
Partial Derivatives (Rûb)

differential of
f(x), x ∈ R
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• Basics: 5‡ç¬í,

Let �u = (u1, u2, u3) ∈ R
3 and �v = (v1, v2, v3) ∈ R

3.

Inner product(q�) �u � �v := u1v1 + u2v2 + u3v3, èT “u dot v”;

Cross product(Õ�) �u × �v :=

∣∣∣∣∣∣
î ĵ k̂
u1 u2 u3

v1 v2 v3

∣∣∣∣∣∣, èT “u cross v”, w2

î = (1, 0, 0)

ĵ = (0, 1, 0)

k̂ = (0, 0, 1)

, 6pT
e1

e2

e3

�

'péË, (�u × �v) ⊥ �u and �v.

J (x0, y0, z0) u�ÞH ,íøõ, �n u�ÞH í normal(¶²¾), †�ÞH íj˙�Ñ

H : �n � (x − x0, y − y0, z − z0) = 0, <2ÿu: v�Þ,í²¾.Í¸v�Þí normal �ò�

0(x ,y ,z )0 0

y=y0

x=x0

v
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Figure 1: •è™�Þj²í‰“j�

• cq (x0, y0, z0) u�Þ S : z = f(x, y) ,íø_õ, ¹ f(x0, y0) = z0.

çJ y = y0 Hp z = f(x, y), ¹ y = y0 �H�Þ D z = f(x, y) �Þó>k�H�(, Ê�H�Þ,, ªJ° ƒb

f(x, y) Ê y �ìA y0 v, y0 Ë¡í‰“0: ∂f
∂x

(x0, y0) = fx(x0, y0) = lim
�x→0

f(x0 + �x, y0) − f(x0, y0)

�x
=⇒ ~²¾ �u = (1, 0, fx(x0, y0)).

çJ x = x0 Hp z = f(x, y), ¹ x = x0 �H�Þ D z = f(x, y) �Þó>k�H�(, Ê�H�Þ,, ªJ° ƒb

f(x, y) Ê x �ìA x0 v, x0 Ë¡í‰“0: ∂f
∂y

(x0, y0) = fy(x0, y0) = lim
�y→0

f(x0, y0 + �y) − f(x0, y0)

�y
=⇒ ~²¾ �v = (0, 1, fy(x0, y0)). FJ �òk�Þ í normal �n ¸

�u × �v =

∣∣∣∣∣∣
î ĵ k̂
1 0 fx(x0,y0)

0 1 fy(x0,y0)

∣∣∣∣∣∣ = −(fx(x0, y0), fy(x0, y0),−1) �W�
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Ä¤, 'ñqÿ)ƒ S Ê (x0, y0, z0) Tí~�Þ H íj˙�:
H : (�u × �v) � (x − x0, y − y0, z − z0) = 0

⇐⇒ fx(x0, y0)(x − x0) + fy(x0, y0) − 1(z − z0) = 0
⇐⇒ z − f(x0, y0) = fx(x0, y0)(x − x0) + fy(x0, y0)

´p)F‚í linearization (linear approximation) ý? °šË, Bb6bà¤zp f(x, y) í differential 5ó)ƒ
í� â S Ê (x0, y0, z0) Tí~�Þ H íj˙�

H : z = f(x0, y0) + fx(x0, y0)(x − x0) + fy(x0, y0)(y − y0)

)ø f(x, y) Ê(x0, y0)Tí linearization Ñ

f(x, y) ≈ f(x0, y0) + fx(x0, y0)(x − x0) + fy(x0, y0)(y − y0),

¹ f(x, y) − f(x0, y0)≈ fx(x0, y0) (x − x0) + fy(x0, y0) (y − y0),
¹ �f ≈ fx(x0, y0) �x + fy(x0, y0) �y,

↓ ↓ ↓
=⇒ df = fx(x0, y0) dx + fy(x0, y0) dy

df —– ƒbMí �‰“¾, ¸J‡øš, Êd (total) differential.

• Ö‰¾ƒb f(x, y, · · ·) í differential df u fÊ³�Ôì‰“j�ví�‰“¾ (F�‰¾îªš�‰�)� w partial
derivative 5?í†u É�/Ôì‰bÊ‰ (wF.�) ví‰“0, ux�óú–1í� FJ df �<2, ∂f

∂x
, ∂f

∂y
, · · · � partial

derivatives �<2, Ou ∂f ³�<2� / ç

{
x = x(u, v)
y = y(u, v)

, f = f(x(u,v),y(u,v)) Ê É�u‰“ví ‰“0 (“df Î

J du”) ÛÊÿbŸA df
du

/∖
∂f
∂u

= ∂f
∂x

dx
dt

/∖
∂x
∂u

+∂f
∂y

dy
dt

/∖
∂y
∂u

, ÄÑ f, x, y í‰¾.mu u� °šË,f Ê É�v‰“ví ‰“0 Ñ

∂f
∂v

= ∂f
∂x

∂x
∂v

+ ∂f
∂y

∂y
∂v

, ¥ÿuF‚í chain rule�

• Jø S : z = f(x, y) ³Þí x, y ¡b“, i.e. •/�(Wª, )ƒíu S ,Þ í�(� †;W,Þ)ƒí df , BbªJ°|
f Êv�(,í‰“0 df/dt:

df

dt
= fx

dx

dt
+ fy

dy

dt
= (fx, fy) � (ẋ, ẏ) = ∇f � (ẋ, ẏ),

Ä¤)ø, à‹ı�ƒbí‰“0ò,(ẋ, ẏ) ÿ.â� ∇f íj²• n}U) |df
dt
| ³í inner product |×� ¥_j²

∇f
def
= (fx, fy) ÿÊd gradient(G�)� z,Þ d

dt
[f(x(t),y(t))] �ä2í~²¾ (ẋ, ẏ) ²AÀP²¾ u, ÿu directional

derivative Duf = ∇f � u �

• cq õ(x0, y0, z0) Ê�ÞS : z = f(x, y) ∈ R
3 , (¹ f(x0, y0) = z0), à z = z0 ç S, ÿ)ƒ level curve

C : f(x, y) = z0, ø¤�( C ¡b“( ú¡b t °û: d
dt

f(x(t),y(t)) = (∂f
∂x

, ∂f
∂y

) � (ẋ, ẏ) = d
dt

z0 = 0, <¹

(∂f
∂x

, ∂f
∂y

) ⊥ (ẋ, ẏ), <¹: Ê�(C, ©øõí ∇f = (∂f
∂x

, ∂f
∂y

) î�òk �(C : f(x, y) = z0�

°ø_�ÞS, àÇø_j�Võ, �Þ S ª\eÑ w = g(x, y, z) := f(x, y) − z ∈ R
4
à w = 0 ç( F)ƒí

level surface� ø S ,¦¬ (a, b, c) íLø�(¡b“( ú¡b t °û d
dt

g(x(t),y(t),z(t)) = ( ∂g
∂x

, ∂g
∂y

, ∂g
∂z

) � (ẋ, ẏ, ż) =

(∂f
∂x

, ∂f
∂y

,−1) � (ẋ, ẏ, ż) = d
dt

c = 0, <¹ ( ∂g
∂x

, ∂g
∂y

, ∂g
∂z

) ⊥ (ẋ, ẏ, ż), <¹: Ê�ÞS, ©øõí ∇g = ( ∂g
∂x

, ∂g
∂y

, ∂g
∂z

) =

∇(f(x,y)−z) = (∂f
∂x

, ∂f
∂y

,−1) = (∇f,−1) �òk�Þ S� (à‡Þí Figure 1 Võ, �n // (�u× �v) = −∇(f(x,y)−z) …V

ÿu�òk�Þí)

FJ, ú&²¾ (∇f (x0,y0),−1) = (∂f
∂x

(x0,y0),
∂f
∂y

(x0,y0),−1) �ò�Þ S : f(x, y) = z k(x0, y0, z0)T,

I�ƒ xy �Þ
		


ù&²¾ ∇f (x0,y0) = (∂f
∂x

(x0,y0),
∂f
∂y

(x0,y0)) �ò�( C : f(x, y) = z0 k(x0, y0)T�
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øOVz, à‹ r = (x1, · · · , , xn) ∈ R
n, f(r) ∈ R í gradient ∇f(r) = ( ∂f

∂x1
, · · · , ∂f

∂xn
) ∈ R

n, 1/

ƒbMí�‰“¾ df = ∇f � dr

J t u r í‰¾,
ÎJ dt
=⇒ †‰“0

{
df
dt

= ∇f �
dr
dt

, if r = r(t),
∂f
∂t

= ∇f �
∂r
∂t

, if r = r(t, u, v, · · ·).

}
, ¹øOí chain rule�

d♣
d♠ , ∂♣

∂♠ s_õN.°í¯U ÉuàV–} À‰¾/Ö‰¾ ƒbíûb˙7, …”,´u differential ¸ differential ÈíªM�

• I

{
x(t) = a + ht,
y(t) = b + kt,

Ñ (a, b)
(t=0)

¸ (a + h, b + k)
(t=1)

©( í¡b�, †g(t) := f(x(t), y(t)) c�ø_‰¾ t, Bbÿª

J° g(t) Ê t = 0 Tí Taylor expansion:

g(t) = g(0) + g′(0)(t − 0) + g′′(0)
2!

(t − 0)2 + g′′′(0)
3!

(t − 0)3 + · · ·
g(1) = g(0) + g′(0) + g′′(0)

2!
+ g′′′(0)

3!
+ · · ·

g(0) = f(x(0), y(0)) = f(a, b)
g(1) = f(x(1), y(1)) = f(a + h, b + k)

,

g′(t) = d
dt

(f) = dx
dt

∂f
∂x

+ dy
dt

∂f
∂y

= h∂f
∂x

+ k ∂f
∂y

= (h ∂
∂x

+ k ∂
∂y

)f, (h ∂
∂x

+k ∂
∂y
�äúfTà1Ÿ)

g′′(t) = d
dt

(df
dt

) = (h ∂
∂x

+ k ∂
∂y

)(df
dt

) = (h ∂
∂x

+ k ∂
∂y

)(h ∂
∂x

+ k ∂
∂y

)f

= (h ∂
∂x

+ k ∂
∂y

)2f, (h ∂
∂x

+k ∂
∂y
�äúfTà2Ÿ)

(¹ h2 ∂
∂x

∂
∂x

f + hk ∂
∂x

∂
∂y

f + hk ∂
∂y

∂
∂x

f + k2 ∂
∂x

∂
∂x

f)
...

g(i)(t) = (h ∂
∂x

+ k ∂
∂y

)if, (h ∂
∂x

+k ∂
∂y
�äúfTà iŸ)

f(a + h, b + k) = f(a, b) +
(h ∂

∂x
+ k ∂

∂y
)1f |(a,b)

1!
+

(h ∂
∂x

+ k ∂
∂y

)2f |(a,b)

2!
+ · · ·+ (h ∂

∂x
+ k ∂

∂y
)nf |(a,b)

n!
+ · · ·

=
∞∑

n=0

(h ∂
∂x

+ k ∂
∂y

)nf |(a,b)

n!

Let

{
x = a + h,
y = b + k,

, =⇒ f(x, y) =

∞∑
n=0

(
(x − a) ∂

∂x
+ (y − b) ∂

∂y

)n

f
∣∣∣
(a,b)

n!
.

In general, for x ∈ R
n, Taylor expansion of f(x) about y ∈ R

n is

f(x) = f(y) + ((x − y) � ∇)f |y + ((x − y) � ∇)2f |y/2! + · · ·

=

∞∑
n=0

((x − y) � ∇)nf
∣∣∣
y

n!
,

where ∇ := ( ∂
∂x1

, · · · , ∂
∂xn

).
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Figure 1: critical point Ë¡ ùŸ¡Ní ª?8”

• à ùŸ�Þ V¡N z = f(x, y)
cq f(x, y) u Býù¼ª�, �7 f(x, y) Ê (a, b) Tí Taylor expansion,

f(x, y) = f(a,b) +

(
fx(a,b)(x − a)

+fy(a,b)(y − b)

)
︸ ︷︷ ︸

linear approximation �(x, y)

+1
2

q̃(x, y)︷ ︸︸ ︷
fxx(a,b)(x − a)2

+fxy(a,b)(x − a)(y − b)
+fyx(a,b)(x − a)(y − b)
+fyy(a,b)(y − b)2


︸ ︷︷ ︸

quadratic approximation q(x, y)

+ Ÿb×k�k 3 íá

︸ ︷︷ ︸
O(3)

= q(x, y) + O(3)

q(x, y) ˚Ñ f(x, y) Ê (a, b) Ë¡í quadratic approximation(ùŸƒb¡N)�

I A := fxx(a, b), B := fxy(a, b), C := fyy(a, b) �ô¯U, ÄÑ �Ì�bá� øŸá� �
1
2
î.�à$Õ, FJ

õ q̃(x, y) í$Õ ÿ�kuÊõ q(x, y) $Õ : Ê.ÜøO4í8”-, cq (a, b) ¹ (0, 0) J�ô¯U� ku ùŸ5Ÿ�

q̃(x, y) = Ax2 + 2Bxy + Cy2, ;Wºj¶ (completing the square) ÿªJŸA

z = q̃(x, y) = Ax2 + 2Bxy + Cy2

= A
(
(x + B

A
y)2 − (B2 − AC) ( y

A
)2

)
B2 − AC < 0, ¹

∣∣∣∣ fxx fxy

fxy fyy

∣∣∣∣
(a,b)

> 0, ⇒ z = A ((x + ∗y)2 + ⊕y2) , — paraboloid:

{
A > 0 Ç¨²,(1),
A < 0 Ç¨²-(2),

> 0, < 0, ⇒ z = A ((x + ∗y)2 + �y2) , — saddle(3),

= 0, = 0, ⇒ z = A(x + ∗y)2, — parabolic cylinder(4),

¥<u q̃� ¹ q í$Õ, 6ÿu f Ê (a, b) õË¡ í$Õ� (µ3 “3D.pdf” )

ø_mËƒb f(x, y) í”M @vu}êÞÊ “LSj²ûbÌÑ 0” íËj (critical point)� ÿzuÊ (a, b) Tß, <¹
Duf(a, b) = ∇f(a, b) � u = 0 ∀u ∈ R

2,⇒ ∇f(a, b) = (fx(a, b), fy(a, b)) = (0, 0), ku,
à‹ ∇f(a, b) = (0, 0), f(x, y) í”M ªâJ, (1)(2)(3)(4) õ)ø :

(1): local minimum êÞÊ (a, b) T (¹|Qõ),
(2): local maximum êÞÊ (a, b) T (¹|òõ),
(3): no extremum êÞÊ (a, b) T (¹¶õ),
(4): inconlusive (Ç�/Ý).
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ç (x, y) 'Ô¡ f í critical point (a, b) v, Ê case(1)(2)(3) í8”-, z = f(x, y) = q(x, y) + O(3) ¸
z = q(x, y) $ÕÏ.Ö, O case(4) v z = q(x, y) Ñ parabolic cylinder, f(x, y) = q(x, y) + O(3) �ª?§ƒ
òŸá O(3) í�à 7U) cylinder s«šš²,C²-�� ]Ê case(4) - J;)ø z = f(x, y) í$Õ, ÿ.âÇÕ*
O(3) í¶})ƒyÖím7�

• Lagrange method

Bbø− ∇f TXíu z = f(x, y) ‰“ (Ó×/Áü) |0íj²� à‹úw2í (x, y) �FÌ„, 1;ø− f(x, y) í”M,
†Bbı�v| ¥<Ì„‘Kí Ó×/Áüj² ÊST}¸ ∇f íj²ø_, µó f(x, y) í”MÿªJ*¥<Ëj°M� ªœ(
7)ƒ�

J™Òí�(¡b�Vj„:

– cq�( C : g(x, y) = 0 í¡b�Ñ C : (x(t), y(t)), † f(x, y)
∣∣∣
C

= f(x(t), y(t)) í”M, øìêÞÊ
df
dt

= ∇f � (ẋ, ẏ) = 0 íËj, ¹ ∇f ⊥ (ẋ, ẏ), ¹ ∇f//∇g, ¹ ∇f = λ∇g for some constant λ.

Find local extrema of z = f(x, y) under the constraint g(x, y) = 0: a local extremum occures at

which

{ ∇f = λ∇g
g = 0

for some λ ∈ R.

–
�Þ g(x, y, z) = 0
�Þ h(x, y, z) = 0

>| �(C� cq�(Cí¡b�Ñ C : (x(t), y(t), z(t)), †�(C í~²¾ (ẋ, ẏ, ż)

// (∇g×∇h) =

∣∣∣∣∣∣
î ĵ k̂
gx gy gz

hx hy hz

∣∣∣∣∣∣, † f(x, y, z)
∣∣∣
C

= f(x(t), y(t), z(t))í”M, øìêÞÊ df
dt

= ∇f � (ẋ, ẏ, ż) =

0 íËj, ¹ ∇f � (∇g ×∇h) =

∣∣∣∣∣∣
fx fy fz

gx gy gz

hx hy hz

∣∣∣∣∣∣ = 0, ¹ ∇f,∇g,∇h (4óÉ, ∇f ªJŸA ∇g ¸ ∇h

í(4 ¯, ¹ ∇f = λ∇g + µ∇h for some λ, µ ∈ R.

Find local extrema of w = f(x, y, z) under constraints

{
g(x, y, z) = 0
h(x, y, z) = 0

: a local extremum oc-

cures at which


∇f = λ∇g + µ∇h
g = 0
h = 0

for some λ, µ ∈ R.

In general, a local extremum of f(x),x ∈ R
n under constraints


g1(x) = 0

...
gn−1(x) = 0

occures at which


∇f(x) = λ1∇g1(x) + · · ·+ λn−1∇gn−1(x) for some λ1, · · · , λn−1 ∈ R.
g1(x) = 0 (∇f is a linear combination of ∇g1, · · · ,∇gn−1)

...
gn−1(x) = 0
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