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Dot Product(in R"), Cross Products(in R’ only)

MA& (dot product/inner product): 4 1‘1,:_((1;1, o u”; gﬁn’ FEFEue v, 5 (0, v) = v+ Uy,
~ (v,
EIF “udot v, B CERERINRE, FERIRFTIEIN B AEERENNRRE —5)

<u7 V> = <V7 ll> )

R, (0, —v) = — (0, V), (wu) > 0V u, v, w o IR
(w,v+w)=(u,v)+ (u,w),
LIRS RERE, DL - || £ ?}EE%T HuH —(wu) =+t

DINEE R A EZ MR A 0: cosl = IIuHIIVH’ Al (u,v) = |Jul|[|v]cosfs .. {(u,v) =0 <= u L v,

R, iRIBAENIEE, ATLUER u B v BB ((orthogonal) projection of u onto v):

‘/\

[~

u,v
v,v

_ {uv) v

proj,u = [[uf| cos 0 ™= vl vl — v

—
-

SFH H C R® fEME (normal) B n, p B H L—% BAERX (x—p,n) =0 ﬂi%ﬂ:‘n H, Bl H =
{x e R": (x—p,n) = 0,& (x,n) = (p,n)}t. ML H AILIEA *(x; — *) + -+ *x (x, — *) = 0 B
*T1 + -+ ok, = * PR T

EMLCR"AVvET, pBLE-E Al L={xeR":x—p=tv,tc R}, I L={p+tv:teR}
Theorem 1 (ZAFEXK). |lu+ v| < |lul| + [|v]

Theorem 2 (FIFEAZR). | (u,v)| < |[ul/||v], Bl (u,v)* < (u,u) (v,v)s

Theorem 3 (FTEFREH). |u+ v|* + ||lu— v|]* = 2([ul]* + [[v]/?)-

Theorem 4 (ZXEH). & X1, , X, € R” AMHEEE, A ||x1+ -+ x0/* = [[x1])* + - 4 [|xm]|%

i ok
IR (cross product) u,v € R® uxv Elu uy ug | = (ugv3 —vous3)i+ (viug —uiv3)j+ (uve — v ul)K,
V1 Vg U3
i=(1,0,0), &
B—mE, BfF “across v7, i ¢ j=1(0,1,0), tHAISHEE ¢ é
{ k = (0,0,1), { €3

SBBIEATEEN SEFEA: % u B v BMEH A, u x v SIS EENA R, B4, TUBETIIEE:
408 u, v BEIF A, B |[u x v = [[ul||v]| sin b

uxu=0 ixj=k,
vxu=—(uxv), jx k=i,

(uxv)Lu.v, k xi=j,

BEGF (R®)

— & A(z—1)+5(y—2)+6(2—3)=0
. \%\ﬂ N E :v z - o
Example 1. i@ (1,2,3). BER (4,5,6) WFEAERE (@.2)-1,23), 456) = 0, o g+ 2y + 32 = 32
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Example 2. %$E H=ix: < ,n) = (p,n)} B n BEMEAE (unit normal), AIREEE H #IEBES
‘ - ’ 2 ) o L APAT { B = g, (o dl,

(x,n) =d
2x—|—4y 3 %l’—i‘%y:r% 20 +4y =3
Ang 1 2,

Projnp

- 3
fuan, { , 1 { T2 =0 TR ERER Sz

Example 3. H : ax + by + cz = d. p = (v, Yo, 20) B H WEEE 2 Bf17?

H = {(z,y,2)| {(z,y, 2), (a,b,¢)) = d}» % n = (a,b,c), normal of H, BIFIAI LB 5E# p = (20, Yo, 20)
B0 |ERR 8B H R p+tn, REEH, 7 F7 p M p + tn BIEEE, A [[p — (p+tn)|| = [¢] |n]:
a(zo + ta) + b(yo + tb) + c(z0 + tc) = d, & ¢ = EeEeR=d. - |f] ||In|| = %o EEERER AR
S+ R,

Example 4. E—EFRER—# HiEs. FNfl, &% g B H HEE—5, 8l p 2 H ®E# 2 $7 (p—q)
% n WRE:

[(pn)—(@n)| _ [(pn)—d| _ |azo+byo+czo—d|
[l T Va2 +b2+c2

(p—q,n)
(n,n)

pmjn(p—q)H = nH =

Example 5. #f Ly : {p + su,s € R} Flff Ly : {q+ tv,t € R} WER 2 Bf?

EEFERIE . 2 B proju, (P —q) HEE. (m:=uxv)

Example 6. 2 p £l L: {q+ tv,t € R} WiEHE 2 Bf7

Fufp—q¥ LMY B u = proj,(p—q) = &30y, Al |p—q BRE, ||u| £ 2 BEE,

2

= Ip—all* = [l = IIp — al* — (p— . 7%)

Z2 ] F Y B T
FIEMED S ST S, R EEER BRENER, ERESL.

o K f(y,2) =0 FEE%ZEH%% C 1 y-z FHE, BF v-y-» 22H, WH e fElbaohms, i
= RARR % 2 +oy® AR BERHGER FrE &R,

B, g C - 2 = v? 1 y-2 FHELE, BE v-y-2 220, B 2 B SHdmE S, TR —FE C LAy,
P = (y0, 20), B 29 = yo?, Al P # = SETEIHAEREE r = |yol, j]iETnQIEU:E’HEE%?%E (z,y, 20) (FE
), MEAE 22+ 2 =12 = yMIE (B%R P RIS, EED: { ) +§2 “; y L BB,
(y,2) iR CE & 2=1y?;
(0,y,2) EHi#R CE ©2=02+¢?; (GE: BEAFERN f=0R2EBRAEER )
(z,y,2) FEHE SE < 2=2%+y%

T = a,
o HW—RIGE, ARERENHERERNHETAR, #BEEPMH ¢ y=0, KEJIEBHEE (cross-
z=c,

sections) (a, b, c N—7EHL 0,0, 0, ARKE] (HHR) B¥#), MR ERERHZK, %Tﬁfﬁq:ﬁﬁ’\ -y T H R
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(
<z = 20,
z=zy+ Az
W { 2= 2+202 Lk T), BEEWHERE (B2 level curves) BHEET. 5 level curves &%
z=zy+ 30z

| x@@@i, B contour diagram, FTEAEETNE—GHRENEESTEHE (HE LR E587).

—_REHE B =k $BXFEE, ie. f(z,y,2) =0, f: polynomial of degree < 2,

—fRE 0 k2 oxy? 4 22 okpy F RYz - R2T KT kY k2 = *,
AR fieEs (ERRIE), BAEFER(Z—RIE) A
R 0 Ar? 4+ By’ + C22 +ax + by +cz = d, i, BEEENF HEEHE - RIBERNGREEHIE,

Hl Aa = Bb=Cc=0

AREAE T ERT— B AR e raiE, A, B 2E kil mR e A R EE R A 58 (HhE—), Bt
Bk dhim— 2 thE = (FRES A RES—R, B E) mEmER R0 A EETE, FERG
= HIRR= BRI T ROBCME AR AR, SEE R St — AR T .

y2

i,  —92% — — 42 =125 My T —
16
(elliptic hyperboloid of 2 sheets)

T x:=3x shrink

y:=7 stretch
—(2? 4+ y*) + 22 =25 i —

(hyperboloid of 2 sheets)
rotate rotate
about z-axis about z-axis

—x? 4+ 22 =25 or —y?+22=25 =

(hyperbola BIE# 2-# ET) (hyperbola BIO®Y 2-#f 1 T)

UMETHIER = = ¢(x, y) $EBIEY _NHRE (¢(x,y) : polynomial of degree < 2), BRI M KRS HR 2
i EERE (RS 2) B—KRE BZRHE HER. R q(z,y) FTAEKREZEZF

q(z,y) = ad? + 502,
OO DRIRER (xx 4 xy) BT, W BRG] (FRIEHERT), BIE DUT R

2z =a? +y* (srar gjo)

1 0
o3 [FBk, Al 2 = q(z,y) B ﬁggm B = = (2 + )2+ ( —y)? (e =7020)
ddi 2 =a% —y? (wn |, 2,),
oSRE Mm@ B g B 2 — (24 y) — (z— y)? (s “T00)
a#0.8=0 Il - — = parabolic cylinder - < - a’ (%ﬁ‘ﬁ; :v\:O‘)
Ha=0040 0+ 1O 2= (ot y)? (s m0)
REREATF.
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% g(z,y) = Az + Boy + Cy® , BRI TE5:] BRI TS
q(z,y) = Az® + Bry + Cy?
— A x? + Byx ] + Oyy?
o e ] e
=4 (33 + Zy)? - (B
—Alor— AQ?Q]

Hrf A = B? —4AC, MARE O.Q WEfRER (xo + xy) BEF,

—4AC <0, <= MERBEFFE, = 2z = q(z,y) H paraboloid #¥)H
B? —4AC >0, <= MERREFFHE, = 2 = ¢(r,y) B saddle BH
B? —4AC =0, <= RE—EFFHE, = 2 = q(x,y) 5B parabolic cylinder ##f+EHE

AMAEH B a7 ERNERRE SRR T . R ERRENE, I,
z=x? B2 ‘Bl 2 = 0 WEEM SR 5« = 0 WEMNE A", IUEREBR « = 0 8,

z=a?+4y? B2 “[F 2 = 0 WEERE) E1 (8] o = 0 BRI Ik (B y = 0 BEREF HRIUAE]”, FrAE
BB =0,y =0 WA H,

z=(z+y)?ez= 2(%) B “[F 2 = 0 WEEEE) S (Bl 2 +y = 0 EEEEFAHWE]”, FilE R EE
B x+y=0FMH,

c= (4 y) +Ar —y)% e 2 = 2T+ 8(SL) BE [ 2 = 0 KR B8 (B o +y = 0 BT
FIRIRE] DL (B 2 — y = 0 EEEF A0S BB SEER 2 +y = 0,2 — y = 0 W4,

e

Cylindrical coordinate:

r 2 W3 (a,y, 2) HOTERE ;::;ﬁf’g
0: IE x-#E (x,y,0) BHA Y= 2

Spherical coordinate:
p: REE] (x,y, 2) HIFEHE x = psin ¢ cos b
¢: IE 2-BE (z,y, 2) BIFAH y = psingsinf .
0: IE z-#F (x,y,0) KA 2= pcos¢
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