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H# Anti-derivative/Indefinite Integral

e EF: I is an anti-derivative of f ElI Z—I; = fo The indefinite integral of f, FAE [ fdx, HE
anti-derivative of f WER, BB EE, TBMTE,
HMRIE E ‘fl—i = f, Bl F; = F + ¢ FA&HE anti-derivative of fo FrUA—{EEKEE ER anti-
derivative FEE ZE, E2MMZHERE /B —EEBENZRME. AT anti-derivative thA] DUER
8 [ fde=F +c= Fi, Bl fER%F & /8 EEER T, BT IR

F f
/ ()dz
R PR E R,
o MRS EEME S ALAERY SRR EH M ER SRR, HPEREERY f TS,
a — derivative of f with respect to x,

ﬂ

FgR . e . . .
[ fdx — anti-dervative of f with respect to z,

FUTLE RIS RV TER DS DRERE & e, [ ORERE [ f0) .

W f (&R LUNRIR M /B E,

RE D RSEET FOERER /B SRR T, / BT ff 9)= N J[f 19

Bit, W8 T/ EBET, / EREGEET.

o flo)de = ¥ dv = df, = / Fz) do = / a gy = / df = f(z) +c. TREE M/ 5 EIER
¥, BT

d to differentiate ($#43)

f PE— df
to integrate (&) /

BT ER,
FRERITRDE, #=R B M aIRE e BIa0, FEBRY integration by part(53#5HE5T): d(uwv) = duv +
udv = /d(uv) =uv = /Udu—l—/udv = /udv :uv—/vdu, MR product rule 2KiJ,

e Integration by part KB £/ BILRIE — A2 FHRINESI AT EEEHE, Ll & [ @5 #E
“u’ BEE “dv” MIRRIE: TR [ @EB"J “wdu" TEBBEEM. (IF—EZE “vdu” EHRK, TR
*EBZ;_H Judv=uwv— [vdu=uv— (vu— [udv)= [udv, XEIZFEROE, HEHEZHRE,)
SR — B R BFIEE integrant EHESHNFENHSE “u”, AR “du” BEEHEEBREE, 0F
HIEBEE b (a.b BER) HESE 0, B (b)) = alnb mdx Bl “du” T EHARE; MR

%%z
S ER B B E R 3R, BILLL BRI E “u” ... ... T, EREHEER B, BERFHENINE,
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eg. [a*a®dr = [(2?)(a"dx) = = [2*d(a”

- —fw
X X X
= @ {ZEQCL — @ Ta fla dx)}
J— xT xT xT
T e T — m TG" — 150 )}
Ina (111(1)2 (lna)

o 7Ef chain rule RYERHE, FMHtH T ATEERY substitution, FORHAEISF, Substitution B T ks =
F. EREZEHN, Tﬁ)ﬂﬂ'] EERELRIE, B—FERA: FEREESEENEREFUMR o, REEE
BEANBESATF T2 u Xtk SEEMEE, R T. RTRESMA « R, KEEREFXFRKE
BEAERE,)

eg. K [eVTdz,
EHu=evV" Bl du = %e‘/;—flf’", [eV®de = [ rdu= [Inudu— FHLL integration by part ffEHk,
B u=a, Bldu= 3% [eVdr = [ue" 2du = [2ue® du — FELL integration by part fEH,

2z
FHEEA integration by part, H] [eVidr =eV® -z — [x- e;f/g’““ eVir — 1 [ \/xeV® du, EFIR
T
o HESH7T, M\Zﬁﬁf?ﬁ%‘?ﬁﬁiﬂgﬁ‘
—, BREC XL EHAN = a(r+ £)? — B0 — y(z — %)2 4 % ;
—, BB (BERA), _J.Ué}ﬁﬁﬁﬁ = (*(x e fﬁ’mﬂ’ﬁﬂ
=, BRESEK, TSR (x — %) («@—x2+x) rE E’JTF
- def = cost+isint e 1 S
M, AR, 4A. FAAR — "Th = V-1, (Euler AR) REZEH,
Bian, (e)3 =€ = cos3t + isin 3t,
Bl (cost +isint)® = cos®t+ 3cos’tisint + 3costi?sin®t + i%sin®¢

= (cos®t — 3costsin®t) +i(3 cos? tsint — sin’ ¢),
FTLl  EEE cos3t = cos®t — 3costsin®t = 4cos®t — 3 cost,
FEER sin 3t = 3cos?tsint — sin®t = 3sint — 4sin’ ¢,

HATDLEREE: sin®t = (<5e)3 oo [sin®tdt =2 [sintdt — 1 [sin3tdt
_ 13t 3612te—1t+3ezt —i3t_e—i3t _ —TE} COSt + % cos 3t
—8i e
_ e aeitge i BEREIEME R S THEH,
_ 3ett—3e~ % Z_ i %EJT@%Z:M\*’\_E’@ET
= T 24 2i-4
_ 3sini—sin3¢
1
sin't = (u)4 o [sinttdt =1 [cosdtdt— 1 [cos2tdt+ 3t
eidt i3t o—it | Gei2t o —i2t _ it o —i3t 4 o—idt _ 1 1 3
= ee” T 46e (261) cle” e = g5 sindt — ;sin2t + 5t

ez4t _4612t +6—4677’2t +efz4t

) ) 16 )
ez4t+e—z4t . 612t+e—12t

6
+ 16

4%6 2t §
COS COS
8 T2 +3

H, / sin™ cos”™ (m,n > 0) BHEE: m,n B —ERTBERNE, REREHASNBEAE—KAE

d, REBIBHEE d %E’Jﬂ%ﬂ“}ﬁ" ﬁaﬁuﬂzw%lﬂﬁ Zl[l fsin zrcos’xdr = fsmmxcos rd(sinz) =
[sin™z(1 —sin®z) d(sinz) = [ &™( ) da = - - -, WEBALTAES AL
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o BB, IORA integration by pare FEECREEe, i [sn® 8 [ cos® s, m
[sin?zcos?xdr = [sin*x(1 — cos’ ) dv = [sin*wdr — [ sin® z de. THE &EFF:

1. [sin®zdr = — [sinzd(cosz) = —sinzcosz + [cosz(coszdr) = —sinzcosz + [(1 —
sin® z)dx = —sinzcosz + [1dx — [sin®zdx,- -

2. [sin'zdr = — [sin’zd(cosx) = —sin®zcosz + [ cosx(3sin®coszdr) = —sin® xcosz +
3 [sin? (1 — sin® x)dx = —sin® zcosz + 3 [ sin® dx — 3 [ sin® z dz, - - -

3. [sin®zdr = — [sin’zd(cosx) = —sin’zcosz + [ cosx(5sin® coszdr) = —sin® xcosz +
5 [sin (1 — sin* z)dx = —sin’ zcosz + 5 [ sin' dv — 5 [ sin® v du, - - -

AL, BHE [sinvde, RBE [sin’vde . & [sin' o de, ERER,
B2, MREHERZE (M) BEREN Fuler A

. o\ 6
. it__ ,—1it
sinz = <e 2? )
3
N\

7 N

= (1% —6e™ +15e™" —20 415" —6e ™ + 1e7")/(—64)

N J/

= (cos 6t — 6 cos 4t + 15 cos 2t — 10)/(—32),

o [sin®zdr = (3 sin6t — Ssin4t + 22 sin 2t — 10¢) /(—32), RHZH.
N, REAKE W derivatives (FEEIZEFE “Derivative & Differential” HIE47T);
+2, hyperbolic E#( #) derivatives (BRHIHLEL)o

Riemann Sum & Definite Integral

e Given f(z),I = [a,b], and a partition(5#l]) p whch breaks I into n pieces: a =z < 27 < -+ <
Tp_1 < T, = b. Riemann sum (BEM) is an “n-sum” defined as follows:

where Z; is arbitrarily chosen from I; := [z;_1, x;], Awx; := |I;| = z; — ;1. In particular,
if z; :==x;_1 for all 7, then .S, is called the left hand sum L;
if 7; == for all 4, then S, is called the right hand sum R;
if 7; := “%”1 for all 4, then S, is called the midpoint sum M (note that M # # n.

4

4 2 ¢ 2
— il — .
“llpll = 07 means “ max|[;| — 0
7

e Definite integral (ETE45) & Riemann sum BYERR (K HRE ~—EFE 1):

b n
/a f(z)dx 4 lll}gogf(ji)Axi

Hr o 88 lower limit, b 185 upper limit, f(x) BB integrant. JFE fab f(z)dx FZ1E, BUER f s

integrable on [a,b].
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Left Hand Sum

Right Hand Sum

FrAEE S HIME AT#EH Riemann sum 2RAEEF, HAFHE EHE Riemann sum W&, KB LGERAHREM:

fl ERPRE EROIA
wei | n | (&) Avi | 0 EEERIER
Lo |
M | oo / f(a) dr | oo [EEAIHSER A

o WEIENEES: ¢ [0 f(r)de R f BET -8 LS AR o.b ZRIRER 7, EHK TR AR
& [ — ARE ARA, BRI [ >0 on [qb], SHEEAREREENE AL, REMEEAR. Tl
IR ERE BIEREME, FERCE AR G AR LB RIRE: MR a0 ZFH, f Bk B2 o-B FArocRy TR

b
5 / \f (@) des
IS A Riemann sum fhEt fab f(z)de: # [a,b] BEESE n B (e BHERT. -8 AR o

n &, BENEES Av =20, Bl n BRENTHEES
S @) Y f@AT S f@) AT e [, f(@)de
n n/Ax b—a ’ b—a

IR, b RE A
wanEnTEE) — |58 T snmm = 52 T2 seomm |

o i [a,b] ﬁ&n&(a:xo<m1<---<mn_1<$n=b)o%7?7£F(I)ﬁf%fZ%,/H\UF(w)f;ﬁagﬂ
b WHEEMLE B F(b) — F(a) :
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n

F(b) — F(a) = Z [F(z;) — F(x;—1)], 1R Lagrange MVT,

i=1
n

= Z f(z;)Ax; for some T; € (z;_1,x;) , BAL: %F F{H Riemann sum,

i=1
b

n—~oo

[FTC] If Fis an anti-derivative of f, i.e. % f, then
b
/ f(z)dx = F(b) — F(a).

o LA ERAIRER D BRI RREEA T

— / f(z) dz, ¥2H Fundamental Theorem of Calculus (FTC) :

1, 3k Riemann sum @#@REEEBR (AIRMEKEEN, REFH Riemann sum B MEUE T HEE G,
2,4k FTC, K integrant B anti-derivative (if exists) ## upper limit.lower limit R AKZE,

— &R, K finite sum HBEREERRE R, SLEEED finite sum AXMERLSFEAET! ATl

finite sum HYERFRRIRE & & @ik R HIRE,

T, K anti-derivative A FE S, BHRET RERMIHAME FTER, K0 HEEGEEHR

A, (EEEKER anti-derivative, B _EAIR—EREH K,
e —It finite sum A

L &S, =0 r flrS, — S, =r" —r 81 S, ==,

6

2. Y coskf 4y, sinkd =3 e =>"" ()= %

i976i(n+1)9 176—1'6 o € 761(n+1)9 1+ezn€

e

1—et? 1—e—t0 2—2cos
_ cos O—cos(nf+0)—14cos nb

4 sin 0—sin(nf+60)+sin no
- 2—2cos ’ 2—2cos 6

J

ZZ | COS ko = cos 0—cos(nf+0)—1+cosnf __ cosO—1—cosnf cosf+sinndsinO+cosnd) __ cosnf—1 + sinnsin O

2—2cosf - 2—2cos

2 2—2cosf

ZZ ) sin k@ = sin —sin(nf+6)+sinnf _ sinf—sinnb cosf—cosnbsinf+sinnb) _ sinnd + sin 6(1—cos nd)

2—2cos 6 2—2cos6

3. 4 Sy =Y i A28, = T 1), B0 S, = M

+nA(n- 1)+ +2+1

2—2cosf

A4S+ = (B3P +3i41) = B+ 33 i+ L

n(n+1)(2n+1)

I 2 — (n+1)3—1-n=3%" i _ 2n3+46n246n+2-2-2n—3n2—3n _ 2m3+43n24n __
=1t = = = 6 =

3 6

o

5. 3 i+ D=3 (i 4B+ 67+ 4i41) = D00 A>T 36> A>T i > ],
EI] Zq‘ll (n+1)4 1- 621 122 42 —1t—n — nt+4nd4+6n2+4n+1—1-2n3—3n2—n—2n2—2n—n

4 4

eyt [0, (zn VNS i BRI, )

1 1
6. DD = i1t~ iy = 1w

n 1 n 1 n 1
7. Zizli(i+1)(i+2) - <Zi:1i(i+1) B Zz 1(4+1)(i+2) (z+2 )/2 - [ _1 —3 7t

A 2l if p is odd
noqyiel; _ 3 ifniso
8. 2 (=) { 5 if n is even

9. > (=) = (_1)n—1@

1 1 1
W]/z — 17 2mtn)(nt2)°
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Cr=D(+D® it 4 s odd

10. Zz 1( )Z ! 3 { 7n24(n+3)

n a/. n+k !
1. 7 i+ 1) (i4 k) = ,;2((;_;?

o NEEMDRRBIRE RN, SRR E R ERD HFEERN,

if n is even

b
# integrant f(z) 7E [a, b] #AE 30 BREGEME (piecewisely continuous), HIERES / f(z) dx F1E.
R mtegrant 1t [a,b] EBEF (eg. #if), RIEHPEREMN ¢ € [q,b], EBEAET

///Eﬂ/f dx_/f dx+/f
R

/ — 0, B / dr = 0; DU ERAHES AL

B — integrant FNAREF (eg. E%F‘éﬁlﬁﬂﬁﬁﬁ%), =, EESHE unbounded, SERHE EE D] LFEE
v, BREH, REERED MR EZI. E&RERED U improper integral(3BRIES )o
t=h(z)

h(z)
o B%E F 2 f 1Y anti-derivative, i.e. /f =F,fl / f(t)dt = [F(t)L o F(h()—F(g()), ATEA
9(x) =9\

g
ANHERNEKE F,
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