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Multiple Integral (½�})

I O Ñ

{
HÊ �ÞS : z = f(x, y) D xy �Þ5È� –� R ⊆ R

2
F�|í 3-d –�

}
. † O íñ�Ñ

∫
R

f(x, y) dA,

¯U<2Ñ: Å‘$ñ� (òÑ f(x, y), �Ñ dA) ‹,� w2, dA [ý differential of area (�Þ�)� S‚ dA?

Wà, àòiè™íj�V}’ R (š�Z‰è™¡b x, y),

�

(x,y) ∆x

∆y y-slice

base

x-slice
base

R

† ü)Þ� (Ä}) ∆A = ∆x∆y ,
=⇒ �Þ� (�}) dA = dx dy �

Wà, à”è™íj�V}’ R (š�Z‰è™¡b r, θ),

∆r

∆θ

r-shell base

θ-slice base

�

(r,θ)

R

† ü)Þ� (Ä}) ∆A = 1
2
(r + ∆r)2∆θ − 1

2
r2∆θ

= r ∆r ∆θ + 1
2
(∆r)2∆θ—————–≈0︸ ︷︷ ︸

'ü, óúk r ∆r ∆θ

,

=⇒ �Þ� (�}) dA = r dr dθ �

∫
R

f dA .c)ÿ)u double integral, ÿõ5u;z R ~A‘ÿß7á, ´ubQOø‘y~A¨ (¹ O “~Ò”, Òy “~

á”)� FJíl.âl²ìàS}’ R, yVÿub²ì�}ßå� d,Þs��cí}’j�, ÿ�F‚í double integrals:∫
R

f dA =

∫∫
R

f dx dy =

∫∫
R

f dy dx double integrals(R~A))

=

∫ ∗

∗

y-slice area Ay ,

a function of y︷ ︸︸ ︷[∫ ∗

∗
f dx

]
y-slice

thickness︷ ︸︸ ︷
dy︸ ︷︷ ︸

y-slice volume

=

∫ ∗

∗

x-slice area Ax,

a function of x︷ ︸︸ ︷[∫ ∗

∗
f dy

]
x-slice

thickness︷ ︸︸ ︷
dx︸ ︷︷ ︸

x-slice volume

double integrals(R~A))

=

∫ ∗

∗
Ay(y) dy =

∫ ∗

∗
Ax(x) dx single integrals(R~A‘) ,

=

∫∫
R

f r dr dθ =

∫∫
R

f r dθ dr double integrals(R~A))

=

∫ ∗

∗

θ-slice area Aθ ,

a function of θ︷ ︸︸ ︷[∫ ∗

∗
f r dr

]
θ-slice

thickness︷ ︸︸ ︷
dθ︸ ︷︷ ︸

θ-slice volume

=

∫ ∗

∗

r-shell area Ar ,

a function of r︷ ︸︸ ︷
r

[∫ ∗

∗
f dθ

]
r-shell

thickness︷ ︸︸ ︷
dr︸ ︷︷ ︸

r-shell volume

double integrals(R~A))

=

∫ ∗

∗
Aθ(θ) dθ =

∫ ∗

∗
Ar(r) dr single integrals(R~A‘) .
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F‚ R
2 –�í “Þ�”, ÿu n-dimensional volume, n = 2 í8”� Ñ7$ø¯U, J(í�Þ�“dA” øâ �ñ�“dV ”

¦H�

I r ∈ R
n, � = �(r) ÑÓñO Ê r Tíò�, ÓñO F°Qí–� �˚T R� †”õ (particle) í”¾ dm = � dV ,

i.e. �”¾ = ò� × �ñ�, .y;k�

• Ê r Tí”õ (particle) JŸõÑXõ FßÞí�‰ä Ñ r
‰•

dm
�”¾

,

ÓñO í”¾2- (½-) r = ,‰ä
,”¾

=

∫
R

r dm∫
R

dm
�

”õdm ú WL ì�5��U¾ Ñ r2 dm;
ÓñO ú L ì�5��U¾ Ñ

∫
R r2 dm, w2 r [ý dm ƒ ì�W L í�×�

• r ∈ R
n, f(r) ∈ R� *.°íi�Võ I =

∫
R f(r) dV :

J r ∈ R
2, R ⊆ R

2: ªJø f(r) çdu R Ê r = (x, y) Tíò�, † I ÿj„A / 2-d Óñ

í,”¾; I 6ªJj„A z = 0 ƒ z = f(x, y) È�Rq í 3-d ñ��

J r ∈ R
3, R ⊆ R

3: ªJø f(r) çdu R Ê r = (x, y, z) Tíò�, † I ÿj„A / 3-d Óñ

í,”¾; I 6ªJj„A w = 0 ƒ w = f(x, y, z) È�Rq í 4-d ñ��

• Óñí~’j�

2-d: òiè™ ”è™

dV := dx dy, dV := r dr dθ, · · ·
3-d: òiè™ Æ6è™ 7Þè™ (c Figure 1)

dV := dx dy dz, dV := r dr dθ dz, dV := ρ2 sin φ dρ dθ dφ, · · ·

φsinρ 

ρdφ
φsinρ dθ

ρd

φ

ρ

θ

Figure 1: 7Þè™í dV
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• J dS íÀP¶²¾Ñ n̂, ƒ xy�ÞíI�Ñ dA /sÒHiÑ θ(çÍük π), † cos θ = n̂ � ê3, dS =
dA

| cos θ| .

�Þ S ƒ xy�ÞíI�Ñ R, Y/j�~’ R Jl�[Þ�:

∫
dS =

∫
R

dA

| cos θ| (cos θ ÄP07æ)�

e3
^ n̂.cosθ =

cosθdS = dA

e3
^

n̂
θ

dS

dA

Figure 2: �[Þ� dS (‖n̂‖ = 1)

1. J 2-d�Þ S uâj˙ z = f(x, y) Fì2í, †, OÎòiè™í~’j�, �[Þ� dS íI�Ñ dA := dx dy,
7 dS í ¶²¾ // �n = (∇f,−1) = (fx, fy,−1)� cq dS ¸ dA íHiÑ θ, �k ¶²¾ �n ¸ ¶²¾ ê3

5ÈíHi, † (c Figure 2)

| cos θ| =
|�n � ê3|
‖�n‖ ‖ê3‖ =

| − 1|√‖∇f‖2 + 1 · 1 =
1√

(fx)2 + (fy)2 + 1
,

∫
dS =

∫
R

dA

| cos θ| =

∫
R

√
‖∇f‖2 + 1 · dA =

∫∫
R

√
(fx)2 + (fy)2 + 1 dxdy �

2. J 2-d �Þ S uâj˙ g(x, y, z) = 0 Fì2í (a level surface), †, OÎòiè™í~’j�, �[Þ� dS
íI�Ñ dA := dx dy, 7 dS í ¶²¾ // �n = ∇g = (gx, gy, gz)� cq dS ¸ dA íHiÑ θ, �k ¶²

¾ �n ¸ ¶²¾ ê3 5ÈíHi, †

| cos θ| =
|�n � e3|
‖�n‖ ‖ê3‖ =

|gz|
‖∇g‖ =

|gz|√
(gx)2 + (gy)2 + (gz)2

,

∫
dS =

∫
R

dA

| cos θ| =

∫
R

‖∇g‖
|gz|

∣∣∣∣
g=0

dA =

∫∫
R

√
(gx)2 + (gy)2 + (gz)2

|gz|

∣∣∣∣∣
g=0

dxdy �

¥³.â·<íu, â,Hí}’, [Þ�

∫
dS �ä³³� dz, ¹ z .u�}�ä³í‰¾� Ä¤ªø, Bb.âz

j˙ g(x, y, z) = 0 í z à x, y [ýnW, 6ÿuz, à‹ z í[ý¶.ñø, �Þ g(x, y, z) = 0 ÿ}�“,�
-”5}�
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• .°í 2-d(C 3-d) í �ñ� dV 5ÈíÉ[, 6ªJ*F‚í Jacobian )ƒ:

2-d:

{
x(r, θ) = r cos θ
y(r, θ) = r sin θ

,

òiè™ ”è™

dV := dx dy, dV :=

∣∣∣∣
∂x
∂r

∂x
∂θ

∂y
∂r

∂y
∂θ

∣∣∣∣︸ ︷︷ ︸
Jacobian | ∂(x,y)

∂(r,θ)
|

dr dθ

=

∣∣∣∣ cos θ −r sin θ
sin θ r cos θ

∣∣∣∣ dr dθ

= r dr dθ .

3-d:




x(r, θ, z) = r cos θ
y(r, θ, z) = r sin θ
z(r, θ, z) = z

,

òiè™ Æ6è™

dV := dx dy dz, dV :=

∣∣∣∣∣∣
∂x
∂r

∂x
∂θ

∂x
∂z

∂y
∂r

∂y
∂θ

∂y
∂z

∂z
∂r

∂z
∂θ

∂z
∂z

∣∣∣∣∣∣︸ ︷︷ ︸
Jacobian | ∂(x,y,z)

∂(r,θ,z)
|

dr dθ dz

=

∣∣∣∣∣∣
cos θ −r sin θ 0
sin θ r cos θ 0

0 0 1

∣∣∣∣∣∣ dr dθ dz

= r dr dθ dz ;

3-d:




x(ρ, θ, φ) = ρ sin φ cos θ
y(ρ, θ, φ) = ρ sin φ sin θ
z(ρ, θ, φ) = ρ cos φ

,

òiè™ 7Þè™

dV := dx dy dz dV :=

∣∣∣∣∣∣∣
∂x
∂ρ

∂x
∂θ

∂x
∂φ

∂y
∂ρ

∂y
∂θ

∂y
∂φ

∂z
∂ρ

∂z
∂θ

∂z
∂φ

∣∣∣∣∣∣∣︸ ︷︷ ︸
Jacobian | ∂(x,y,z)

∂(ρ,θ,φ)
|

dρ dθ dφ

=

∣∣∣∣∣∣
sin φ cos θ −ρ sin φ sin θ ρ cos φ cos θ
sin φ sin θ ρ sin φ cos θ ρ cos φ sin θ

cos φ 0 −ρ sin φ

∣∣∣∣∣∣ dρ dθ dz

= ρ2 sin φ dρ dθ dφ .
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