UNIQUENESS AND ASYMPTOTICS OF TRAVELING WAVES
OF MONOSTABLE DYNAMICS ON LATTICES
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ABSTRACT. Established here is the uniquenes of solutions for the traveling wave prob-
lem cU'(z) = U(z+ 1)+ U(x — 1) — 2U(x) + f(U(z)), = € R, under the monostable
non-linearity: f € C*([0,1]), f(0) = f(1) = 0 < f(s) ¥s € (0,1). Asymptotic expan-
sions for U(x) as © — 00, accurate enough to capture the translation differences, are
also derived and rigorously verified. These results complement earlier existence and
partial uniqueness/stability results in the literature (e.g. [5, 6, 27]). New tools are also
developed to deal with the degenerate case f'(0)f'(1) = 0, about which is the main

concern of this article.
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1. INTRODUCTION

Consider a system of countably many ordinary differential equations, for {u,(-)}nez,
(1.1) U (t) = Un41(t) = 2un(t) + up—1(t) + f(un(t)), n € Z,t >0,

where f is a nonlinear forcing term satisfying f(0) = f(1) = 0. This system can be
embedded into a larger one, for an unknown {u(z,-)},er,

(1.2)  ug(z,t) =u(x+1,t) — 2u(z,t) + u(z — 1,t) + f(u(x,t)), x € R, t > 0.

A solution of (1.2) or (1.1) is called a traveling wave with speed c if there exists
a function U defined on R such that u(x,t) = U(z + ct) or u,(t) = U(n + ct). Here
U is referred to as the wave profile. Of interest are solutions taking values in [0, 1],
specifically, traveling waves connecting the steady states 0 and 1, i.e, traveling wave
solutions (¢,U) € R x C1(R) of the traveling wave problem

cU'()=U(+1) +U(—1)—2U() + f(U()) on R,

(1.3)
U(—o0) =0, U(x) =1, 0<U<1lon R
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Equation (1.1) can be found in many biological models (e.g. [9, 20, 22]). Also, it can
be regarded as a spatial-discrete version of the parabolic partial differential equation

(1.4) Ut = Ugg + f(u)

The existence, uniqueness, and stability of traveling waves of (1.1) have been extensively
studied recently under various assumptions on f; see, for example, [1, 5, 6, 7, 10, 12, 24,
25, 26, 27]. The commonly used assumption includes the condition of non-degeneracy
F(0)f'(1) # 0. For bistable dynamics, i.e., f/(0) < 0 and f/(1) < 0, the results on
traveling waves are quite complete; see, for example, [1, 7, 25, 26] and the references
therein. This paper concerns only the monostable dynamics, i.e., f satisfies

(A) feC([0,1]), f(0)=f(1)=0<f(s) ¥s€(0,1).

Under the non-degeneracy and the condition that f(s) < f’(0)s for all s € [0, 1], Zinner,
Harris, and Hudson established the existence of traveling waves [27]; see also the later
developments of Fu, Guo, and Shieh [10] and Chen and Guo [5]. The uniqueness issue was
not satisfactorily resolved until a recent paper of Chen and Guo [6]. For easy reference,
we quote here the following existence and uniqueness result from [6].

Proposition 1. Assume (A).
(i) There exists cyin > 0 such that (1.3) admits a solution if and only if ¢ > Cuin.

(il) Given ¢ > cmin, there is a speed ¢ wave profile satisfying U' > 0 on R.
(iii) Given ¢ >0, (1.3) admits a solution if there is a super-solution of speed c.
(iv) When f'(0)f'(1) # 0, wave profiles are unique up to a translation. In addition,

. Ulx) . U@
(5 AT N R Tw -1

where X\ is a positive real root of the characteristic equation

(1.6) cx=e+e =2+ f(0)

and 1 is the negative real root of the characteristic equation

(1.7) cp=e'+e -2+ f'(1).

In addition, when ¢ > cyin, A is the smaller real root of the characteristic equation (1.6).

Here by a super-solution of wave speed c it means a non-constant Lipschitz con-
tinuous function ® from R to [0, 1] satisfying

c®(x) > ®(x+1)+ ®(x — 1) — 28(z) + f(P(x)) ae zeR.

Note that for any real numbers m and k, the function z € R — e + e * + mz + k is
strictly convex, so the characteristic equation has at most two real roots. Since f'(1) <0
and ¢ > 0, there is a unique non-positive real root u to cu = e + e # — 2+ f'(1). For
the characteristic equation at 0, we define

e +e*—2+f(0) | >0 if f'(0)>0,
—0 if f(0)=0.

1. « = i
9 o :
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Suppose f'(0) > 0. There are two real roots to cA = e* +e~* —2+ f/(0) when ¢ > c,; both
are positive. When ¢ = ¢y, there is a unique real root, positive and of multiplicity two.
When ¢ < ¢,, there are no real roots, so the assertion of Proposition 1 implicitly implies
that cmin > ¢«. In addition, suppose f(s) < f'(0)s for all s € [0,1]. Then it is easy to
verify that ®(z) := min{e*®, 1} is a super-solution of speed c if cA = e + e~ — 2+ f/(0).
This implies that ¢pin = ¢.. When f/(0) = 0, we see that ¢, = 0 and A = 0 is a root
to the characteristic equation at 0. Nevertheless, since cpin, > 0, we see an example that
Cmin > Cx-

It is important to observe that a (monotonic) wave profile U™" of the minimum speed is
a supersolution of any wave speed ¢ > c¢pin. Since among all wave profiles of all admissible
speeds, U™ decays with the largest exponential rate as x — —oo, it is not always true
that near —oo a supersolution is bigger than a true solution under a certain translation.
Thus, Proposition 1 (iii) is highly non-trivial; its proof in [6] was based on an original
idea of the authors of [27], with a simplification that avoids the use of degree theory.

The purpose of this paper is to remove the non-degeneracy condition f'(0)f’(1) # 0
made in Proposition 1 (iv); that is, we are mainly concerned with the degenerate case
F(0)f'(1) = 0. We shall also introduce a number of new techniques. In terms of the
differential equation (1.4), existence, uniqueness, and asymptotic stability of traveling
waves have been established (cf. [13, 14, 17, 21]). Here we would like to extend the
analogous result for (1.4) to (1.1). We summarize our results, for the traveling wave
problem (1.3), as follows.

Theorem 1. Assume (A). Wave profiles of a given speed are unique up to a translation.
Theorem 2. Assume (A). Any wave profile is monotonic; i.e. U' >0 on R.

Theorem 3. Assume (A). Any solution (c,U) of (1.3) satisfies (1.5) and

b U@ i U@ ] e =0
z——oo U'(x) ’ z——c0 U'(z) 1(0)/X  otherwise,
i U@ U@ e vr=0
z—oo U'(x) ’ v—o0 U'(z) f'(D)/p  otherwise,

where X\ is a non-negative real root of the characteristic equation (1.6) and p is the non-
positive real root of (1.7).
In addition, X\ is the smaller root when ¢ > cpin and the larger root when ¢ = cpyiy-

Note that the root p < 0 to (1.7) is unique. In particular, p = 0 when f/(1) = 0. Also,
A = 0 when f/(0) = 0 and ¢ > ¢pin; otherwise, A > 0. Note also that when cpin > ¢,
the characteristic equation (1.6) always has two positive real roots. To our knowledge,
it is new in the literature that, as a principle, X is the larger root of the characteristic
equation (1.6) when ¢ = cyin > ¢«, where ¢, is as in (1.8).
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In [6], the following general system is considered

ut(.%',t) = g(u(x + 17t)) - 29(’&(.%’,15)) + g(u(x - 17t)) + f(u(x,t))

where ¢(-) is increasing. Under a variable change v = [g(u) — ¢(0)]/[g(1) — g(0)], the

system can be re-written as
h(v(z,t))ve(z,t) = v(z +1,t) + v(z — 1,t) — 20(x,t) + f(v(z,1)).

Under assumptions that h € C! and h > 0 on [0, 1], all the analysis and results presented
in this paper apply to such an extended version.

In one of his celebrated pioneer work in 1982, Weinberger [23] studied the long time (as
n — 00) behavior and the existence of plannar traveling waves for fully discrete Fisher’s
type models of the form, for u™ := {u?}jeH,

u"t —u" = Qu"], n=20,1,2,---,

where @) is a translation invariant (e.g., autonomous) non-linear operator and typical
examples of H are H = R™ and H = Z" (m > 1). In particular, for each unit vector £
there exists a constant ¢*(£) (the minimal wave speed) such that ¢*(£) is the asymptotic
propagation speed for arbitrarily initial disturbance. After deriving a lower and an upper
bounds for ¢*(§), the author established the existence of plannar traveling wave with
speed ¢ for any ¢ > ¢*(§), and non-existence for ¢ < ¢*(§). While Weinberger established
striking results for an extremely general fully discrete monostable dynamics, here by
contrast, we focus our attention only on a one dimensional semi-discrete (i.e., continuous
in time) version (1.1) or (1.2). Our main concern in this paper is (1) the uniqueness
and asymptotic behavior (as * — o0) of the traveling waves and (2) the highly non-
trivial extension of the current knowledge on non-degenerate monostable dynamics to its
degenerate case, i.e., to the case f/(0)f’(1) = 0. That is to say, our work extends that of
Weingerber’s pioneer systematic analysis in two directions: firstly from the fully discrete
version to semi-discrete version and secondly from non-degenerate steady states to general
degenerate and/or non-degenerate steady states.

In the higher space dimensional case, the dynamics

@)=Y a2 | ), weR™ >0
ug(x,t) = aj;—————= u(x,t)), = , ,
! = * 890@8%

i,7=1
where (aij)mxm is a positive definite matrix, exhibits a variety of interesting wave phe-
nomena; see, for example, Hamel and Nadirashvili [11], Berestycki and Larrouturou [3],

and the reference therein. A two dimensional analog of (1.1) takes the form
Uij = aftivrj + i)+ bui g i)+ Flug), 65 € Z,

where a, b are positive constants. Here a planar traveling wave refers to a solution of the
form w;;(t) = U(icos 0 + jsinf + ct) for all 4,j € Z and t € R, where (cos,sin@) is the
wave direction and ¢ = ¢(f) is the wave speed. Note that U € C*(R) satisfies

cU'(&) = alU(& + cos0) + U(E — cos 0)] + bU (€ +sin ) + U(§ — sin )] + F(U(E)).
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In this direction, we refer the reader to Chen [4], Chow, Mallet-Paret and Shen [7, 8] and
Mallet-Paret [15, 16] for the bistable case and Shen [18, 19] for the bistable time almost
periodic case. Clearly, our traveling wave problem is only the special case of 0] = 7.
We expect that our results and methods can be extended in a great extent to this new
problem.

We remark that limit, as a N\, 0, of the bistable non-linearity f(u) = u(1 — u)(u — a)
is the degenerate monostable non-linearity f(u) = u?(1 — u). The limiting process is
continuous in the sense that the unique (modulo the translation invariance) traveling
wave for the bistable non-linearity approaches the unique minimum wave speed traveling
wave for the degenerate monostable nonlinearity. The limiting process is not continuous
in the sense that for the bistable case there is only one traveling wave, whereas for the
monostable case, there are infinitely many traveling waves. We would like to point out
that many tools that work for the bistable case do not work here for the monostable
case; for example, in general the tools used for the construction of super-solutions in the
bistable case do not work for the monostable case. Exaggerating a little bit, one may
say that the bistable dynamics and monstable dynamics are different, so are many of the
mathematical tools to study them.

Now we briefly discuss our analysis towards our main results. The proof of uniqueness
(Theorem 1) relies on the monotonicity (Theorem 2) and the detailed asymptotic behavior
(Theorem 3) of wave profiles. Two new techniques are specifically developed here to
study the uniqueness of traveling waves of monostable dynamics. One of them, which we
call magnification and is originated from [6], is to magnify appropriately the difference
between two wave profiles U and V' by (for the purpose of demonstration only, considering

Ux+8) g

Such a magnification has a special property lim, , o W;(§,2) = 0 for any £ € R and

the case ¢ > ¢min)

a general property inf ;ycge We(€,2) > 0. From a basic comparison (for monotonic
profiles) which says that if U > V on [a — 1,a) U (b,b+ 1] then U > V on [a, ], these two
properties prohibit W from any oscillations with non-vanishing magnitude as x — —o0;
namely, there exists lim, - W (&, z) (which maybe infinite). Consequently, any two
wave profiles are ordered near —oo; see §4 for more details. An additional advantage of
this magnification is that lim,_,_. W({,x) exists even if V is merely a sub or a super
solution. This fact will be used in §5 to find asymptotic expansions of wave profiles.
The other technique, which we call compression, is developed to include the treatment
of the degenerate case f'(1) = 0. Traditionally near oo one uses min{U + ¢,1} as a
supersolution which works for both monostable and bistable dynamics but needs the
assumption that f’ < 0 on [1—§,1] for some § > 0. To deal with the general case, we use

the following compression to obtain (local) supersolutions:

ZW,x)=U([1+{z), z>1,0€(0,1].
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The asymptotic behavior of wave profiles implies that Z approaches 1 as x — oo at a rate
faster than any wave profile. With a limiting £ ™\, 0 process, we can show that near co,
one wave profile is always bigger than a certain translation of any other wave profile.

The asymptotic behavior (1.5) follows from an analysis similar to that in [6]. After a
thorough re-investigation of the method used in [6], we found that the method in [6] can
be rephrased into the following quite fundamental theory.

Theorem 4. Let ¢ > 0 be a constant and B(-) be a continuous function having finite
B(£00) :=lim,; 100 B(z). Let z(+) be a measurable function satisfying

(1.9) cz(z) = efa s o= iy #(5)ds B(z) VzeR.

Then z is uniformly continuous and bounded. In addition, wF = lim, 1 oo z(x) exist and

are real roots of the characteristic equation cw = e* + e~ + B(%o00).

Note that each of z = U'/U,U’'/(U — 1) and U" /U’ satisfies an equation of the form
(1.9). This theory provides a powerful tool to study the asymptotic behavior, as z — +oo,
of positive solutions of a variety of semi-linear finite difference-differential equations. In
particular, once the monotonicity U’ > 0 is shown, z = U”/U’ is then well-defined and
all the limits stated in Theorem 3 follow immediately from the theory.

Now the focus is shifted to show the monotonicity of U. In the non-degenerate case,
i < 0 < A, so that (1.5) and a comparison between U(x + h) and U(z) on a compact
interval imply that U’ > 0 on R. In the degenerate case, A\ = 0, so (1.5) is not sufficient
for such an argument. We shall develop a blow-up technique, showing that U’ > 0 on a
sequence of intervals {[{; — 1,& + 1]} of two unit length, where lim; 1 & = £o0o. Then
we develop a modified sliding method which enables us to compare U(xz+h) and U(z)
on any finite interval [§; — 1,&; 4+ 1] (¢ < j) to prove the monotonicity result.

For a solution of (1.2) or (1.4) with initial value wu(z,0), its long time behavior (e.g.
approaching a traveling wave) depends on the asymptotic behavior of u(z,0) as © — —o0,
i.e. tails of which wave profile U(z) that u(-,0) resembles; see, for example, [2, 5] and the
references therein. For this purpose, we shall also provide asymptotic expansions, accurate
enough to capture the translation difference of wave profiles near +oc. In particular, under
the condition that f(u) = f/(0)u + O(u'*®) for some a > 0 and all small u, we show the
following;:

(i) If ¢ = emin and the larger root A of (1.6) is not a double root, then for some zp € R

(1.10) lim e MU(z + xz9) = 1.

r— —00

(ii) If ¢ = emin and X is a double root, then for some xy € R

(1.11) either lim le or lim Uz + )

T——00 ‘,’I;’ekx T——00 e

=1.
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(iii) If ¢ > cmin and f'(0) > 0, then (1.10) holds for some xy € R with \ the smaller
root of (1.6).

Note that A > 0 in all these cases, so, as we expected from (1.5), that U(z) decays to
zero exponentially fast as © — —oo. Earlier results (e.g. [5, 10, 12, 27]) on this matter
depend on the construction of global sub and supersolution pairs that sandwich a wave
profile. Such a construction is possible for all large wave speeds for general f and for
all non-minimum wave speeds when f(s) < f/(0)s for all s € [0,1]. We remark that the
stability (which implies uniqueness) result in [5] was established under the assumption
(1.10). By proving (1.10), the result in [5] then implies that any solution of (1.2) ap-
proaches, as t — 0o, a traveling wave of speed ¢ (> cpin) if u(-,0) takes values on [0, 1]
and

lim e Mu(z,0) =1, lim inf u(x,0) > 0.

r— —00 T—00

On the other hand, A = 0 when f/(0) = 0 and ¢ > ¢yin, so from (1.5), an exponential
decay is impossible and an algebraic decay is to be expected (cf. [13, 14, 17, 21] for (1.4)).
Indeed, under certain additional assumptions (cf. (B1) in §5) we show the following:

(iv) If ¢ > ¢pin and f'(0) = 0, then for some xy € R

. Ul(z) ds T+x0)
(12 A { [, romr o e

For example, when f(u) = ku?(1 —u)P (k > 0, p > 1), the above limit yields

as r — —0OQ.

)= S0+ o] + (e — 2w/ I

The asymptotic expansion of U(x) as © — oo can be treated similarly. Indeed,

. Ulx) ds T+T0)|
35‘50{/1/2 FEOI+ ()@ v j=o

for some zg € R, where v = cif f/(1) =0 and v = f'(1)/p if f'(1) < 0. Since this limiting
behavior has nothing to do with the condition needed on the initial data for the long time

behavior of solutions of (1.2), we choose to omit the details here.

This paper is organized as follows. In §2, we derive the asymptotic behavior of wave
profiles near +oco and prove Theorem 3. We prove the monotonicity of wave profiles
(Theorem 2) in §3, by using the method of sliding and a new blow-up technique. In §4,
the uniqueness of traveling waves is established. Finally in §5, we construct suitable local
super /sub solutions to verify our asymptotic expansions of wave profiles near x = +oc.

2. AsyMPTOTIC BEHAVIOR OF WAVE PROFILES NEAR z = +00

In the sequel, the assumption (A) is always assumed.
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2.1. The idea in [6]. The most important technique developed in [6] can be presented
as follows. Suppose that the following quantities

U _ Ul G
p(z) == Ux) , o(x):= W’ x(w) = U'(x)

are well-defined. This is the case, if U > 0, U < 1, and U' > 0 for p, o, and ¥,
respectively. Then each of them satisfies an equation of the form (1.9), where B(:) is a
continuous function having lim,_, 1. B(x) =: B(£o0). For any positive constant m, we
set

v(z) = emat]o 2(s)ds

Then
cv'(x) = [em + B(x)]v(z) + e "v(x + 1) + e™v(z — 1).

Assume that ¢ > 0. We take a specific m = ||B(z)||pr)/c. Then v'(x) > 0. Conse-
quently,

cv(x) —cv(x —1/2) > /xl/Q e ™v(s + 1)ds > to(z +1/2)e™™.

This implies that v(x) > v(x + 1/2)/(2ce™) > v(x + 1)/(2ce™)?. Therefore,

effﬂz(s)ds = M <4cte™, e Jey#(8)ds — M <e”

v(x)

and so
(2.1) —m < z(z) <m+dee™ +e"/c VreR, m:=|B|Lem)/c

The uniform boundedness of z implies that z is uniformly continuous. Hence, for any
unbounded sequence {x;}, {z(x; + )} is a bounded and equi-continuous family. Along a
subsequence, it converges to a limit 7, uniformly in any compact subset of R. In addition,
r satisfies the fundamental equation

(22) CT(:C) — ej:+1 7’(5) ds + 6];:717’(5) ds + b \v/l, c R

where b = B(o0) if lim; o x; = 00 and b = B(—o00) if lim; .o 2; = —oo. For the
fundamental equation, Chen and Guo established in [6] the following key result:

Proposition 2. Let ¢ >0, b € R and P(w) = cw — ¥ — e~ — b. Consider (2.2).
(1) When P(w) = 0 has no real root, there is no solution.
(2) When P(w) =0 has only one real root A\, r = X is the only solution.
(3) When P(w) = 0 has two real roots {\,A} (A < A), every solution can be written as

u'(x)

a(z)’ u(z) = 0™ + (1 — 0)e™*, 6 €0,1].

r(z) =

In particular, any nonconstant solution satisfies r' > 0, r(—oc) = A, and r(c0) = A.
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Proof of Theorem 4. We need consider only the case when the characteristic equation
has two real roots. For this, let A and A be the roots where A < A. Suppose lim,_, o, z(z)
does not exist. Then there exist w ¢ {\, A} and a sequence {z;} satisfying lim;_, _~ x; =
—00, z(z;) = w and 2/(x;) <0 for all i. Since {z(z; + -)} is uniformly bounded and equi-
continuous, a subsequence converges to a limit r which solves (2.2) with b = B(—00). In
addition, by the definition of r, we have 7(0) = w and 7/(0) < 0. But from Proposition
2, there are no such kind of solutions. Hence, lim,_,_~ z(x) exists and is one of the two

roots to the characteristic equation. Similarly, one can show that lim,_,o z(x) exists. O

Remark 2.1. (i) By working on the function 2(z) := —z(—x) the assertion of the Theo-
rem remains unchanged when ¢ < 0.

(ii) Theorem 4 extends to a more general equation
z(x) = al(g;)ef;c‘ﬂ z(s)ds 1 ay (x)ei ST 2(s)ds + B(.%')

where a1 and ag are continuous positive functions having limits

+ . -
© = g me) = I eale) > 0

(iii) Theorem 4 also extends to the case when z is a continuous function defined on
[—1,00) (or (—o0,1]) and satisfies (1.9) on [0,00) (or (—o0,0]). The conclusion is that
lim, 00 2(x) (or lim,_, o 2z(z)) exists and is the root of the characteristic equation.

2.2. The asymptotic behavior. Now we establish the limits stated in Theorem 3.

1. We begin with the limits in (1.5). First we show that U > 0. Suppose on the
contrary there exists y € R such that U(y) = 0. Then it is a global minimum so that
U'(y) = 0 and from the equation in (1.3), U(y + 1) + U(y — 1) = 0 which implies that
U(y £ 1) = 0. An induction gives U(y + k) = 0 for all k € Z, contradicting U(co) = 1.
Thus, U > 0. Similarly, U < 1. Once we know 0 < U < 1, we can define

_ Uw U
plx) = x) = / z)dz =1 Uz)

U’(:C)

o(x) = = / o(z)dz =In Ylet+1) -1

U(x) -1 Ur) -1
Diving the ode in (1.3) by U and U — 1 respectively we obtain
cp(z) = el p@dz L f7 T p(2)ds g 4 Bi (),
co(z) = eldo)ds | o ae)ds g 4 Bs(x),

where By(z) = f(U(x))/U(x) and Ba(z) = f(U(x))/[U(z) — 1]. Since U(—o0) = 0 and
U(oo) = 1, we see that Bi(—oc0) = f(0), Bi(o0) = 0, Ba(—00) = 0, and By(oo) = f/(1).
The limits in (1.5) thus follow from Theorem 4.

2. Next, we establish the remaining limits stated in Theorem 3. Here we shall use the
fact U" > 0, to be proven in the next section. Differentiating the ode in (1.3) with respect
to z we have
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U (2) = U'(a + 1) + U'(x — 1) + [f (U () — 20U ().
Define

(2) U"(x) N / U’(:c +1)
x) = =In——.
X U'(x) U'(x)
Then
cx(z) = eld I x@dz o= [ x(@)dz f(U(z))—2 VzeR.
The stated limits for y in Theorem 3 thus follows from Theorem 4 and L’Hopital’s rule.

3. Finally, the limits of f(U(z))/U’(z) as + — oo are obtained by using the limits
of x and the identity

f(U(z)) . WUe+1)-U@)] - [U(z) - Uz~ 1]
U'(z) U'(x)

_ c—/l{ef;”*zx(s O,
0

In the next two subsections, we show the additional part of Theorem 3; namely, we

show that A is the smaller real root to the characteristic equation (1.6) when ¢ > c¢pin
and the larger root when ¢ = cpn.

2.3. The characteristic values of non-minimum speed waves.

Lemma 2.1. If (¢,U) is a traveling wave of speed ¢ > cmin, then the characteristic
equation ch = e* e~ —2+f'(0) has two different real roots and X := lim,_, o, U'(x)/U(x)
is the smaller root. In particular, when f'(0) =0, lim,_, o, U'(x)/U(x) =

Proof. Recall from Theorem 2 of [6] that cpin > c., where

. ef+e =2+ f(0)
Cy := min .
2>0 z

Hence ¢pinz = €* + € % — 2+ f/(0) always has a root. This implies that cz = e* + e % —

2 + f/(0) has exactly two roots, which we denote by A(c) and A(c) with A\(¢) < A(c), for
C > Cmin-

Suppose on the contrary that lim,_, o U'(z)/U(z) = A(c). Let é € (Cmin, ¢) and (&, U)
be a traveling wave of speed ¢ By (1.5), limy_, oo U’(x)/U () < A(é). Then

szoo %(ln %((Z))) - mli)IEloo { (é((xx)) B [(]]((xx))} S A = Al <0,

by the strictly monotonicity of A(¢) in ¢. Thus, lim, o In[U/(z)/U(z)] = co and there
exists M > 0 such that U(z) > U(z) for all z < —M. Similarly,

g [ sy D) U
zh—{go dx{ /U(a;) f(s)} B wlﬁoo{f(ﬁ(:c)) f(U(x))}
:{1/5—1/c if f'(1) =0,
[1(€) = u(0)]/f'(1) if f'(1) <0.
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This quantity is positive when f’(1) = 0; so is the case when f’(1) < 0 since the negative
root = u(c) of ey = et + e # —2+ f'(1) satisfies pu(é) < p(c). Thus there exists My > 0
such that U(z) > U(x) for all & > M. In conclusion, U(- + M;) > U(- — M).

Now both uy(z,t) := Uz + My + ét) and ug(x,t) := U(xz — M + ct) are solutions of
(1.2). Since u1(+,0) > ua(-,0), the comparison principle for (1.2) implies u;(-,t) > ua(-,t)
for all ¢ > 0, which is impossible since ¢ > ¢é. Thus, lim, o U'(2)/U(z) = A(c). O

The asymptotic behavior of U stated in Theorem 3 immediately gives the following

Corollary 2.2. Suppose (c1,U1) and (c2,Us) are two traveling waves where ¢ < cs.
Then there exist a,b € R such that

Uy <Us; in (—OO,CL), Uy >Us in (b,OO)

We remark that in the case of the differential equation cU’ = U” 4 f(U) one can take
a = b to conclude that a smaller speed wave profile is steeper than a larger speed wave
profile; namely, on the phase plane (U,U’), if one writes U’ = P(c,U), then P(cq,s) >
P(cg,s) for all s € (0,1) and ¢a > ¢1 = cpin. For (1.3), we believe that this should also
be the case.

2.4. The characteristic value of minimum speed waves.

Lemma 2.3. If (¢ymin, U) is a wave of minimum speed, then A :=lim,_,_ o U'(x)/U(x) is

the larger root (if there are two) of the characteristic equation cypinz = e*+e % —2+ f/(0).

Proof. Notice that when cpin = ¢ (defined in (1.8)), the characteristic equation has
only one real root, so there is nothing to prove in this case. Hence we consider the case
when cpin > ¢x. We denote the smaller real root by A and the larger root by A. We use
a contradiction argument by assuming that lim,_._ U'(z)/U(z) = A. As we shall see,
this will allow us to construct a super-solution ® of wave speed ¢ for some ¢ < cpin by
joining an exponential function ¢ defined on (—o0, 0] and another function ¢ defined on
[0,00) obtained from the wave profile U of speed cpin. We divide this construction into
the following steps.

1. Set w = A+ A)/2 and § := cpinw — e —e ¥ + 2 — f/(0). Then 6 > 0 since the
function P(z) := cmin 2z — € — e+ 2 — f/(0) is concave and vanishes at A\ and A. Also
by translation, we can assume that U(0) is so small that
(s) 5 V')

s (10 pig) <8 aup
0<s<U(0)ew ' S 2 z<1 U(x)

Set (z) = U(0)e**. For every ¢ € [cmin — 0/(2w), Cmin],
Lp(z) = c¥/(2) —v(@+1) =@ —1)+2(z) - f(¥(2))

W —w ()
= ¢($){cw—e —eY+2— o) }>0 Vo < 1.

2. Next, we construct ¢(c,-), to be used as the super-solution defined on [0, c0).

<w.
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For each ¢ € (0, ¢yin], consider the equation ¢ = T¢p on R where
e~/ {U(0) + c [ €™/ W [m, ¢](z)dz}  if x>0,
Ul(z) if =<0,
Wim, ¢](2) := ¢(z + 1) + ¢(z = 1) + [m — 2]é(2) + f(6(2)).
Following [6], a solution can be obtained as follows. Define {¢,}22, by
¢o(c,)) =1, dnyilc,:) :=Tn(c,-) Vn eN.

Note that T¢ is a monotonic operator: ¥, < 1o = T%; < T%s. It follows that
On+1 < ¢ < 1. In addition, since

T =

c(em®/°UY — e W m, U] = (¢ — ein)U'e"®/¢ <0,

integrating this inequality over [0, z] gives U < T¢U. This implies that ¢, > U for all n.
Consequently, ¢(c,-) := lim,_,~ ¢, exists and is a solution to ¢ = Tp. It is easy to see
that U < ¢ < 1 on [0,00), ¢(c,0) = U(0), and

cd(c,x) = dlc,x+ 1)+ ¢(c,x — 1) — 2¢(c,z) + f(¢(c,x)) Va>0.
This equation implies, for 0 < ¢; < ¢2 < Cmin, that ¢(ca, ) < T(co,-), so that
dn(c1,+) = @(ca,-) for all n and ¢(cq,-) > ¢(ca,) on (0,00). Following an idea in [6]
or the technique for the uniqueness of U presented in this paper (§4), one can further

show that ¢(c,-) is unique. The uniqueness implies that ¢(c,-) is continuous in ¢ and
#(Cmin, -) = U. Therefore, lim. ... ¢(c, ) = U in C1(]0,00)). This further implies that

L o) U

c—cmin @(c,x)  U(x)

3. Now let ¢ € [cpin — 0/(2w), ¢min) be such that

/
max ¢ (c,x) <w

z€[0,1] P(c,x)

uniformly for z € [0, 1].

We define

Since ¥ (0) = U(0) = ¢(c,0) and
V) e

T )
¢ <¢in (0,1] and ¥ < ¢ = U in (—00,0). That is,

Vz € (—o0,0) U (0,1],

® = min{¢, P} on (—oo,1].
Consequently, considering separately = € (—00,0), (0,1] and (1,00), we see that
c® () > ®(x+1)+®(x—1) —20(x) + f(P(x)) Va e (—o0,0)U (0,00);

that is, ® is a super-solution of wave speed c.
Thus, by Proposition 1 (iii), there is a traveling wave of speed ¢ for some ¢ < cpin,
contradicting the minimality of cpi,. This proves the lemma. O



UNIQUENESS AND ASYMPTOTICS OF TRAVELING WAVES 13

Remark 2.2. If f'(-) < 0 on [1 — §,1] for some § > 0, then a constructive proof of
Lemma 2.3 can be obtained by taking

O(z) = [U(0) + €™ V<O, D) =U(x+e—ce ") +e Vo >0

where 0 < e € ¢ K U(0) < 1 < k. We leave the verification to the interested reader.

3. MONOTONICITY OF WAVE PROFILES

This section is dedicated to the proof of the monotonicity of any wave profile U. We
point out here that the limits in (1.5) are established without the knowledge of the
monotonicity of U so that we can use them here.

3.1. The method of sliding. This traditional method is to compare U(- + 1) and U(-)
by decreasing T continuously from a large value down to zero, namely, to show that

(3.1) inf {r>0 | U(-+7)>U() on R}=0.

This implies U’ > 0, and from an integral equation, U’ > 0 on R. If we know U’ > 0
near x = foo (e.g. by (1.5) for the case p < 0 < A), then (3.1) follows easily from a
comparison principle (cf. [6]). When f/(0) = 0, it is very difficult to show directly that
U’ > 0 in a vicinity of £ = —oco. Similar difficulty occurs near = oo when f/(1) = 0. To
overcome this difficulty, we use a modification of the method, stated in the third part of
the following

Lemma 3.1. (i) If [a,b] is an interval on which U' <0, then b —a < 1.
(i) If U >0 on [£,€ + 1], then U(§) < U(x) for all z > £.
(i) IfU' >0 on [§ =1, £+ 1] U [n— 1, + 1] where & <n, then U >0 on [£, 7).

Proof. (i) Let [a,b] be an interval on which U’ < 0. We want to show that b —a < 1.
Suppose otherwise b —a > 1. Let & € [b,00) be a point such that U(z) < U(z) for all
x > b. Then  is a global minimum of U restricted on [a, 00), since U’ < 0 on [a,b]. This
leads to the following contradiction

0=clU'(3) =U(@+1) + U@ — 1) — 2U(2) + F(U&)) > FU(&)) > 0.

(ii) Assume that U’ > 0 on [{,€ + 1]. Let & > £ + 1 be a point such that U(z) < U(z)
for all z > £ + 1. Then U(§) < U(Z) since otherwise & > £ + 1 is a point of global
minimum of U on [£,00) and the same contradiction as above arises. Thus U (&) < U(z)
for all x > &.

(iii) Assume that U' > 0 on [ —1,§ + 1] U [n — 1,17 + 1] where £ < 1. By the second
assertion, U(n) > U(§), so that we can define

" i=inf{7€ (0,n—¢ |U()<U(-+71) on [{,n—7]}.

Clearly, 7" € [0,n — &). We claim that 7% = 0. Suppose on the contrary that 7* > 0.
Then there exists & € [¢,n — 7*] such that,

Uz+1)-U@)=0<U(x+71")—-U(x) Yrel[{n—T".
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Forz € [§—1,¢]: (i) if x+7* <&, then U(x+7*)—U(x) > 0since U’ > 0 on [§—1,£]; (ii)
if x+ 7% > ¢, by the second assertion, U(x +7*) > U(§) > U(x). Thus U(x +7*) > U(x)
for all z € [£ — 1,&]. Similarly, U(x + 7*) > U(z) for all x € [n — 7%,7 — 7* + 1]. Hence,

Uz+71)-U@)=0<U(x+7")—-U(x) Veelf—1,n—1"+1].
Consequently, U'(Z 4+ 7*) = U’(%). Using the equation for U, we conclude that
U@+ +)+U@+7"-1)=U@E+1)+U(z-1).

Since U(-+7*) > U(-) on [§ — 1,n — 7" + 1], we see that U(z +7*+ 1) =U(z £ 1). By
induction, U(z + 7"+ k) = U(Z + k) for all integer k satisfying 2+ k € [ —1,n— 7 +1].
But this is impossible since U(z 4+ 7*) > U(x) for all z € [£ — 1,¢]. Thus, 7" = 0.

That 7% = 0 implies U(-+7) > U(+) on [§,n— 7] along a sequence 7 \ 0. In particular,
U'(z) > 0 on [§,n]. Finally, for m = maxogs<i |2 — f/(s)| and every z € [£, ],

cU"(z)=U(x+1)+U'(x — 1)+ [f(U) - 2)U'(z) = —mU'(z).
It follows that (U’'(z)e™*/¢) >0 or U'(z)e™/¢ > U'(£)e™/¢ > 0 for all z € [¢, 7). O

3.2. A linear equation from blow-up. To show that U’ > 0 on R, we use Lemma
3.1(iii). For this, we need only to find a sequence {[{; — 1,§; + 1]} of intervals on which
U’ > 0. To do this, we shall use a blow-up technique for the functions p = U’/U and
o =U'/(U — 1), leading to the following two linear problems:

cR'(z)=R(x+1)+ R(x—1)—2R(z) Va<1,

(3.2)
[R[<1 on (=002,  [R(0)]=1;

(33) ¢cR'(r)=R(zx+1)+ R(x —1) —2R(z) Vx> -1,
' IR|<1 on [-2,00), |R(0)=1.

Lemma 3.2. (i) If R solves (3.2), then |R| >1/2 on [A—1, A+ 1] for some A > 0.
(ii) Any solution of (3.3) satisfies |R| > 1/2 on [A — 1, A+ 1] for some A > 0.

Proof. (i) Suppose R solves (3.2). Then |R/| < 4/c on (—o0,1]. Set z(z) :=
R'(z)/[R(z) 4 2]. Dividing the ode in (3.2) by R(z) + 2 we obtain

cz(x) = els T AWt | o= Joy 2Ot _ 2, |z(z)] <4/c Vz<1.

Following the argument used in the previous section, we conclude that lim,_, o z(z)
exists. Since R is bounded, liminf, ,_ |R'(z)| = 0. Thus, lim,_,_ z(z) = 0, which
implies that lim,_._., R'(z) = 0.

As R(0) is a global extremum of R restricted on (—oo,1], R(j) = R(0) for all integer
j < 1. Upon using lim,_, o R'(z) = 0, we derive that lim,_,_ R(z) = R(0). Since
|R(0)] = 1, there exists A > 0 such that |R(-)] > 1/2 on [A — 1, A+ 1]. This proves the
first assertion (i).
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(ii) The proof of the second assertion (ii) is analogous to the case (i) and therefore is
omitted. O

3.3. The monotonicity of wave profile. That U’ > 0 follows from Lemma 3.1 (iii)
and the following

Lemma 3.3. There exists a sequence {&; }iez such that U' > 0 on [§; — 1,& + 1] for each
1 €7 and lim;_ 1., & = Fo00.

Proof. The sequence {¢;},<o. Here we construct the sequence such that U’ > 0 on
Uigo[& —1,& + 1] and lim;_,o & = —oc.

When f/(0) > 0, lim,—._o U'(x)/U(z) =X > 0so U'(x) > 0 for all x < —1. Hence, we
need consider only the case f'(0) =0 and lim,_,_ p(z) = 0, where p(z) = U'(z)/U(z).
Define

g; = max |p(z)| ¥V j <0, H:Iimsupﬁe [0, 1].
z<j j—o—oco E&j

We claim that 6§ = 1. Suppose not. Then, for = (14 6)/2, there exists J < 0 such that
gj—3 < ézsj for all j < J. Hence, e5_3; < e,0% for every integer k > 0. Consequently,
lp(x)| < e;0V =231 for all z < J. For y < J,

u(J) /J T w1 3eg
In —% = p(xdxg/ aJH( )/ dr < ——.
o) ~ J, "IES Y,

Sending y — —oo we obtain a contradiction. Hence 6 = 1.

Let {ji}72, be a sequence such that limy_, jr = —00 and limy_,o €5, —3/¢j, = 1. Let
x), < jr — 3 be a point such that |p(x)| = €j,—3. Define py(x) := p(xi, +x)/|p(x)|. Then
max;<3 ok ()| < €5, /€5, -3, [px(0)] = 1, and

crk@) = [pnla+1) — prla)]ertn) o)
il = 1) = pi(a)]e o ea PO oy () (U (a + 1))
where fi(s) = f'(s)— f(s)/s — 0 as s \, 0. This equation implies that {p;}7°, is a family
of bounded and equi-continuous functions on (—o0,2]. Hence, a subsequence which we
still denote by {py} converges to a limit R, uniformly in any compact subset of (—o0, 2].
Clearly, R satisfies (3.2).

By Lemma 3.2 (i), there exists a constant A < 0 such that either R > 1/2 on [A —
1,A+1]or R< —1/20n [A—1,A+1]. Aslimy_,o pr — R on [A—1, A+ 1], there exists
an integer K > 0 such that for every integer k > K, either p > 0 on [A — 1, A+ 1] or
pr <0on [A—1,A+1]. By Lemma 3.1 (i), the latter case is impossible. Thus p; > 0 on
[A-1,A+1],ie. U >0on [z +A—1,2; + A+1]. Define & = A+x ;) for all integer
i <0. Then lim; , & = —oo and U’ > 0 on [§; — 1, + 1] for every integer i < 0.

The sequence {&;}i>1. When f/(1) < 0, we have lim, .. U'(x)/[1 — U(z)] > 0 so
U'(z) > 0 for all > 1. It remains to consider the case f'(1) = 0. Define
0j+3

o(r) = U@) -1 0j = wg[lj?}g{o)b(ﬂ?)h 0= h?_ingj €[0,1].
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With an analogous argument as before, we can show that § = 1. Take a sequence {jj}32,
satisfying limy_.oc jr = 00 and limy_.o 05, 43/6j, = 1. Let x > ji + 3 be a point such
that d;, 43 = |o(zk)|. Set op(x) = o(x + ) /|o(zk)|. Then |og| < 65, /0j,43 in [—3,00).
Same as before, a subsequence of {0}, converges to a limit R satisfying (3.3). The
rest of the proof follows from an analogous argument as before. This completes the proof
of Lemma 3.3 and also the proof of Theorems 2 and 3. U

4. UNIQUENESS OF TRAVELING WAVES

In this section we prove Theorem 1. In the sequel, U and V are two traveling waves
with the same speed c¢. We want to show that U(-) = V(- — &) for some & € R.

4.1. A Comparison Principle. The sliding method applies on compact intervals.
Lemma 4.1. If V < U on[a—1,a) U (b,b+ 1] where a < b, then V < U on [a,].

Proof.  Let & be the number such that ming,_q,11j{U(-) = V(- — &)} = 0 and let
y € [a —1,b+ 1] be the maximum value satisfying U(y) — V(y — &) = 0. Then y ¢ [a, b]
since otherwise U'(y) = V'(y — £) and the equations for U(:) and V(- — &) evaluated
at y would imply U(y £ 1) = V(y — £ £ 1), contradicting the maximality of y. Thus,
y € [a—1,a) U (b,b+ 1], and by the assumption, V(y) < U(y) = V(y — ). Thus £ < 0.
We conclude that U(-) > V(- —&) 2 V(-) on [a — 1,b+ 1]. O

The success of such a simple translation technique relies on (i) the existence of a
minimal translation £ and (ii) the existence of a maximum y, both of which attribute to
the fact that a continuous function on a compact set attains its global extremes. When
the domain of interest is unbounded, neither £ nor y may exist, and therefore different
techniques are needed.

4.2. Comparison near x = oo. We shall compare traveling waves on the unbounded
domain [0,00). Since simple translation technique does not work, we shall instead con-
struct a family of super-solutions for which translation technique works. If one is willing
to make the assumption f/ < 0 on [1 — 4, 1] for some § > 0, then for every £ > 0,

min{U +¢,1} on [—1,00)

is a super-solution on [0, 00) provided that U(—1) > 1—4¢. In this manner, no asymptotic
behavior of U near x = oo is needed.

When only the assumption (A) is made, we construct a different family of super-
solutions obtained from the detailed asymptotic behavior of wave profiles and compression:

Z(,x) =U([1+/)z) Vze[-1,00),0 € (0,1].

The idea here is that the rate of Z approaching 1 as x — oo is faster than that of any
wave profile, and therefore is strictly bigger than any wave profile for sufficiently large x.
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Since limy oo U"(2) /U () = p < 0 < cand U'(x 4+ h)/U'(x) = e U'(s)/U(s)ds |y
translation, we may assume that

U'(x+h)
4.1 sup @ ———— <c
1) x>0, |h|<2 U'(x)

For ¢ € (0,1] and = > 0, writing y = (1 4+ ¢)z and Z(¢,z) = Z(x), we calculate
LZ(x) = cZ'(x)—Z(x+1)—Z(x—1)+2Z(x) — f(Z(z))

= [1+4U(y)-Uly+1+0)-Uly—1-0)+2U(y) - f(U(y))
= céU’()+Uy+ )+ Uy—1)-U(y+1+0)—-U(y—1-1¢)

1+4~ U// h
— Uy / / y+ )dhdz}>0
1-4z
This shows that for each ¢ € (0,1], Z(¢,-) is a (strict) super-solution on [0, co).
Lemma 4.2. Assume (4.1). Suppose V< U on [0,1]. Then V < U on [0,00).

Proof. Consider the function, for z > 0,£ € R, and £ > 0,

U(1+02) g

Note that

L ELD) (U |
fim = =t Sy gmy) >0 O 0EeR

ov _ . V')

e ov
mzo,gé%,ﬁe[o,l} o yeR F(V(y)) >0

Thus lim,_,~ V(&,¢,2) = oo. For each fixed ¢ € (0,1], there exists at least one ¢ such
that ¥(£,4,-) > 0 on [0,00). Let £(¢) be the infimum of such numbers.

We claim that £(¢) < 0. Suppose otherwise. Since lim, .o V(£(¢),4,x) = oo, there
exists y € [0,00) such that ¥(£(¢),¢,y) = 0. We must have y > 1, since V(- — £({)) <
V()< U() <U(1+4) on [0,1]. Thus, for Z(z) = U([1 + {]z),

Z(y) =V(y—£0), V(=&)< Z() on [0,00).
This implies V'(y — £(¢)) = Z'(y) and a contradiction

ozﬁv‘ zaz(>a
y—¢(6) Yy

This contradiction shows that £(¢) < 0, so that V(-) < V(- =£(¢)) < U([1+4]-) on [0, c0).
Sending ¢ \, 0, we obtain that V(-) < U(-) on [0, c0). O
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4.3. Comparison near x = —oo. In general, on the unbounded interval (—oo, 0], it is
vary hard to construct a family of super-solutions that can be used for the translation
argument, such as that in the previous two subsections; this is due to the fact that the
constant state 0 is unstable. Hence we compare directly two traveling waves. We shall
show that wave profiles are ordered (i.e. one is bigger than the other) near x = —oo, by
magnifying differences between any two wave profiles.

For every £ € R and x € R, we define

/U(J}) ds f
VRN I € > Cmin,
= V(z—£) f(s)

InU(z) —InV(x—¢) if ¢= cnin-

W (¢, )

Note that W (£, z) magnifies the differences between U and V. When ¢ > cpin,

/ !
We(€,z) = aW(g,x): v_o_v — 0 as = — $oo.

Ox f)y Fv)

This limit shows that the magnified difference between wave profiles changes slowly. The

conclusion for ¢ = ¢, is analogous.
Lemma 4.3. There exist v > 0 and A € [—00, 0] such that

(4.2) lim W(,z)=A+vf VEeR.

r——00

Consequently, near x = —oo, U < V(- = &) if A+vE <0 and U >V (-—&) if A+v€ > 0.

Proof. First, we consider the case ¢ > cpi,. Note that

v Viy)dy
lim {W £ a —W(O,x}: lim T e
A (W) § = V@)
where v = 1/¢ when f/(0) = 0 and v = \/f’(0) otherwise. Suppose lim,_, . W (&, z)
does not exist. Then A := limsup, , W (& z) > B := liminf, , o W (£, z). Taking
an appropriate &, we can assume without loss of generality that A > 0 > B. Let «, 3 be
finite numbers satisfying B < # < 0 < a < A. Then there exist sequences {z;} and {y;}
satisfying
W zi)=a, W) =08 zin <y <z Jim z; = —oo.
Since lim,_,_ oo Wy(&,2) = 0, there exists a large integer ¢ such that W(&,-) > 0 in
[@it1 — 1, zi41] U @i, 2 + 1] and W (€, y;) < 0. This implies that V(- — &) < U(-) on
[Tiv1 — L, zi41] U 2, 2 + 1] and V(y; — &) > U(y;) which is impossible by Lemma 4.1.
Thus A = B.
The case ¢ = cpin is analogous. O
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4.4. Proof of Theorem 1. Let U and V be two traveling wave profiles with the same
speed c. By translation, we can assume that V' (0) = U(0) and that U and V satisfy (4.1).
By exchanging the roles of U and V if necessary we can use Lemma 4.3 to conclude that
(4.2) holds with A € [0, c0].

Let n > 0 be the unique value such that

Jen[ior,ﬁ] {U(z) = V(z—n)}=0.

By Lemma 4.2, V(- —n) < U(-) on [0,00). We claim that V(- —n) < U(-) on (—o0,0].
Suppose not. Then infyegr W(n,z) < 0. Since Wg > 0 and W(n,+o0) > 0, there is a
unique value { > n such that ming W (&, -) = 0. This implies that there exists y € R such
that W (£, y) = 0 = ming W (&, ). It further implies that V(- — &) < U(-) and V(y — §) =
U(y). A comparison principle shows that this is impossible. Hence, V(- —n) < U(-) on
R. Since minj1{U(- —n) = V(-)} = 0, we must have n =0 and U = V. O

5. ASYMPTOTIC EXPANSIONS

Finally, we derive and verify asymptotic expansions for traveling wave profiles near
r = —oo, accurate enough to distinguish the translation differences. The idea is to
construct, on (—oo, 1], sub/super solutions having special tails near z = —oo and slopes
on the interval [0,1]. The comparison between a wave profile and a sub/super solution
near x = —oo will be made by a result similar to (4.2) in Lemma 4.3. The comparison on
[0,1] will be made in a manner similar to that in the proof of Lemma 2.3, Step 3.

5.1. Super/sub solutions. In the sequel, a Lipschitz continuous function defined on
[a —1,b+ 1] is called a super/sub solution (of speed c) on [a,b] if

+ L[¢](x) =0 a.e. T € (a,b).
where L[¢](z) := ¢ ¢'(z) = ¢z + 1) = ¢z — 1) + 26(x) — f(¢(2)).

Lemma 5.1. Suppose ¢ is a subsolution (or supersolution) on [a,b] and ¢ < U (or
¢p>U)onla—1,a)U(byb+1]. Then ¢ <U (or ¢ > U) on |a,b].

The proof is similar to that for Lemma 4.1 and is omitted.

Our asymptotic expansion for a wave profile is expressed in terms of a constructed
function ¢ such that, for some zg € R,
(5.1) Uz +x9) = ¢p(x 4+ 0(1)) V<0 where lim o(1) = 0.
r——00
For this, we shall use the same idea as that of Lemma 4.3. Consider the case A # 0.
Suppose ¢ is either a sub-solution or a super-solution on (—oo, 0] and

S _ U

AP G(a) e Ula)

(5.2) =A>0.
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Consider the function, for £ € R and x < 0,

Uz+8) ¢ U
(5.3) W({,x):/qﬁ( | - :1n((ZT+)’5).

Lemma 5.2. Suppose ¢ satisfies (5.2) and is either a super-solution or a sub-solution on
(—00,0]. Let W be defined as in (5.3). Then (4.2) holds for some A € [—o0, c0].

The proof is similar to that for Lemma 4.3 and therefore is omitted.

Suppose A is shown to be finite. Then for z¢ := —A/v, every € > 0, and all z < —1,
Wi(xg—e,x) <0< W(zg+e,z); that is, ¢(x —e) < U(x +x0) < ¢p(z +¢) for every € > 0
and all x < —1. Hence (5.1) holds. To construct sup/super solutions and to show that
A is finite, we shall assume that

(B) |f(u) — f(0)u| < Mult® for all u € [0, 1] and some positive constants M and .

In most cases, we shall construct sub/super solutions via linear combinations of expo-
nential functions. Note that for ¢ = ae**, L = P(w)d + [f'(0)¢p — f(¢)], where

Pw) :=cw—eY—e“+2— f(0).

Observe that P(-) is concave, positive between its two roots, and negative outside of these
two roots. Denote by A and A, where 0 < A < A, the two roots of P(-) = 0. Among all
possibilities, we divide them into four cases:

(i) ¢ = ¢min and (1.6) has two real roots;

(ii) ¢ = ¢min and (1.6) has only one real root;

(ili) ¢ > cmin and f'(0) > 0;

(iv) ¢ > ¢min and f/(0) = 0.

Note that lim,—,_oo{U'(2)/U(z)} > 0 in the cases (i)—(iii). For the last case (iv), A =10
so that sub/super solutions have to be constructed by non-exponential functions. For this,

we need extra assumptions on f.

5.2. The case ¢ = ¢pin and (1.6) has two real roots. Assume that ¢ = ¢y, is the
minimum wave speed and that the characteristic equation cpinz = €* + e % — 2 4+ f/(0)
has two real roots. Let A be the smaller real root and A be the large real root. Then
A < A and V() Ul

AT =0 = T
Choose w; and wy satisfying

~—

_ efoz u'/ju _ eAz—l—o(z).

A<w < A<wy, wy<(1+a)A.
Then P(w;) > 0= P(A) > P(wsy). Consider, for € € [0, 1] and small § > 0,
gbi(s, 0,x) 1= 5{61\33 +e(et” — eAz) + 50‘/2(6Ax — ew”)}.
Note that when ¢ > 0 and 2 < —1, ¢ > U and ¢~ < 0. Also, for all z < 0,
L") = 5{5P(w1)ew — P(wp)6°/2e2™ 4+ O(1)5% [ el He)re 4 e<1+a>Ax]} >0
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if e € [0,1] and 6 € (0, o] for some &y > 0. Similarly, for every € € [0,1] and § € (0, do],
max{0, ¢~ (g,0,-)} is a sub-solution on (—o0,0]. Taking Jp small enough we can assume
that ¢ > 0 for all € [0,1], € € [0,1] and 6 € [0, dy].

Take & negatively large such that § := U(€) < dp. Comparing U(-+£&—1) with ¢* (e, d, )
on (—o0,0] for every e € (0,1], we see that U(zx + & — 1) < ¢t (e,d,z) for all x < 0. Here
the positivity of € guarantees that ¢™ > U near z = —oo. Now sending € \, 0 we conclude
that U(z + & — 1) < 6[1 4 6*/2]eM for all z < 0. Similarly, U(z + & + 1) > §[1 — §%/2]eM*
for all z < 0.

Now applying Lemma 5.2 to ¢ = ¢*(0,dp,x), we see that there is the limit

A= tim {mU() - ln¢+(0,50,x)} = lim {mU(@) - Ax} — In[do (1 + 657%)].
Pr——— pr———
From the estimate in the previous paragraph, A must be finite. Hence we proved the
following;:

Theorem 5.1. Assume (A) and (B). Let (¢min, U) be a traveling wave of the minimum

speed where the characteristic equation has two roots A\, A, A < A. Then, for some xg € R,

U(z) = eMleteotol vy 1 where  lim o(1) = 0.

r——00

5.3. The case ¢ = ¢y, and (1.6) has only one real root. Let P(z) = cpinz — [€* +
e % —2+ f’(0)] be the characteristic function at 0. That P(-) = 0 has only one real root,
denoted by A, implies that P(\) = P’(\) = 0; that is,

(5.4) Cmin =€ —e, f0)=Xe*—e M)+ (2—e* —e ).
Take w € (A, [1 + a]A) and consider the function, for small 6 > 0,
(5.5) ¢* (8, 1) = §[—xe™® — 52 (AT — 7).
Note that ¢* > 0 in (—00,0) and ¢* < 0 in (0,00). Since P(w) < 0, for z <0,
£6* = {021 Pw)e” + O(1)5°(Ja| + 1] Foeli+oPal} <o,

It follows that ¢~ := max{¢*,0} is a sub-solution for every ¢ € (0, dg|, where dy > 0.
From Lemma 5.2, there exists the limit
(5.6) A= lim {an(x)—)\x—ln\x]}.
r——0Q
We claim that A < oo. Suppose A = co. Then for each fixed { € R, U(z + &) > ¢~ (4, x)
for all x <« —1. Since ¢~ = 0 on [0,00) and ¢~ is a sub-solution, a comparison gives
U(x+ &) > ¢ (d,z) for all x € R. This is impossible for every £ € R. Thus A < co.

We now consider the lower bound of A. Since P(:) is a concave function, that A is a
double root to P(-) = 0 implies that P(w) < 0 for every w # \. It is then very hard
to construct super-solutions. As the existence of a super-solution implies the existence
of a traveling wave, the construction of a super-solution is equivalent to find ¢, which

is not totally determined by the local behavior of f(s) near s = 0. That cyy is the
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solution of (5.4) which is uniquely determined by f’(0) requires special properties on the
non-linearity on f. The whole non-linear structure of f on [0, 1] determines whether A is
bounded from below. As will be seen in a moment, the answer to whether A is bounded
is all we need to determine uniquely the asymptotic behavior of U as © — —o0, i.e., the
alternatives in (1.11).

Case (1) A > —oo. Then A is finite, so from (5.6), the first alternative in (1.11) holds.
Case (2) A= —o0. Fix w € (A, (1 + «)\). Consider, for € € [0,1] and small § > 0,

¢t (e, 6, 1) = 6{[1 — ex]e?™ — 6%/2ew7Y,

Direct calculation shows that ¢ is a super-solution on (—oc, 0] for every ¢ € [0,1] and
d € (0,60]. Fix a translation such that U(1) < dy/2. For every € € (0, 1] we compare U(-)
and ¢T(e,dp,-) on (—00,0]. When x € [0,1], U(z) < U(1) < dp/2 < ¢(g,00,x). Since
A = —o0, we see that U < ¢ for all + < —1. It then follows that U(:) < ¢(g,dg,) on
(—00,1]. Sending £ \, 0 we obtain U(x) < dpe’* for all 2 € (—o0, 0].

Also, by Lemma 5.2, there exists the limit

A:= lim {ln U(z) —In ¢+(0,50,:c)} = lim {ln U(z) — )\:C} — In dp.
a—— P a——
In addition, since U(z) < dope** for all x € (—o00,0], A < 0.

Next we show that A > —co. To do this, for every wi € [\, w|, consider the function
¢ (w1, 0,x) := 0[e1* + e“?]. It is easy to show that ¢~ is a sub-solution on (—o0,0] for
every wy € [A\,w] and every § € (0, d.

Fix a translation such that U(—1) > 2dy. For every wy € (\,w], by comparing U and
¢~ (w1, 00, ), we see that U > ¢~ (w1, dp, z), since w1 > A implies U > ¢~ for all z < —1.
Now sending w; \, A we see that U(x) > dpe*® for all z < 0. Thus A is finite; namely,
the second alternative in (1.11) holds.

Finally, we provide two examples showing that both alternatives in (1.11) can happen.

Example 1. This example provides the second alternative in (1.11). We define

e’ 1
“Tqer MTh e=em g
(1 —u)(e—1)[2(1 —u)? + 2eu® + (€2 + 1)(e + Du(l — u)/e]

e(l1 —u)?+eu? +u(l —u)(e? +1)

U(x)

flu) ="

Using e* = U(x)/[1 — U(z)], one can verify that (¢,U) is a traveling wave. Since f'(0) =
2 —2/e, A =1 is a double root of the characteristic equation cw = e + e % — 2+ f/(0).

Consequently, c¢pin = e — 1/e.
Example 2. We show that the first alternative in (1.11) holds if

(5.7 fel™(0.1]), f(0)=Ff1)=0<f(u) < f(0u Yue(01).
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First of all, define (cpin, A) as in (5.4), one can show that min{1, e**} is a super-solution
with ¢ = cpin, so that there is a traveling wave of speed cpin. Consequently, the minimum
wave speed is given by the solution of (5.4); see, for example, [5, 6, 27].

Also, there is a super-solution given by

q§+(x):[1—1%\x]em V<0, ¢T(z) =1 for = >0.

Note that, for a large constant M, ¢ (x + M) > ¢*(dp, ) on R, where ¢* is as in (5.5).
Following the existence proof of [5], (max{¢*, 0}, 1) sandwiches a solution which satisfies
the first alternative in (1.11).

We conclude the following:

Theorem 5.2. Assume (A) and (B). Suppose ¢ = cmin and the characteristic equation
has a root X of multiplicity 2, i.e. (5.4) holds. Then there is the alternative (1.11). In
addition, under (5.7), only the first alternative in (1.11) holds.

5.4. The case ¢ > ¢y and f/(0) > 0. Let A and A, A < A, be two roots of the
characteristic equation P(-) = 0 where P(z) = cz — [e* + e — 2 + f/(0)]. Pick w such
that A < w < min{A, (1 + a)A}. Then P(w) > 0. For each ¢ € (0,e “] and small 4,
consider functions

ot (e,0,2) == 0([1 Tele? £eev®), =z < 1.
Note that

o3 (¢,6,2)

oL, S 0.2) =A+e(w—N),

In addition, for all z < 0, € € (0,1], and 6 € (0,1], using |f(u) — f/(0)u| < Mu'*® and
0< qbi < 25eM we obtain

L L[pF0] = deP(w)e”™ £[f(¢70) — f/(0)p™d]
> §e“"{e P(w) — 21t Moelliten—uley,

Hence, we have the following:

(i) For everye € (0,e~%], there exists x. < 0 such that ¢*(e,1,-) is a super/sub solution
on (—oo, xe].

(i3) For every e € (0,e™%], there exists 5. > 0 such that for every & € (0,6.], ¢~ (e, 4, ")
is a super/sub solution on (—o0,0].

Indeed, we need only take

In[e P(w)] — In[21F M) }’ 5. — min {1’ ( eP(w) )1/(1}'

:==min<0 —_— 7
e { ’ 1+a)d—w 21ta g

Theorem 5.3. Assume (A), (B), and f'(0) > 0. Let (¢,U) be a traveling wave with

Az+zo+o(1

speed ¢ > cpin. Then U(x) =e )) for some xy € R where lim,_, o 0(1) = 0.
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Proof. First of all, note that (4.2) holds for W defined as in (5.3) with ¢ = ¢™ (¢, 1, ).
We show that A > —co. Suppose A = —c0. Fix e = e™%. Since
lim U'(z)/U(z) = A,

T—00

there exists £ < 0 such that U'(z)/U(z) < A+e(w—A) for all © < £+ 2. Now we compare
U(-+€&) with ¢ := ¢ (g,U(€),) on (—o0,0]. By taking negatively large £, we may assume
that U(§) < 0 so that ¢ is a super-solution on (—oo,0].

Note that ¢(0) = U(0 + &) and

¢'(«) Uz +¢)
) Uz +¢)

¢z
so that U(-+ &) < ¢(-) on (0,1]. Also, lim,—,_[Ing(z) —InU(z + )] = oco. It follows
o(-) > U(-+ &) on (—00,0], contradicting ¢(0) = U(0 + ). Thus

>Ate(lw—A) > Vo e [0,1]

by comparison that

A > —oo0.
Similarly, by using the sub-solution ¢, one can show that A < oco. Thus A =

lim, . oo{InU(z) — Az} exists and is finite. This completes the proof. O

5.5. The case ¢ > c¢pin and f/(0) = 0. When ¢ > ¢pin, A :=lim,, o, U'(2)/U(x) is the
smaller root to the characteristic equation cz = e*+e~* — 2+ f/(0). When f'(0) = 0, we
have A = 0. Thus as x — —o0, U(x) does not decay to 0 exponentially fast. To find the
precise rate of decay, we shall assume the following:

(B1) 0< ff"<Mf”?on (0,€ for some € >0 and M > 0; [5 f(s)/f(s)ds < co.
Simple examples of such functions are
fu) = ku'TI(1 — )P, flu) = ke V(1 —w)? (k>0,g>0,p>1).

Theorem 5.4. Assume (A), (B1), and f'(0) = 0. Let (¢,U) be a traveling wave with

non-minimum speed c. Then (1.12) holds for some xg € R.

Proof. 1. The idea. The proof is based on the following formal calculation.
When f/(0) = 0 and ¢ > ¢pin, it follows from Theorem 3 that c¢U’ = f(U). Then at
least formally we should have c2U” = cf'(U)U’ ~ f(U)f'(U). Since by the mean value
theorem U(x 4+ 1)+ U(x — 1) — 2U(x) = U"(y) = U"(x), we obtain that

cU' = U" + f(U) = fU)f'(U)/e* + f(U) = fFU)L+ f'(U)/c].

This suggests that sub/super solutions can be obtained from solutions of ODEs of the
form c¢’ = f(¢)[1+ f'(¢)/c?] £ o(1), where o(1) is a small positive term large enough to
offset the error of the approximation U(z + 1) + U(x — 1) — 2U(z) = U"(y) = U"(x).

2. Construction of super/sub solutions. Let d§y be a small enough constant and
be fixed. For every § € (0,8] and K € [1,1/(4f2(6))], let ¢ be the solution of

(5.8) cd' = (@) {1+ f(¢)/ £Kf?($)} on (—o0,1],  ¢(0) =4.
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The solution is given implicitly by

o(x) ds T
/ =— Vgl
s S+ f(s)/2EKf2(s)] ¢
When ¢y is small, we have ¢ < §[1 + o(1)] and c¢¢’ = f(¢)[1 + o(1)] on (—o0,1]. In the
sequel, O(1) is a quantity bounded by a constant independent of K and .

Write (5.8) as c¢’ = (1 + g(¢))f(¢) where g := f'/c* £ Kf?. In the sequel, the
arguments of f, f’, f”, and g are evaluated at ¢(x), if not specified. Since f” > 0 and
ff"=0(1)f" on the interval of interest, we see that

lgl+19'f /1] = O(f) + O(f*)K.

Consequently,

¢ (@) = {1+ 9)f' + fdY(AL+g)f = FF{1+O(f) +O(f*)K}.
Also by the mean value theorem,

dlx+1)+¢(x —1) —2¢(z) = ¢"'(y) forsome y € [z —1,2+1],

o[ 2245) ool i)

This implies that

f'(8y) = [L+O(f'(6(@)]f (6(x))-
Similarly,

f(o(y)) = [1+ O(f'(6(2)))] f(¢(x))-
This follows that

@6"() = f T+ 0(f) + OUIKY|
Hence, for all x < 1,
L) = e —f =72+ 00 + 0K}
= [ K +00) +0(f)K}.
Thus we have the following

Lemma 5.3. There exist a small positive constant dg and a large constant Ky such that
for every 6 € (0,680] and every K € [Ko,1/(4f(3))], the solution ¢*(5,x) := ¢(x) of (5.8)

is a super/sub solution on (—o0,0].

3. The comparison. Consider the function

N o U(z+€) ds
e )‘/ﬁm LT P )@

r<1,¢&£eR.
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Following a proof similar to that for Lemma 4.3, we can show that (4.2) holds with
W =W=%, A= A* € [~00,00] and v = 1/c. Note that

8 1 1
+ - _
vee= /¢> @ - e

_ /5 { 1 B 1 } ds
o~ Lf[L+f1/e] flL+ /2= K[
since the two integrals involving K cancel each other. Sending z — —oo and using
¢*(—o00) =0 and [; f?(s)/f(s)ds < co, we then obtain

2Kf/2
lim {W*(,x ds < o0.
L e
We now show that AT > —oo. Suppose on the contrary that AT = —oco. For each
§ € (0,68], taking K = 1/(4f'(6)?) we see that
ot'(x) 1 f(eT) f’2(¢+) 1
Fa el ~e e i 2ot Yol

if §p is small enough. As we know that lim, , U’/f(U) = 1/c, there exits £ < 0 such
that U'/f(U) < 1/c+1/(8¢) for all z < £+ 1. Now set 6 = U(§) and compare U (& + -)
and ¢™(4,) on (—o0,0].

As ¢t/ f(¢T) > U'/f(U) on [0,1] and ¢(0) = U(£ + 0), we have ¢ (-) > U( + ) on
(0,1]. Also, At = —oo implies that ¢*(z) > U(£ + x) for all x < —1. By comparison,
¢t > U on (—o0,0], contradicting ¢*(0) = U(£ +0). Thus AT > —oco. Similarly, using
¢~, we can show that A~ < co. Hence A* are finite.

Finally, we observe that

. . U(z) ds T
dm wron = {0 o - T

B /5 { 1 _ 1 } ds
o V14 f(s)/c® 14 f(s)/c>+ Kf2(s)) f(s)
the assertion of the Theorem, i.e. (1.12) thus follows. O

As an illustration, we consider the case when
f(u) = ku?(1 —u)? (k>0,p>=1).
Then for some integral constant a

“ ds 1 p 2
/1/2 FEN+ 7))@~ ru (; - ?2) Inu+a+0(u) asu— 0.

After translation, we see that, as x — —o0,

_mUl(x) + (g — 62—2> InU(z) = % +o(1)

This implies that, as * — —o0,

1 K|z

_ _ K|z c
)= o T Omlal) = 2 (1+0(1), WU@) =In——+o(1).
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Thus, after another translation,
c
kllz] —zo +o(1)] + (pc—2k/c) In x|

c (pc? — 2k)In|z|  cxo + o(1)
o 2

U(x) =

kx| K2z2 KT e

Note that the translation is distinguished by the third term in the Taylor’s expansion.

Finally, observe that

u = - [k _M a+o as u —
T o = ot oo 0

In particular, if f(u) = ku'*9[140(1)] for some ¢ > 0, then U o ||~/ so that In f(U) ~
—bln|x| + B + o(1) for some b > 0 and B € R. Therefore, it is generic that for some
constants b > 0 and xy € R,

/U(x) ds  clx+x0+0(1)] —bln|z|
1

/2 fls) c?

In a similar manner, we can establish an asymptotic expansion near co. We omit the
details.

REFERENCES

[1] P.W. Bates, Xinfu Chen, & A. Chmaj, Traveling waves of bistable dynamics on a lattice STAM J.
Math. Anal. 35 (2003), 520-546.
[2] M. Bramson, CONVERGENCE OF SOLUTIONS OF THE KOLMOGOROV EQUATION TO TRAVELING
WAVES, Memoirs Amer. Math. Soc. 44, 1983.
[3] H. BERESTYCKI AND B. LARROUTUROU, Planar travelling front solutions of reaction-diffusion prob-
lems, preprint.
[4] Xinfu Chen, Ezistence, uniqueness, and asymptotic stability of traveling waves in nonlocal evolution
equations, Advances in Differential Equations 2 (1997), 125-160.
[6] Xinfu Chen & J.-S. Guo, Existence and asymptotic stability of traveling waves of a discrete monostable
equation, J. Diff. Eqns. 184 (2002), 1137-1149.
[6] Xinfu Chen & J.-S. Guo, Uniqueness and ezistence of traveling waves for discrete quasilinear monos-
table dynamics, Math. Ann. 326 (2003), 123-146.
[7] S.-N. Chow, J. Mallet-Paret, & W. Shen, Traveling waves in lattice dynamical systems, J. Diff. Eqns.
149 (1998), 248-291.
[8] S.-N. Chow, J. Mallet-Paret, & W. Shen, Stability and bifurcation of traveling wave solution in coupled
map lattices, Dynam. Systems Appl. 4 (1995), 1-26.
[9] P.C. Fife, MATHEMATICAL ASPECT OF REACTING AND DIFFUSING SYSTEMS, Lecture Notes in
Biomathematics, 28, Springer Verlag, 1979.
[10] S.-C. Fu, J.-S. Guo, & S.-Y Shieh, Traveling wave solutions for some discrete quasilinear parabolic
equations, Nonl. Anal. 48 (2002), 1137-1149.
[11] F. Hamel & N. Nadirashvili, Travelling fronts and entire solutions of the Fisher-KPP equation in RY
Arch. Rat. Mech. Anal. 157 (2001), 91-163.
[12] W. Hudson & B. Zinner, Ezistence of traveling waves for a generalized discrete Fisher’s equation,
Comm. Appl. Nonlinear Anal. 1 (1994), 23-46.
[13] A.L. Kay, J.A. Sherratt, & J.B. McLeod, Comparison theorems and variable speed waves for a scalar
reaction-diffusion equation, Proc. Royal Soc. Edinburgh, 131A (2001), 1133-1161.



28

XINFU CHEN, SHENG-CHEN FU, AND JONG-SHENQ GUO

[14] S.J.A. Malham & M. Oliver, Accelerating fronts in autocatalysis, Proc. R. Soc. Lond. A 456 (2000),

1609-1624.

[15] J. Mallet-Paret, The Fredholm alternative for functional-differential equations of mized type, J. Dy-

nam. Differential Equations 11 (1999), 1-47.

[16] J. Mallet-Paret, The global structure of traveling waves in spatially discrete dynamical systems, J.

Dynam. Differential Equations 11 (1999), 49-127.

[17] D.J. Needham & A.N. Barnes, Reaction-diffusion and phase waves occurring in a class of scalar

reaction-diffusion equations, Nonlinearity 12 (1999), 41-58.

[18] W. Shen, Travelling waves in time almost periodic structures governed by bistable nonlinearities: I.

Stability and uniqueness, J. Diff. Equations 159 (1999), 1-54.

[19] W. Shen, Travelling waves in time almost periodic structures governed by bistable nonlinearities: II.

Ezistence, J. Diff. Equations 159 (1999), 55-101.

[20] N. Shigesada & K. Kawasaki, BIOLOGICAL INVASIONS: THEORY AND PRACTICE, Oxford Series in

Ecology and Evolution, Oxford, Oxford University Press, 1997.

[21] J.A. Sherratt & B.P. Marchant, Algebraic decay and variable speeds in wavefront solutions of a scalar

reaction-diffusion equation, IMA J. Appl. Math. 56 (1996), 289-302.

[22] B. Shorrocks & I.R. Swingland, LIVING IN A PATCH ENVIRONMENT, Oxford Univ. Press, New York,

1990.

[23] H.F. Weinberger, Long-time behavior of a class of biological models, STAM J. Math. Anal. 13 (1982),

353-396.

[24] J. Wu & X. Zou, Asymptotic and periodic boundary values problems of mized PDEs and wave solutions

of lattice differential equations, J. Diff. Eqns. 135 (1997), 315-357.

[25] B. Zinner, Stability of traveling wavefronts for the discrete Nagumo equations, SIAM J. Math. Anal.

22 (1991), 1016-1020.

[26] B. Zinner, Ezistence of traveling wavefronts for the discrete Nagumo equations, J. Diff. Eqns. 96

(1992), 1-27.

[27] B. Zinner, G. Harris, & W. Hudson, Traveling wavefronts for the discrete Fisher’s equation, J. Diff.

Eqns. 105 (1993), 46-62.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF PITTSBURGH, PITTSBURGH, PA 15260, U.S.A.

E-mail address: xinfu@pitt.edu

DEPARTMENT OF MATHEMATICAL SCIENCES, NATIONAL CHENGCHI UNIVERSITY, TAIPEI 116, TATWAN

E-mail address: fu@math.nccu.edu.tw

DEPARTMENT OF MATHEMATICS, NATIONAL TATWAN NORMAL UNIVERSITY, TAIPEI 116, TAIWAN

E-mail address: jsguo@math.ntnu.edu.tw



