATXI = —0.04724 - + 056954 5 — 0.084084DT
+ 0.20033 a; — 026647DG + 0.00375DP
L
+ 0.73881 %LY — 0.011424DT
L W
+ 0.09530DG 7 + 0.01121DG (41)
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TABLE 4 Pertinent Input Parameters for Loading Plus Curling (Additional Runs)

a/l c a E k h

Y p P DG DP
in. in. Mpsi pci in. in. pci psi 1lbs
0.05 2.5* 1.995 5 200 10.59 39.89 - 0.030 5000 62500 1.06 130.74
0.10 5.0 2.821 4 300 8.23 28.21 0.350 600 15000 9.93 64.94
0.20 10.0 5.642 3 400 9.97 28.21 0.170 250 25000 5.31 98.34
0.30 10.0 5.642 2 500 7.16 18.81 0.300 10 1000 8.69 11.44
Note:
1. Load dimensions are ¢ x ¢, except those starred cases use 2c x c. O =
5.5E-06 /°F, W = 0.15, DG = D, x 10°, DP = D, x 10°.
2. 1° = (F -32) /1.8°, 11b = 4.45N, 1 inch = 2.54 cm, 1 psi = 6.89
kPa, 1 pci = 0.27 MN/m’.
w L 3.6341 + 0.6512ATX3, if ATX3 = —7
ATX2 = 0.03869 T + 0.35781 7 + 0.09078ADT SATIS) - —0.2683 — 0.68084TX3 — 0.1116ATX3?,
3 ) = if =7 <ATX3 = -1
~ 0.04054 7 + 086388DG + 0.01635DP 0.1966 — 02061ATX3, if ATX3 > —1
)
alL
— 031246 ”—l’ = 0.00552ADT£I
ATX1 = —0.13971 V_IV + 0.857791—; + 0.07003ADT
: L w
— 0.12677DG 7 0.01765DG 7 42)
+ 0.19562% + 0.36589DG + 0.05950DP
w L
ATX3 = 0.58567 T + 0.25804 7 + 0.14784ADT oL L L
- — 0.24211 7 -l- + 0.07242DG 7 — 0.00482DP 7
+ 014984 2 + 0.12743DG — 0.05012DP
1 L w
+ 0.00797ADT 7 + 0.01220ADT (48)
L L
+ 0.72295 % T~ 0.013104DT 7
I W ATXZ = —0.15106 V—IV + 0.08443 Ii + 0.28234ADT
= 0.01304DG 7 — 0.06591DG (43)
— 0.48812 2 + 0.17449DG — 0.03194DP
Statistics: N = 432, R*> = 0.970, SEE = 0.0280, CV = 2.95 !
percent
— 0.78445 e £ — 0.01999DG E + 0.00206DP é
Similarly, the following three-term projection model was de- bl ! !
veloped for the case of nighttime curling plus loading: L w
= 0.06949ADT 5 — 0.00419ADT — (49)
Ry = 0.76068 + 0.28490%,(ATXI) + 0.10707dD,(ATX2) !
+ 0.10048B,(ATX3) 44) w L
ATX3 = 0.10960 7 0.60315 77 0.26836ADT
—2.5301 + 0.3866ATX1, if ATXI = 6
_ ) —4.0938 + 0.8799ATXI — 0.0395ATXI?, a
O,ATXT) = 6 <ATXI < 12 + 006965 5 — 0.71547DG — 0.12704DP
0.3181 + 0.0435ATX1, if ATXI > 12
L
45) + 0.02846 21 % + 0.13364DG % + 0.01088DP 7
—1.4980 — 1.1359A7TX2, if ATX2 = —1 L w
—0.4956 — 0.0892ATX2 + 0.0174ATX2?, + 0.022484DT — + 0.00260ADT — (50)
D,ATX2) = . 1 i
if -1 <ATX2 =<5
—1.1278 + 0.1075ATX2, i
0.107 , i ATX2 > 5 Statistics: N = 432, R*> = 0.961, SEE = 0.0546, CV = 7.17
(46) percent

D-24



Lee and Darter

Where: ADT = oAT X 10°, DG = D, X 10°, DP = D, X 10°
Limits: 0.05 = 0/l =030,3 =L/l =< 15,3 =W/I=<11,55
= ADT = 22,1.06 = DG = 9.93, 2.61 = DP = 140.74

VALIDATION OF PROPOSED PREDICTIVE
MODELS

To further validate the applicability of the developed predictive
models, a series of ILLI-SLAB factorial runs were performed on
the basis of a wide range of input parameters. These factorial runs
were totally independent of the previous modeling process. The
following input parameters covering most of the practical cases
found in the field were selected:

Elastic modulus of the concrete, E = 3.0, 5.5, and 8.0 Mpsi;

Modulus of subgrade reaction, k = 50, 250, and 500 pci;

Slab length, L = 10, 20, and 30 ft;

Slab thickness, k& = 8, 12, and 16 in.; and

Temperature differential, AT = =20 and +40°F.

[Note: 1 psi = 6.89 kPa, 1 pci = 0.27 MN/m?, 1 ft = 30.48 cm,
1°F = (F — 32)/1.8°C)]

The above factorial runs (324 runs) were performed for the case
of curling only without an external wheel load being applied. The
width of the slab was 12 ft, the slab Poisson’s ratio was 0.15, the
coefficient of thermal expansion was 5.5 X 107%/°F, and the unit
weight of concrete slab was set to 0.087 pci.

For the case of loading only, a wheel load of 9,000 Ib (40 KN)
was applied to the 10-ft slabs, whereas an 18,000-1b (80-KN) load
was applied to the other 20- and 30-ft slabs. The tire pressure was
set to 90 psi. Thus, a single loaded rectangle of the size of 10 X
10 or 20 X 10 in.” was used for the 10-ft slabs or the 20- and
30-ft slabs, respectively. Therefore, only 81 ILLI-SLAB runs were
performed. As for the case of loading and curling, a total of 324
runs similar to the case of curling only but with the wheel loads
were performed.

Thus, the above factorials essentially result in a group of pave-
ment slabs whose data ranges are a/l = 0.07 to 0.35, L/l = 1.4 to
15.9, W/l = 1.7 to 6.4, «AT = —0.00022 to 0.00022, D, = 1.3E-
05 to 9.7E-05, and D, = 5.2E-05 to 110.0E-05. To examine the
applicability of the predictive models to pavement slabs with any
other input parameters, some of the datum points that are outside
the specified limits of the proposed predictive models were not
considered.

The adequacy of the proposed predictive models for the effects
of loading alone, thermal curling alone, and loading plus curling
were further validated by using the above factorial data. The pre-
dicted edge stresses are plotted against the actual values as shown
in Figure 3(a), (b), and (c), respectively. Clearly, these predictive
models were able to make fairly good predictions for these data.
Thus, it further reconfirmed the applicability of the proposed pre-
dictive models.

CALCULATED VERSUS MEASURED STRESSES

The edge stresses computed by the proposed predictive models
were compared with the actual measured stress from the AASHO
Road Test (21) and the Arlington Road Test (8). Favorable agree-
ments (19) have also been achieved for the three cases analyzed.

m

NUMERICAL EXAMPLES

Consider a pavement slab with the following characteristics: E =
5.5 Mpsi, k=250 pci, L = 10 ft, W = 12 ft, A = 12 in., -y = 0.087
pci, p = 0.15, and @ = 5.5 X 107%°F. A single wheel load of
9,000 Ib with a loaded rectangle of the size of 10 X 10 in.? is
applied. A linear temperature differential of +20°F (daytime con-
dition) exists through the slab thickness. Determine the -critical
edge stresses due to loading alone, curling alone, and loading plus
curling. [Note: 1 psi = 6.89 kPa, 1 pci = 0.27 MN/m, 1 ft = 30.48
cm, 1in. = 2.54 cm, 1°F = (F — 32)/1.8°C, 1 Ib = 445 N.]

The equivalent radius of the loaded area is @ = 5.64 in., and
the radius of relative stiffness of the slab-subgrade system is I =
31.20 in. Therefore, the actual dominating mechanistic variables
are a/l = 0.18, L/l = 3.83, W/l = 4.60, aAT = +11.0E-05, D, =
2.27E-05, and Dp = 29.99E-05. The theoretical Westergaard’s so-
lutions on the basis of Equations 1 and 9 are o,, = 345.75 psi and
o, = 118.25 psi for loading only and curling only, respectively.

For the case of loading only the adjustment factors for finite
slab length and width are R, = 0.968 and Ry = 1.000 by using
Equations 17 and 21, respectively. Thus, the edge stress deter-
mined by the proposed models is 0.968 X 1.000 X 345.75 = 334.7
psi. (Note that the actual ILLI-SLAB edge stress was 344.36 psi.)

For the case of curling only, the adjustment factor is R, = 0.570,
which is determined by Equation 25. This gives a predicted edge
stress of 118.25 X 0.570 = 67.40 psi. (Note that the actual ILLI-
SLAB edge stress was 68.4 psi.) ‘

For the case of loading plus curling the adjustment factor is Ry
= 0.732 based on Equation 37. Thus, the predicted total edge
stress determined by the proposed model is 334.7 + 0.732 X
118.25 = 421.3 psi by using Equation 35. (Note that the actual
ILLI-SLAB edge stress was 436.42 psi for this case.)

CONCLUSIONS

The edge stress of a concrete pavement due to the individual and
combination effects of a single wheel load and a linear tempera-
ture differential across the slab thickness was conducted in.the
present study. The subgrade was assumed to act as a dense liquid
foundation.

On the basis of previous research using dimensional analysis,
the major independent variables were normalized load radius (a/
I), normalized slab length (L/l), normalized slab width (W/I), and
a dimensionless product (aAT) of a temperature differential and
thermal expansion coefficient. However, by using only these four
parameters the actual structural response to a temperature influ-
ence could not be described adequately. Fortunately, two addi-
tional dimensionless parameters (D, and D,) representing the rel-
ative deflection stiffness due to the self-weight of the concrete
slab, the applied load, and the possible loss of support were re-
cently identified. With this discovery the problems encountered in
previous investigations (I2) in which dimensional analysis was
used for thermal-related curling problems are now resolved.

A new predictive modeling procedure proposed by Lee (19),
which makes use of the projection pursuit regression (PPR or
projection) algorithm and traditional linear and nonlinear regres-
sion techniques, was used to develop the proposed models. The
new models use only the dominating mechanistic variables, as
opposed to earlier attempts, which used an arbitrary linear com-
bination of input parameters with few insights into the actual re-
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FIGURE 3 Validation of the proposed mode_ls for: (a) loading only, (b) curling only,

and (c) loading plus curling.

lationships among the variables. Consequently, three closed-form
mechanistic design models that have been carefully validated and
that are ready for implementation on a spreadsheet or computer
program were presented. These stress models turned out to be very
accurate representations of the finite-element model.

The new models were also properly formulated to satisfy ap-
plicable engineering boundary conditions. They are also simple,
easy to comprehend, and dimensionally correct and may be ex-
trapolated to wider ranges of other input parameters. Practical nu-
merical examples showing the use of the new models are also
provided.

The predictive models cover aimost all practical ranges of pave-
ment designs. Because they are dimensionally correct they can be
used in any other unit systems as well. However, extrapolation
outside the specified ranges of these dominating parameters is not
recommended. Practical pavement design guidelines for edge
stress analysis may be easily developed on the basis of these pre-
dictive models, together with the use of some reliability concepts.
Besides, the predictive modeling procedures and the deflection
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ratio concept can be used in other pavement-related modeling
problems as well.
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