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Limits and Continuity (R &2EH)
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e “¢,0 7 E#: The limit of f(z) as = approaching a is said equal to L, denotes lim f(z) = L,

provided that for any given ¢ > 0, there exists 6 > 0, such that whenever 0 < |z — a| < § implies
|f(x) — L] <e.

o ‘L o RIBIREE..”, Al LIEABBAEASNEL o (BEIFTe), MEGEMEMER FUEE.
AL, EABRAHEE, B, F5 foo, MRBRNFE. ELBARE “c,0 " WEREHES LA

o —fEMmRTEELENRF REE lim f(x) 1 lim g() FEFAERE, FHER

lim (£(2) ® 9(@)) = lim (@) ® limg(a) (&M@ IR +,—,x)
IRFEZ II—{EGAE lim g(z) # 0, “@” BALUE +

o H x RKEEAMML o B, & f(x),/ (or \\) HH f(x)< U (or > L), Il x JARMEL o B f(z) IR
FRETFLE, BB EER S— S R (U: upper bound, L: lower bound, a can be +00)
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() a, B ROVEEE @, = olo=2..noitl = 5 EESBATE , - D < Doy

n n+1 .
= (J)n% < ( i )(njl)j L0 < an < anyq.
0<a <ay < - <a, <apy < - <3, EBEXEER, FRUERIE lim a, —EFE. EEE
W natural base e = lim (1 + %)n ~ 2.71828 - - -, B—EEHE, A&, B e BIENEEKH

log,( ) &M In( )e

RBRG LRSS 5%, AN (cg. EAAME. 5. ...), B (cg. 0o = 0. rationalize(EEL). ...),
NIRFLFREE Y (squeezing by sandwich inequality) Ao

Example 1 BE/LHIHIT

1 V2?1 31 + 21
’ 4a* + 3z — (22)?
im
e—oo \/4x? + 3x + 22

Tr—00 r—00

VAz? +3x —2x  4x? + 3 2
lim (V42?2 + 3z — 22) = lim< i — v x)

3
= lim
z—o0 /422 4+ 31 + 2x
3 3
= lim =- .1
T Jaqp By 4

R EG derivative Z 71, AL “L’Hopital’s Rule” (FEE:2ZER), WH L’Hospital’s Rule TN2FTE &
ISERER

o ‘6,07 EFE: f(x) is said continuous at a provided that for any given € > 0, there exists § > 0,
such that whenever |z — a| < 0 implies |f(z) — f(a)| < e. HEBRERBZBH [ £ o EENEFEE
5 lim f(x) = f(a).

o FAEHBUEE f(a) BRREBFFRE ¢, WREBIEKNBIE o BMTAERRMN M, RHEEEHBELE
LRI LMK PL o Bl AFF BURRIRAGRZESRE 6, Blan, THElry &

increasing & concave down increasing & concave up decreasing & concave down decreasing & concave up

€ € € €

Bimax | O B | B B | O S | S

o (TEMIMEE K E Y FEHR, M HRESFPHHE—
BHE f1E o BOBIRE F10 f 17 o BHE, BB RWE f 7 o BEE. (o ERRE f B domain Dy
M, BRI |OTER S 1 o BHER? B MR [ 7 o BBEE 2 f WEEEEESE o B/NERH
I' FERE? BailE ‘e, 0 7 T2, BE: WEEEEEN o —E= Dy BRE (interior)VE?)
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— &fam f £ FED, AR KEEE REEREN!
HHRATER a1 TE, “ﬁﬁﬂx@rﬁi%, EU% W f AR T BEE,

o A% limg(x) F4E B f(x) 4 lim g(z) il &, THER lim f(g(2)) = f(lim g(z) )
(FR ZME?’\T # limit laws, #@EWE'JEEL~’7§E)
KEEE, DARNTE AR, AR BRI FIEWL R HERE .

THRAVER

PR T HZREZ derivative(HE) 5F, B#FILIK slant asymptote(RHEHAHR) TR
By =mr+b2y=f(r) B (F) WLl (MEEEFLR WIER), J xh_)m (f( ) — (max + b)) =0 %
lim <f(:p) — (mx+b)) =0, HNIERZE, A lim <f(x) —mx) = b= lim {2 =y ie lim f(x) ped

——00 Tr—00 Tr—00

7, RUBHIEARA B35 m SRS Tim 2, K18 m 28, b = lim (f(2) — ma) BRHAT.

T—00 x

Fr AT B RN, KB RRIGLNR, WRERAAA D ARSI, WAl A AR —F, W RERE A28,
BARESBIT, B,

Example 2 B f(z) = V2% + 3z WEF [; BEGLGEE?
Hy=mr+bEy=f(z) B &) WL, A

xT

m lim YA — fim 4+ 3 =2,

3
b = lim(\/4x2+3x—2x):-~-zi,EExample Lo

F, © — —oo WITFEL BEIR m = —2,b = =, ie. AMERINLE g _ 2_””; : R Figure 1M

Example 3 FAER —day — 822 +y° — 22 — dy + 7 = 0 BB T BHLEIE?
BHaxAO0K R “f(r,y) =07 2 HEXFENHERE, a1, f(x,y) ATLE

flay) = (—ay—82" +y" = 2" —dy+7)/2", n €N, Al
flx,mz +0) = [—42*(mx +b) — 82 + (mx + b)* — 2(mx + b)* — 4(max + b) + 7] /2"

= [(m3—4m):c3 + [3b—2)m?—ab—s8]2? + (362 —ab—4)mx + (B¥—202—ab+7) | /™.

Fy=mae+b2 DI, Bl % 2 — —co B o — +oo B (B z FBE) | f(z, ma+b) EZEEIH

0, —2 y = 2
0 F%, BEM ne NEESER : =>m=( -2, = HEN L= 2, le. BEZBENER y=—-20+2,
42 2, y =2z +2
B Figure 2,1

mx + b FREIHIIR. B TFEEA—E m, b, B ARERH

FERTHEIGIT 0, HMERE EEREERRE v =
REH b AERY!

BA y=ma + b BRI EEA
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3 2x-1/\0 1 2

Figure 2: —4a?y — 8z* +y° —2y* —4y+7=0

MR f(v) = B B—M@H E K (rational function, 8l $FN(z) 48D (z) EBLER), LA N(x), D(x)
BHEAKRA (common factor), Al BMEWHARZEHS D (2)WEBREH, Bl D(c) =0,c e R=z =c s
a V-asym, ifi B

If deg N < degD then 3 H-asym. y = O(Bl z-axis), A lim f(z) = lim f(x)=0;
deg N = deg D 3 H-asym. y = ¢, A lim f(z) = lim f(z)=c#0;
deg N =deg D + 1 J slant asymptote, FARTME—M8 753, BT EB T ERK
deg N > deg D + 1 3 asymptotic curve, F NEMFEHRRK

HEHK f(x) = gg; ME, AJPAHRERZE (long division) B ##&kkEE (synthetic division) # N (z) S
N(x) = q(z)D(x) + r(x) ki B q(z) R BR r(z), K% f(2) = 52 = q(z) + o, A f(2) = q(x) at
oo (B degr < deg D, lim AL =0), Bl y = g(x) By = f(v) 19 WOL(H)
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— MR IEIL, AREE f(r) =~ g(x) at +oo (or at —o0), Al y = g(x) & vy = f(x) KEHE (H) #

Example 4
EER flor) = T =22 + .= x =0 &— vertical asymptote, vy = 2? &— asymptotic curve,
S lim f(z) = —o0, HE lim [f(z) —2%] =0,
x—0~ LT—=—00
K& lim+ f(z) = +o0. SV hlf [f(2) —2*] = 0.
x—0 T—=T0

A f(x) E’JT‘—M«‘ (eg., BT EHE):
flz) <a®ifx <0, B0 78 v < 0 (A4LFM|), Ty #8878 WLt y = 2 7,
flz)>a*if x>0, B0 7 « > 0 (B4FH), Iy #8475 WLy v = o 8907,
i B A IR 263G, sa] DOKKf#EH Ty B-9RM, R Figure 3.

Figure 3: y = 3“

FEFAE] derivative FFEMAE LB (B LR, MIMPES) (585K BHIH L E RHAE R,

EIEREHA

Intermediate Value Theorem (FEMEER) FEEZER, & KW [ £ o.b ZHEE, BHEANE f(a). f(b) B
Bor, —EWLTE a.b ZEEE—E c FE f(c) =10

€ f MERRAERE, 5L 5 B y = f(a). Bk y = f(0) ZEW—BREERR y = r, =G 'y LR Bk
r=a. B v =0 M. NHEHRVHME c 2 Hh—EER o EE

HEEE % BKEER 2% (bisection method) 2Rk EEKE EiR (real root) HIALE,
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