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• lim
x→0

sinx−tanx
x2 sinx

原式 (0
0
式) = lim

x→0

1−secx
x2 (0

0
式)

£
= lim

x→0

− secx tanx
2x

(0
0
式)

£
= lim

x→0

− secx tan2 − sec3 x
2

= −1
2

• lim
x→0

ex−ln(1+x)−1
x2 原式 (0

0
式)

£
= lim

x→0

ex− 1
1+x

2x
(0
0
式)

£
= lim

x→0

ex+ 1
(1+x)2

2
= 1

• lim
x→0+

1−cosx−x sinx
2−2 cosx−sin2 x

原式 (0
0
式)

£
= lim

x→0+

sinx−(sinx+x cosx)
2 sinx−2 sinx cosx

(0
0
式)

£
= lim

x→0+

− cosx+x sinx
2 cosx−2 cos 2x

(−1
0+
) = −∞

• lim
x→0−

sinx+tanx
ex+e−x−2

原式 (0
0
式)

£
= lim

x→0−

cosx+sec2 x
ex−e−x ( 2

0−
) = −∞

• lim
x→0

sinx(1−cosx)
x−sinx cosx

= lim
x→0

sinx− 1
2
sin 2x

x− 1
2
sin 2x

(0
0
式)

£
= lim

x→0

cosx−cos 2x
1−cos 2x

(0
0
式)

£
= lim

x→0

− sinx+2 sin 2x
2 sin 2x

= 3
4

• lim
x→0

sinx cosx−x cos2 x
x−sinx cosx

(0
0
式)

£
= lim

x→0

cos 2x−cos2 x+x sin 2x
1−cos 2x

(0
0
式)

£
= lim

x→0

((((−2 sin 2x����+sin 2x����+sin 2x+2x cos 2x
2 sin 2x

可£但不£ = 1
2

• lim
x→0

1−cos(x2)
x3 sinx

(0
0
式)

£
= lim

x→0

sin(x2)2x
3x2 sinx+x3 cosx

= lim
x→0

2 sin(x2)
3x sinx+x2 cosx

可£但不£

= 2

lim
x→0

(
3x2 sinx
sin(x2)x

+ x2 cosx
sin(x2)

) = 2
3+1

= 1
2

• lim
x→0

tanx−x
arcsinx−x

(0
0
式)

£
= lim

x→0

sec2 x−1
1√

1−x2
−1

(0
0
式)

£
= lim

x→0

2 sec2 x tanx
x

(1−x2)
3
2

可£但不£

£
= lim

x→0
2(1− x2)

3
2 sec2 x sinx

x cosx
= 2

• lim
x→∞

(lnx)2

2x
=

(
lim
x→∞

lnx√
2
x

)2

(∞∞式)

=
(
lim
x→∞

1
x√

2
x
ln

√
2

)2

= 0

• lim
x→∞

3x
ln(100x+ex)

(∞∞式) lim
x→∞

3(100x+ex)
(100+ex)

£
= · · · £= · · · = 3

• lim
x→−1

2

ln(4−8x)
tan(πx)

t=π( 1
2
−x)

= lim
t→0+

ln( 8
π
t)

tan(π
2
−t)

= lim
t→0+

ln t+c
cot t

(∞∞式)

£
= lim

t→0+

1
t

− csc2 t

= lim
t→0+

− sin2 t
t

= 0
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• lim
x→−1

2

(ln(4−8x))2

tan(πx)
(即上一題的 0 乘 ∞, 仍為不定式

t=π( 1
2
−x)

= lim
t→0+

(ln( 8
π
t))2

tan(π
2
−t)

= lim
t→0+

(ln t+c)2

cot t
(∞∞式)

£
= lim

t→0+

2(ln t+c) 1
t

− csc2 t

= lim
t→0+

− 2 ln t+c
csc t

sin t
t

£
= lim

t→0+
− 2

1
t

− csc t cot t

= lim
t→0+

2 sin
t
tan t = 0

• lim
x→0

(cosx)cscx = e
lim
x→0

csc x · ln(cosx) (∞ · 0)

= e
lim
x→0

ln(cosx)
sinx

(0
0
式)

£
= e

lim
x→0

− sin x
cos x

cosx = e0 = 1

• lim
x→0

(csc2 x− 1
x2 ) = lim

x→0

(x−sinx)

2︷ ︸︸ ︷
(1 + sinx

x
)

x sin2 x

= 2 lim
x→0

x−sinx
x sin2 x

(0
0
式) = 2lim

x→0

1−cosx
sin2 x+x sin 2x

(0
0
式)

£
= 2 lim

x→0

sinx
sin 2x+sin 2x+2x cos 2x

(0
0
式)

£
= 2 lim

x→0

cosx
4 cos 2x+2 cos 2x−4x sin 2x

= 1
3

如果知道 sinx 在 0 的展開式 就容易多了: sin x = x− x3

3!
+ x5

5!
− x7

7!
+ · · · ,

(x−sinx)(x+sinx)

x2 sin2 x
=

(x
3

3!
+O(x5))(2x+O(x3))

x2(x2 +O(x4))

x→0+−→ 1

3

• lim
x→0

(x+ ex/3)3/x = e
lim
x→0

3
x
ln(x+ex/3) (0

0
式)

£
= e

lim
x→0

3(1+ex/3/3)

x+ex/3 = e
3(1+1/3)

0+1 = e4

• lim
x→∞

x
1
x = e

lim
x→∞

ln x
x

= e0 = 1

• lim
x→0+

xx = e
lim
x→0+

x lnx

= e0 = 1

• lim
x→0+

xxx
= e

lim
x→0+

xx lnx

= e1·(−∞) = 0

• lim
x→0+

(
xxx

x

)
(0
0
式)

£
= lim

x→0+

(xxx )′

(x)′

= · · ·

= lim
x→0+

(
xxx

x

)
xx
(
x(lnx)2+x lnx+1

)︸ ︷︷ ︸
1

,

原式 (∞∞式)
£
= lim

x→0+

( 1
x
)′

(x−xx )′

= · · ·

= lim
x→0+

(
xxx

x

)
1

xx
(
x(lnx)2+x lnx+1

)︸ ︷︷ ︸
1

,

若堅持此二路線, 則無法判定。
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• lim
x→0+

xxxx

= e
lim
x→0+

xxx lnx (0+·(−∞))

= e
lim
x→0+

ln x

x−xx (∞∞式)

£
= e

lim
x→0+

1
x

−x−xxxx((ln x)2+ln x+ 1
x )

= e
lim
x→0+

−xx
x

xx

(
x(ln x)2+x ln x+1

)
= e

0
1 = 1

• 如果知道 ex 在 0 的展開式 就容易多了:

∵ ex = ex = 1 + x
1!
+ x2

2!
+ x3

3!
+ · · · ,

x = elnx = 1 + (lnx)1

1!
+ (lnx)2

2!
+ (lnx)3

3!
+ (lnx)4

4!
+ · · · , (x)

⇒ xx = e(x lnx) = 1 + (x lnx)
1!

+ (x lnx)2

2!
+ (x lnx)3

3!
+ · · · , (xx)

⇒ xxx
= e(x

x lnx) = 1 + (xx lnx)
1!

+ (xx lnx)2

2!
+ (xx lnx)3

3!
+ · · ·

= 1

+ lnx
1!

(
1 + (x lnx)

1!
+ (x lnx)2

2!
+ (x lnx)3

3!
+ · · ·

)1
+ (lnx)2

2!

(
1 + (x lnx)

1!
+ (x lnx)2

2!
+ (x lnx)3

3!
+ · · ·

)2
+ (lnx)3

3!

(
1 + (x lnx)

1!
+ (x lnx)2

2!
+ (x lnx)3

3!
+ · · ·

)3
+ · · ·

= x+ x2

1!
(lnx)2 + x3

2!
((lnx)3+(lnx)4) + x4

3!
((lnx)4+3(lnx)5+(lnx)6) + · · · ,

∴ lim
x→0+

xxx

x
= 1

下學期就會學到展開式了。 不管會不會過, 好好唸, 慢慢就會融會貫通了。
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