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Parametric Equations (¡b�)

à‹ (x, y)Ó tí‰“7Z‰P0 (Aâ�=1), ¹

{
x = x(t)
y = y(t)

, †ç t‰“v, (x, y) }£|ø&�( C,
{

x = x(t)
y = y(t)

˚Ñ “C í¡b�”, ‰¾ t ˚Ñ¡b� cU j˙� f(x, y) = 0 k}H[�( C, †, ;W j˙� f(x, y) = 0 vƒø_

C í¡b�
{

x = x(t)
y = y(t)

˚Ñ “ø C ¡b“”�

Example 1 C : x2 + y2 = 1, † (x, y) = (cos θ, sin θ) u C í¡b�, J θ Ñ¡b� ÖÍ$�.°k‡,
(x, y) = (sin ζ, cos ζ) °š6u C í¡b�, J ζ Ñ¡b�

¡b“íj¶ª?.Éø�, �vÝBÝ�Øv� ÝBª?v.ƒ�

Example 2 l� C í¡b�
{

x = 3 + 2t2

y = 4− t3
, t ∈ R, ½: u´æÊ ·H x, y É[� cÖ x, y íj˙�?

Ÿ¡b� ¹

{
x−3

2
= t2,

4− y = t3,
=⇒(x−3

2
)
3

= (4− y)2 , ¹ x3 − 9x2 + 64y2 + 27x− 8y − 155 = 0 �

“¡b� =⇒ j˙�?” .øìßd (Ô�uÖ_¡bv) , ¥5, “j˙� =⇒ ¡b�?” ..ÍÉ�ø¡b��

¡b�(|�cí½æÿu° CÅ C �0/�0š�� I r(t) Ñ R
n 2ø¡b�(, J s = s(t) [ý*/ìõ t0

Çá�ƒ t íCÅ� †�CÅ ds = ‖d(r(t))‖ = ‖ṙ‖ dt, ¹ ds
dt

= ‖ṙ‖� †CÅ

s(τ) =

∫ τ

t0

ds(t) =

∫ τ

t0

‖ṙ(t)‖ dt

˛%ƒ¬'ÖŸ7, ç r(t) = (x(t), y(t)) ∈ R
2
v, ds =

√
dx2 + dy2 = ‖ṙ‖ dt, ‖ṙ‖ =

√
ẋ2 + ẏ2�

ì2 T(t)
def
=

ṙ(t)

‖ṙ(t)‖ ÑÊ t í ÀP~²¾, † T =
ṙ

‖ṙ‖ =
dr
dt
ds
dt

=
dr

ds
�

r(  )t

t∆t+T( )

t∆t+r(        )
t∆t+T( )

T(  )t T(  )t

θ R

R

θ

θ
1

1

�/ø t j„AvÈ� r(t) ,øõÊ'sí ∆t vÈq�� (* t ƒ t + ∆t, È½ ∆t ≈ 0) 1/ø¤õ��í*� õd ß

du ø_ J R Ñš�£¬ θ i (θ ≈ 0) 7AíC( (p) R�θ u™Zí), † CÅ Rθ ≈ ‖r(t + ∆t)− r(t)‖� âk
T u ÀP~²¾, ∴ ‖T(t + ∆t)−T(t)‖ ≈ θ� Ä¤, ç ∆t � 0, Ê¤mvÈíš�

R ≈ ‖r(t + ∆t)− r(t)‖
‖T(t + ∆t)−T(t)‖ =

∥∥∥r(t+∆t)−r(t)
∆t

∥∥∥∥∥∥T(t+∆t)−T(t)
∆t

∥∥∥
∆t→0−→ ‖ṙ(t)‖∥∥∥Ṫ(t)

∥∥∥ ,

�k5, ç ∆t→ 0, =⇒ Rθ ≈ ‖dr‖, θ ≈ ‖dT‖,

=⇒ R ≈ ‖dr‖
‖dT‖ =

ds

‖dT‖ =
1∥∥dT
ds

∥∥ (∵ ‖dr‖ = ds)
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=
‖dr‖ /dt

‖dT‖ /dt
=

∥∥dr
dt

∥∥∥∥dT
dt

∥∥ =
‖ṙ‖∥∥∥Ṫ

∥∥∥
ì2�0 κ

def
=

1

R
, R ˚Ñ�0š�, †

κ =

∥∥∥Ṫ(t)
∥∥∥

‖ṙ(t)‖ =

∥∥dT
dt

∥∥∥∥dr
dt

∥∥ =

∥∥∥∥dT

ds

∥∥∥∥ .

¥³ P0 r� ÀP~²¾ T Ê°ûv…<Uà.°í¡b, uÑ7é5b7j: .ccu¡b�, [®j�.°, ÿ}�.°íjZ
4� .°í^‹� Wà, ÀP~²¾ T ŸuJvÈÑ¡b, J?JCÅ s ½h[®, † T òQú s °û( °Å� ¹ª)�0 κ�
yWà, r(ξ) = (cos ξ, sin ξ) ÊÀPÆ,�, ¡b ξ ªzAu ƒŸõ¸ x-WíHi 6ªzAu â x-W Çá�–íCÅ� y

Wà, r(ξ) = (3 cos θ, 3 sin θ) Êš�Ñ 3 íÆ,�, ¡b θ ªzAu ƒŸõ¸ x-WíHi� r(s) = (3 cos s
3
, 3 sin s

3
)

6uÊš�Ñ 3 íÆ,�, ¡b s ªzAu â x-W Çá�–íCÅ� .¬¥s_¡b�;…ÿu°ø_�

Polar Coordinates (”è™)

”è™ u Îòiè™Õ, ·H ”õÊù&˛ÈíP0” ®j�2|�àíø�, 6u (x, y) í¡b�� ø_õªJà.°íj�

Vp� ¥s�p¶ªJ�ó�²:
òiè™

(x, y)

{
x=r cos θ
y=r sin θ←−−−−−→ ”è™

(r, θ) ��
���

�
�(x,y)

|r|o
θ�
�

�
�

Basics

k, n ÑL<cb, † (r, θ) ¸ (r, θ + 2kπ) u°øõ,
(r, θ) ¸ (r, θ + (2n−1)π) ú˚kŸõ,
(r, θ) ¸ (−r, θ) ú˚kŸõ,
(−r, θ) ¸ (r, θ + (2n−1)π) u°øõ,
(r, θ) ¸ (r,−θ) ú˚k θ = 0,
(r, θ) ¸ (r, π

2
− θ) ú˚k θ = π

4
,

θ = α ¸ θ = α + kπ u°ø‘(,
· · · · · ·

Some Rigid Transforms

J ”è™�( C : r = f(θ), † r = f(−θ) ¸ C ú˚k θ = 0,
r = −f(θ)(¹ −r = f(θ)) Ñ C úŸõ�Búå,
r = f(θ − α) Ñ C Ó‹ α (úŸõì� α),
· · · · · ·
¥u,ç‚øÇáÿƒ¬í‰a (c“ƒb”¶M)�

J r = f(θ), θ ∈ [θ0, θ1], .½µ, †w£¬íÞ�Ñ

∫ θ1

θ0

1
2
r2 dθ, ¹ 1

2

∫ θ1

θ0

f 2(θ) dθ , CÅ†Ñ

∫ θ1

θ0

ds =

∫ θ1

θ0

√
f 2(θ) + f ′(θ)2 dθ �

(
òh: ds(θ) =

√
(rdθ)2 + (dr)2 =

√
f 2(θ) + f ′(θ)2 dθ

)
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Example 3 ·ú|

{
r = cos(nθ),
r ≥ 0,

¸

{
r = sin(nθ),
r ≥ 0.

í¡b�(�(·<, ¥³b° “r ≥ 0”, [ý Ébõ “.

¥å” íõ�)

r = cos(nθ)
⇔ r = cos(−nθ)

� π
2n−→ r = cos(−n(θ− π

2n
))

⇔ r = cos(π
2
−nθ)

⇔ r = sin(nθ) ,

n = 1 :
� π

2
⇒

⇐ π
2

�

n = 2 :
� π

4
⇒

⇐ π
4

�

n = 3 :
� π

6
⇒

⇐ π
6

�

n = 4 :
� π

8
⇒

⇐ π
8

�

n = 5 :
� π

10
⇒

⇐ π
10

�
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Example 4 ·ú| r = cos( θ
n
) ¸ r = sin( θ

n
) í¡b�(�

r = cos( θ
n
)

⇔ r = cos(− θ
n
)

� nπ
2−→ r = cos(−(θ−nπ

2
)/n)

⇔ r = cos(π
2
− θ

n
)

⇔ r = sin( θ
n
) ,

.¬, nπ
2
ª?÷7ß�˛, �°k É�

nπ
2
− 
n

4
�2π:

r = cos( θ
n
)

� nπ
2
− 
n

4
�2π ⇒

⇐ nπ
2
− 
n

4
�2π � r = sin( θ

n
)

n = 1 : � π
2
⇒

⇐ π
2

�

n = 2 : � π ⇒

⇐ π �

n = 3 : � 3π
2
⇒

⇐ 3π
2

�

n = 4 : � 0⇒

⇐ 0 �

n = 5 : � π
2
⇒

⇐ π
2

�

Copyright c© by Dr. Mengnien Wu : mwu@mail.tku.edu.tw 4



Emphases of Calculus — Improper Integrals Page 5

Example 5 ·ú| r = 1− cos(nθ) ¸ r = 1− sin(nθ) í¡b�(� ·< r = 1− cos(nθ) 0£�

r = 1− cos(nθ)
⇔ r = 1− cos(−nθ)

� π
2n−→ r = 1− cos(−n(θ− π

2n
))

⇔ r = 1− cos(π
2
−nθ)

⇔ r = 1− sin(nθ) ,

y6, 1− cos(nθ) = 2 cos2(nθ
2
), FJ r = 1− cos(nθ) í$Õªâ r = cos(nθ

2
) õ|×–�

n = 1 : � π
2
⇒

⇐ π
2

�

n = 2 : � π
4
⇒

⇐ π
4

�

n = 3 : � π
6
⇒

⇐ π
6

�

n = 4 : � π
8
⇒

⇐ π
8

�

n = 5 : � π
10
⇒

⇐ π
10

�

FJ, ¤(m˛å cos(∗) (ÿ.yå sin(∗) 7�
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Example 6 r = 1
1+e cos(nθ)

, e = 0.5, 1.0, 1.5, n = 1, · · · , 5 í¡b�(à-:

r = 1
1+0.5 cos(nθ)

r = 1
1+cos(nθ)

1
1+1.5 cos(nθ)

n = 1 :

n = 2 :

n = 3 :

n = 4 :

n = 5 :
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