ELASTIC PLATE THEORY APPLIED TO PCC PAVEMENTS

I  Summary of elastic plate theory _
Elastic plates in bending can be characterized as:
1) Thick Plates for which transverse shear is considered;

2)  Thin plates for which bending and membrane stresses are
considered; '

3) Medium thick plates for which only bending is considered;
(thickness between 1720 to 1/100 of span length)

If it is assumed that transverse deflections are small so that in-plane
forces produced by stretching of the middle plane can be ignored,
then the medium thick plate theory is applicable.

Three basic assumptions:

1. Planes normal to the middle plane of the plate before
~ bending remain normal after bending (this is equivalent
to an assumption of no shear deformation, v,, = v,, = 0);

2. Forces normal to the plate surfaces are small when
compared with bending stresses and can be ignored

(0, = 0);

3. Stresses normal to a plane normal to the middle plane of
the plate are small and can be idnored (EN, = IN, = 0).

All stresses are defined per unit of length ef the plate mid-surface.



(4

m»suﬁw « TTYPIAT .wo Aqun Jo @ mﬁswmu..m m\&lm‘c +o twadnsaa \?F TQ9). |
Jo 15 1t o srmono

Wasu} JOHWo Y3y o 1 ASYD

"3

- lwes o MWD v
TS o wajaq O SAT20
wolsuel My : 3bq3 Tz 3w

TPAP fo mum  Japvm
ms Jo wayoq o smo

UISURL |DOHUD ¢ yolygyl 1 T 3SVD
h&u%{wmaﬁ. mw,.ﬁco\ & SISO 1Y —
: (9261) puv Q%EQB ._n____h.\_
® | /



(06 999 S1T L(S'0=) UCISUDY & sapny : L SSAIDIN Aajirias go SRt

‘voyrarar aprifigng JO sunjg

1

4 —n- -
3 v =2 :N. net -2 fERouRI YL Qs
N L]

I~ 4/4 fopIr) B unss{0g gope
YeIL1<m 3§ v - fprot »2rnbs jo i 13uap dpys ! 3 rnnpos &, %unng qeps
YHIL 1R 31 'NGL9TO- mf G M R ipenl Jenaiy Jo snjpes t B tprop papidde [rion

NIu
(-1 i MU N Le greymy may (azyey + 1 S - 24 PF13M12

Yo ‘ST T wTerd (9)
) w__...o (1unbg 1o4)
(9-1) [,04m] Thyag - bsitsA to ' IHYINAHA1d4NS
Aﬂn—_.m._nm.ms h:OS.mzw mmm.rmw U+_.¢C S_. N._qo (L1omg —:u...._.n.v
- [ pr— - 3 N "
ﬂ&.w-uuszb.* oL m§>d* _.U_;ol%mi -0 [ NC\: I LIS PTS 153159 o ' IAVINANTIIANS
ETS

(o) .—AWKLN&W ﬂ_.— 4 . ~_3a (Ayomy, Arevgppan}
= (-1 (M+1}ae =1 MY Giyyap - doaise To ‘ AMVANIHA 140G

I i e
21433 [ nospudwmordy ey hszisne [A- <'0e(,2/27) wp| T - sise savenlis wed

: |ty _, 3955045 . e
A03YS ﬂrum_mwg yo..w Juawgsnlpo 3pny (- Lszesue [A- g0+ (1/27) v7) TR - L8158 TAROHIL 1Y 10048

- A qug
ES +3n0A0 1 0P} AT (-1 warser [A- gtav (#/2) 2] ﬂ_:ﬁmnﬁm = Loisy TANOINL ANYNTONO

0 CRRDING Tujpung unmlxvy (o)

DHIUVIFT BOTHILNT A0d SNOLIYRDY UdVYORILSIA

T aavl

W 3 = =

s, HE Tﬂ,owlasou and

£T Earenber} (1985)

A-M. loauwwde

"Nes{erﬁ-aard Solutions Kecousidered, {iy

Ref



31

Eﬁ TABLE 2

3

ﬁj WESTERCAARD EOUATIONS FOR EDCGE LOADING
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C ORDINARY THEORY: BSEWOT = 0.52% (1 +0.54u} —, [Caglu [~=—} -0.71 ) (E~1)
A (Semi-circle) h” kal

s AVOLD » o3
sr:cnu. THEORY : BSEWST = 0.529 (1 +0.54u) —, [logm [—_l -0.71 ) (E=2)
1 kb

{Semi~circle) h 2 N

3
pserc - 2P pen ERD ) gu aew/d + L'Z“‘lﬂ.munu)(a/r) ]

“SNEW" FORMULA:
g (Circie) 7 (3+uh? 100ka*

b]
kl
“NMEW" FORMULA: BsErs = 2P ppn BNy g0 aus3 4 0.5 (142w) (2,78} ]
{Semi~circle) 7 (3+udh? lOOka, =
'/on{y about 2% di F'Fereml' from fuif e,rprpss:ows
SIMPLIFIED "NEW™ FORMULA: BSELS = 6P (1+0.5u) [0O. 489 Coglo {a /C) -0.091 -0.027(Ca. /L) |
h 2

(Semi-circle)

SIMPLIFIED “NEW" FORMULA: 3SELC = -2% (1+0.5u) (0,489 fog,o (a/€) -0.9012 -0, 063{a/8) |}
(Circle) ) h o °

Losberg, 1960 u)es{erg.l?z;g

{b)} Maximum Defleccion, 6:

(E-3)

{E-4)

(£=-3)

(E-6}

ORIGINAL FORMULA: . overmw e L oasonan B (e-7)
iynoves foad dnsfrl  bubion 7% Kt
“NEW FORMULA: pererc = EX25lemb 1) S (0.76 +0.4u)(a/l) | (E-8)
{Circle) vEn'k
ST
"NEW" FORMULA: pEFELS = ZERLSE 1y 10,323 +0.17u) (al/E) | (E-9)
{Semi~circle} rEn'k -
SIMPLIFIED "NEW" FORMULA:  DEFELS = < (I +0.4u) & (1 =0.323(1+0.5u)(a, NIl (E-10)
{Semi-circle) % we?
SIMPLIFIED “NEW" FORMULA:  DEFELC = & (1 +0.cu) £ [1 -0.760(1+0.5u) {a/L) ] (E-11)
(Circle) 3 kl?
a, : radius of semi-circle;
7 F radius of ®
. by, = v1.6 al +h? - 0.67Sh, if a <l.72¢h
- 32 if Jz>l.72$h

See Table 1 for other svmbols
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TABLE 5

EQUATIONS PROPCSED FOR THE CORNER LOADING CONDITION

Deflection: P 2,
§. % g2 {1.1-0.88 )}  Westergaard (5] (¢c-1)
Stress:
°. = 3E Eavlj simphxﬁ*c Goldbeck [25] ; Older [26] (C-2)
B andlysis :
a, 0.6 .
o = 3_1: L - (_}) ] Westergaard [5] (c-3)
h* “ .
— Ceude nuwerical amol/ysﬁ
W)
] .
£ 3 n* -7
X
X -
5 3- 3p al 1.2
S €. =T [1 - (—=) ] Kelley [16] , Teller and
'% - h “ Sutherland [13] (¢-5)
T3 3.2p !
_ 3 g, = =5 (1 - (=] Spangler [29] (C-6)
5§ & n” ’
£
&8 A _
B3 L s, =22 g picece [23) (c-7)
h 0.925+0.22()

Distance to point of max. stress along corner angle bisector:

Kl = 2#(&11) Westergaard [5]‘ (C-8)
where a : radius of circular load tangent to both edges at corner
al ¢ distance to point of action of resultant along corner
a/_rg_le bisector

- {See Table 1 for other symbols.)

Toawnidis (Iq%i!-) [based on FEM‘] :
. zy ) P . a
8. P |.20§—0.b9(z) ;. = A [t.Z 0'88(1 )]

¥

c uz hil
2
l _ 3P fio - /ey ’sﬁ[_g-_“’“}
1523 az-_;;{o L,l HT 1(1)

x = L.EZO 50‘32 /Q"'gq c.—s.‘deiwﬂ,l'h a!_ Sq,u-ﬂ-'-‘t load
g = e



Radii of Relative Stiffness

Concrete Modulus = 4 million psi, Poisson's ratio = .15

Thickness Subgrade Support (k)

inches 50 psifin | 100 psifin | 200 psifin | 300 psifin | 400 psi/in | 500 psifin
4.0 25.70 21.61 18.18 16.42 15.28 14.45
4.5 28.08 23.61 19.85 17.94 16.69 15.79
5.0 30.39 25.55 21.49 19.42 18.07 17.09
5.5 32.64 27.44 23.08 20.85 19.41 18.35
6.0 34.84 29.30 24.63 22.26 20.72 19.59
6.5 36.99 31.11 26.16 23.64 22.00 20.80
7.0 39.11 32.89 27.65 24.99 23.25 21.99
7.5 41.19 34.63 29.12 26.32 24.49 23.16
8.0 43.23 36.35 30.57 27.62 25.70 24.31
8.5 45.24 38.04 31.99 28,91 26.90 25.44
9.0 47.22 39.71 33.39 3017 28.08 26.55
9.5 4917 41.35 34.77 31.42 29.24 27.65
10.0 51.10 42.97 36.14 32.65 30.38 28.74
10.5 53.01. 44.57 37.48 33.87 31.52 29.81
11.0 54.89 46.16 38.81 35.07 32.64 30.87
11.5 56.75 47.72 40.13 36.26 33.74 31.91
12.0 58.59 49,27 41.43 37.44 34.84 32.95
12.5 60.41 50.80 42.72 38.60 35.92 33.97
13.0 62.22 52.32 43.99 39.75 36,99 34.99
13.5 64.00 53.82 45.26 40.89 38.06 35.99
14.0 65.77 55.31 46.51 42.02 39.11 36.99
14.5 67.53 56.78 47.75 43.15 40.15 37.97
15.0 69.27 58.25 48.98 44.26 41.19 38.95
15.5 70.99 59,70 50.20 45.36 42.21 39.92
16.0 72.70 61.13 51.41 46.45 43.23 40.88
16.5 74.40 62.56 52.61 47.54 44.24 41.84
17.0 76.08 63.98 53.80 48.61 45.24 42.78
17.5 77.75 65.38 54.98 49.68 46.23 43.72
18.0 79.41 66.78 56.15 50.74 47.22 44.66
18.5 81.06 68.17 57.32 51.80 48.20 45.59
19.0 82.70 69.54 58.48 52.84 49.17 46.51
19.5 84.33 70.91 59.63 53.88 50.14 47.42
20.0 85.94 72.27 60.77 54.61 51.10 48.33

Radius of Relative Stiffness = |

| = (E*R/(12*(1 4801 %




E v K

According to Boussinesq; forAM{= .5

w = 1.5p+a
E
where

p = unit pressure over circular area
a = radius of circular loaded area

E = modulus of the elastic mass

By definition; K (Westergaard)

P
w

Rearranging the Boussinesg Equation

P
w

Therefore, either E or k must be
a function of the loaded areaa



E v k Continued
From Siab Theory:

W, = g:’;“ for slab on dense liquid

2
| . .for slab on elastic solid
D

but W’Pl = W

Therefore:
2 2
P o~ Ik = P Ie
g8+D 3V3+D
or
2 2 « 0 °
I}S= _|& A ﬂ;‘, A
8 3V3




E vl<(36nﬁnued

0.64951 = |,

Where: . /4 \ , /3
- - E+*h and | = 2*E*h *(1 —/(&S)
K (1= U2k ° 2

12 c 12+(1 _/(,{C)*ES |

Substituting

Poisson’s Ratio of Soil = 0.5
Poisson’s Ratio of Concrete = 0.15

Modulus of Concrete’ = 4,000,000 psi

and Clearing the Equation Yields

E*/°= 283.7+h+k
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FINITE-ELEMENT MODEL OF PAVEMENT SYSTEM
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MAXIMUM EDGE STRESS (PsI)

450

400

300

200

100

MAXIMUA _EDGE STRESS VS. JOINT EFFICIENCY

LOAD | TIRE WHEEL
A/C  lpeR TIRE| PRESSURE[CONFIGURAT!

ﬂ nD -’-(
pc-10 | 52.6% | 172 psI 5—6“—3}

. a A~
B-727 40.0K | 170 psI :Er,

a

O o'Y;
K 58 l%
B-747 45.5 207 pslI ir——*i <

SLAB THICKNESS = 21", ©' AC
kK = 100

1 A NN PR N P B

30 40 50 60 70 80 90 100
JOINT EFFICIENCY (%)



