ON A FREE BOUNDARY PROBLEM
FOR A TWO-SPECIES WEAK COMPETITION SYSTEM

JONG-SHENQ GUO AND CHANG-HONG WU

ABSTRACT. We study a Lotka-Volterra type weak competition model with a free boundary
in a one-dimensional habitat. The main objective is to understand the asymptotic behavior
of two competing species spreading via a free boundary. We also provide some sufficient
conditions for spreading success and spreading failure, respectively. Finally, when spreading
successfully, we provide an estimate to show that the spreading speed (if exists) cannot be
faster than the minimal speed of traveling wavefront solutions for the competition model on
the whole real line without a free boundary.

1. INTRODUCTION

A variety of reaction-diffusion equations are used to describe some phenomena arising in
population ecology. A typical model is the following Lotka-Volterra type competition system

for two species in a one-dimensional habitat [34]:

(1.1) up = ditgy + riu(l — byu — aqv), z,t € R,
(1.2) Uy = daVgy + 1o0(1 — bov — agu), x,t € R,

where u(x,t),v(x,t) denote the population densities of two competing species at the position
x and time t; di, do are diffusion coefficients of species u, v; rq, ro are net birth rates of
species u, v; 1/by, 1/by are the carrying capacities of species u, v and aq,ay are (inter-
specific) competition coefficients of species u, v, respectively. All parameters are assumed to

be positive. By setting

N - - N 1
U:=bu, v:=byw, t:=nrit, T:.=,/—uz,
dy
dy ai a2 )
D:: —, k:: —, h:: -, .= —,
dy by by r1
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and dropping the hat sign, (1.1)-(1.2) becomes the following nondimensional system:
(1.3) Up = Uge +u(l —u—kv), z,t€R,

(1.4) vy = Dvgy + (1 —v — hu), x,t €R,

The global dynamics for the related kinetic system (in the absence of diffusion) to (1.3)-
(1.4) is well-known. It has at least three constant equilibrium solutions (u,v) = (0,0), (0,1)

and (1,0). Moreover, if either h,k > 1 or 0 < h,k < 1, then there exists a unique positive

constant equilibrium solution ({5, =%). For 0 < k < 1 < h, limy_, 100 (u, v)(t) = (1,0); for
0<h<1<k, limyoo(u,v)(t)=(0,1). For 0 < h,k <1, limy, oo (u,v)(t) = ({5, =0,

this case is called the weak competition (co-ezistence) case. For h,k > 1, (1,0) and (0, 1) are
locally stable, almost every trajectory tends to (1,0) or (1,0) as t — 400, and this case is
called the case of strong competition.

To describe the invasion and spreading phenomenon for (1.3)-(1.4), there have been many
interesting studies on the existence of positive traveling waves solutions connecting two
different equilibria; see, for example, [8, 15, 19, 20, 22, 23, 34, 37| the references cited
therein. Also, the study of asymptotic spreading speed plays an important role in invasion
ecology since it can be used to predict the mean spreading rate of species. The concept of
asymptotic spreading speed comes from Aronson and Weinberger [1, 2, 3] and then Lewis, Li
and Weinberger [26, 27, 38] extended the result of asymptotic spreading speed to (1.3)-(1.4)
and more general models. For related works, see [16, 21, 28, 29] and the references cited
therein. We also refer to [39] in which the author gave a review on traveling waves and
asymptotic spreading speed.

Our main objective is to understand the long time behavior of two-competing species

spreading via a free boundary. For this, we shall investigate the following problem (FBP):

(1.5) Ut = Ugy +u(l —u—kv), 0 <z <s(t), t>0,

(1.6) vy = Dvugy +10(1 —v —hu), 0 <z <s(t), t >0,

(1.7) uz(0,t) = v,(0,2) = 0, u(s(t),t) =wv(s(t),t) =0, t >0,
(1.8) §'(t) = —plua(s(t),t) + pva(s(t), 2)], >0

(1.9) uw(z,0) = ug(x), v(z,0) =wve(x), 0 <z < s, s(0) = s,

with the parameters p, p > 0 and the initial data (ug, vg, So) satisfying
{ so > 0, ug,vg € C%([0, s0]), uo(z),ve(x) > 0 for x € [0, s¢),
uo(s0) = vo(s0) = un(0) = v((0) = 0.
From a biological point of view, this model describes how the two competing species invade
if they initially occupy the region [0, so]. It is assumed that the left boundary is fixed so

that no flux across the left boundary z = 0, namely, we impose the zero Neumann boundary
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condition in (1.7) for x = 0. Also, we assume that both species have a tendency to emigrate
from the right boundary to obtain their new habitat. Moreover, it is assumed that the
expanding speed of the free boundary is proportional to the normalized population gradient
at the free boundary, i.e., (1.8) holds, which is the well-known Stefan type condition. We
call the free boundary x = s(t) the spreading front. This setting for two competing species
with a free boundary is motivated by the work of Du and Lin [12] who proposed a new
approach to investigate how one species spreads and invades to a new environment (see also
9, 11, 13]). For more biological discussion, we refer to [4].

For the study of free boundary problems for some biological models, we refer to, for
instance, [4, 6, 7, 9, 10, 11, 13, 17, 18, 25, 30, 31, 32, 35] and references cited therein.

In this paper, we only focus on the weak competition case:
(A1) O0<hk<]1.

We now describe the main results of this paper as follows. Hereafter (A1) is always assumed.

First, we have the following existence and uniqueness result for the solution.

Theorem 1. (FBP) admits a unique global solution (u,v, s) € C*1(Q)xC*1(Q)xC*(]0, c0)),
where Q = {(z,t) : 0 <x < s(t), t >0}, such that 0 < §'(t) < pA for allt >0 with A > 0

depending only on D,r, p,ug, vy, So, and is independent of . More precisely, we have

(1.10) A = 2M; max{1, ||ug||p=} + 2pMs max{1, ||vg|| 1=},

4 —4
M := max {g, o (xén[oi,rslo] ug(x)) } :

r 4 —4
M, = N — i ! )
2 maX{\/ 9D’ 3 3 (éﬁ%ﬁo}%(@)}

In the sequel it is often to use the following three quantities:

where

Soo = lim s(t) (the limit exists since §'(t) > 0 for all ¢ > 0),

t—+o00
) T |D
S i=ming —, =/ — ¢,
2°2V r
( D\ 1
(Z —) it D <,
2V r 1—~h
* T ].
S = — if D> r;
241 —k
1 1
min 4 — ,Z } ifD=r
\ 21—k 2/1—-h

Note that s, < s*.
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In this paper, we say that the two species vanish eventually if s,, < 400 and

lim _lu( )lleqosen =, m_ [l 8)lleson =0,

t—+o00

we say that the two species spread successfully if s, = +00 and the two species persist in
the sense that liminf, , o u(z,t) > 0 and liminf, ,,  v(z,t) > 0 uniformly in any compact
subset of [0,+00). In fact, we have the following simple criteria for the vanishing and

spreading.

Theorem 2. Let (u,v,s) be a solution of (FBP). Then the followings hold.

(1) If S0 < s, then the two species vanish eventually.

(ii) If seo > s, then the two species spread successfully.

Theorem 2 does not provide any information for spreading-vanishing when s, < s, <
s*. But if we add some more restrictions on the parameters for (FBP), we can obtain a
spreading-vanishing dichotomy, which was proposed initially by Du and Lin [12] for a single
species case (see also [9, 11, 13]).

Before stating the following spreading-vanishing dichotomy result, we introduce the sets
D
(1.11) A::{0<D<7’,0<h§1——,0<k<1,u,p>0},
r
(1.12) B::{O<T<D,O<k§1—%,0<h<1,u,p>0}.

Theorem 3. Let (u,v,s) be a solution of (FBP) with (D, h,k,r,u,p) € AUB. Then either

Soo < 84 (and so the two species vanish eventually), or the two species spread successfully.

Roughly speaking, Theorem 3 says that if D, r,  and p are given and D # r, then a
spreading-vanishing dichotomy can be assured either h or k is small enough.
Based on the previous results, we can provide some sufficient conditions for the spreading

success and spreading failure via the initial data (ug, vg, So)-

Corollary 1. Let (u,v,s) be any solution of (FBP). Then the followings hold.

(1) If so > s*, then the species u and v spread successfully.
(ii) Assume that (D,h,k,r,pu,p) € AU B. If sg > s, then the species u and v spread
successfully.

(iii) If so < s« and

Y

2
(1.13) max{ [|uo| o, HUO||Loo}§cos( ” )SOO“S(H‘S)

2446 ) 2mu(l+ p)
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then the species u and v vanish eventually, where

1 |s.
1 . Ty D T\ o 1

R e 2 Dy - _

«@ 2mm{<2> (110252 n(3) (1+0)2s2 }>0

In the case of spreading success, we have the following more precise asymptotic behavior.

Theorem 4. Suppose that the two species spread successfully. Then

1—-k 1-h
1—hk’1—hk

(1.14) (u,v)(x,t) — (

) as t — 400,
uniformly in any compact subset of [0, +00).

Our final result is to provide an upper bound for lim sup,_,, . [s(t)/t], which shows that the
asymptotic spreading speed (if exists) for (FBP) with the weak competition cannot be faster
than the minimal speed of traveling wavefront solutions to (1.3)-(1.4). Recall from Tang and
Fife [37] that for ¢ > ¢y := max{2,2v/rD} there exists a traveling wavefront solution of
(1.3)-(1.4) with u = U(z — ct) and v = V(2 — ct), connecting (0,0) with ({55, 5% ), while
no such positive wavefronts exist for ¢ < cpin. Thus ¢y is called the minimal speed of

traveling wavefronts.
Theorem 5. Let (u,v,s) be a solution of (FBP) with so, = +00. Then

lim sup ﬂ < Cpin = max{2, 2\/@}
t—+o00 t

The paper is organized as follows. In Section 2, we prove the solution of (FBP) exists
globally (in time) and is unique (Theorem 1) using the contraction mapping theorem. Then,
in Section 3, we derive several lemmas which are used to prove the main results. The main
tool is the comparison principle. In Section 4, we study the long time behavior when the
species spread successfully. A natural strategy is to find a pair of super and subsolutions
with the same long time behavior, which is exactly what we desired, to squeeze the solution.
However, it seems not easy to find such super and subsolutions for (FBP) at once. To
overcome this difficulty we introduce a new idea. We first construct a non-trivial super/sub-
solution to compare with the solution of (FBP) and introduce an iteration scheme so that
we are able to construct better super and subsolutions step by step to derive the exact long
time behavior of the solution. In Section 5, we give the proofs of Theorems 2-5. Finally, we

give some discussion of our main results and some future directions in Section 6.



6 JONG-SHENQ GUO AND CHANG-HONG WU
2. EXISTENCE AND UNIQUENESS

In this section, we will prove Theorem 1. The proof can be done by modifying the argu-
ments of [6] and [12] (see also [25]). We provide the details of proof here for the reader’s

convenience.

Lemma 2.1. The problem (FBP) has a unique local solution (u,v,s) € C?41+%(Qp) x
C*el+3(Qr) x C1*32([0,T)) for any o € (0,1) for some T > 0 small enough, where

={(z,t): 0<z<s(t), te(0,T]}
Proof. Let ¢ € C*([0,00)) such that

) S . S 6
Cly) =1if Iy—80|§f7 C(y) =0 if Iy—80|>5°, IC’(y)ISS—Ofor all .

Following [6], we introduce a transformation to straighten the free boundary:
(z,8) = (y,1), = =y+C(Y)(s(t) = s50), 0 <y < +oc.
Note that as long as |s(t) — so| < s0/8, (x,t) — (y,t) is a diffeomorphism from [0, c0) to
[0, 00). Moreover,
0<z<s(t) <= 0<y<s,
r=s(t) <= y=s.
It is easy to get that

oy 1
or ~ TH o sy VW)

Py ) - ) S
0zt~ L+ )60 s = @, 5))
)

SO
% TR s 0 s
We now define U(y,t) := u(z,t) and V(y,t v(z,t) and set

) =

FUV):=U1-U—kV), GU,V) = 1V(1—V — hU),
then the problem (FBP) becomes
(2.1) U, = PU,, + (Q + s/ () R)U, + F(U,V), 0 <y < so, t >0,
(2.2) Vi, =PDV,, + (DQ+ s (t)R)V, + G(U,V), 0 <y < sp, t >0,
(2.3) U, (0,t) =V,(0,t) =0, U(so,t)=V(so,t) =0, t >0,
(2.4) s'(t) = —p[Uy(s0,t) + pVy(so,t)], t >0
(2:5) 5(0) = s0, U(y,0) = Uo(y), V(y,0) = Vo(y), y € [0, 50},
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As in [12], we shall prove the local existence by using the contraction mapping theorem.
To do so, choose T such that
So

(2.6) 0<T§8<1+§),

where § := —u(Ul(s0) + pVy(s0)) > 0.
Introduce function spaces:
Xir:={U € C(D): U(y,0)
Xor :={V e C(D): V(y,0)
Xyr = {s € C1([0,T]) : s(0)
T}.

Uo(y), U= Uollew) <1},
() IV =Vollew) < 1},

s'(0) =3, ||s" = 3llcqomy < 1},

where D = {(z,t): 0 <y <35, 0<t<

metric space with the metric:

Then, X7 := X117 X Xor X X3 is a complete

d((Uy, V1, 51), (U2, Va, 82)) == U1 = Ualley + Vi = Valle) + 1151 — shlleqo,r)-
For each (U,V,s) € Xr, by (2.6),

IS(lf)—SO|§/0 |s'(r)|dr < T(1+3) < gﬂ

»

so that the mapping (z,t) — (y,t) is diffeomorphism.
For each (U,V,s) € Xr, we consider the initial-boundary problem (FPy):
U= PUy+ (Q+s)R)U, + F(U, V), 0 <y < s t>0,
U,(0,t) = U(sg, t) =0, t >0,
U(y,0) = Us(y), 0 <y < so.
By using the L? theory and the Sobolev embedding theorem, the system (FPy) has a unique

solution U with

(2.7) 100 g1 52y < K

oo e
for any o € (0, 1), where K depends on so, a, ||Us||lc2(p0,s,)) and ||Vo|lc2(o,s))- Similarly, for
each (U,V,s) € Xr, there exists a unique solution V' satisfying

Vi =DPV,, + (DQ + s'(t)R)V, + G(U,V), 0 <y < sg, t >0,

V,(0,t) = V(so,t) =0, t >0,

V(y,0) = Vo(y), 0 <y < so.
with

28) (TS o)

for any a € (0,1), where K depends on sg, o, ||Upl|c2(j0,50)) and || Vo |le2(o,s0])-
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Also, set
t
(2.9) 5(t) = so — / T, (50, 7) + pV, (0, 7)]dr-
0

Then, 3 (t) = —u[U,(s0,t) + pV(s0,t)] € C3([0,T]) with

(2.10) < K,

150 o
where K3 depends on p, p, so, @, ||Usllcz(po,s0)) and [[Vollez(jo,s0)-

Now, introduce the mapping W such that W (U,V,s) := (U,V,5). We shall prove that
W has a unique fixed point, which implies that (2.1)-(2.5) admits a unique solution. By
(2.7)-(2.10), and if

0<T§min{K”°‘ KH‘x K }

we have

1+«

— — 1+«
10 = Usllew) < 10 e T < K75 <1,
_ _ 14+a l+o¢
IV =Vollew) < VIl g o T2 < KT2 <1,
15" = Sllcqory < 1181l T2 < KsT? <1,
which imply that W maps X7 into itself.
Finally, we show that W is a contraction mapping for sufficiently small T'. Let (U;, V;, 5;) €
Xrpfori=12andset U :=U; — Uy, V :=V; — Vs, we see that U satisfies
ut = P(y7 SQ)Uyy + [Q(:% 52) + SIQR(ya 82)]uy + Jra
U,(0,t) =0, U(so,t) =0, t >0,
u(y70> 207 0 S Yy S S0-

where

F o= [P<y7 31) - P(y7 32)]0171/1/ + [Q(ya 31) - Q(y7 82) + SIIR(ya 31) - S/2R<y7 32)]U17?J
(UL — Ua)[1 — (U + Us) — kVa] — kUL (Vi — V) € LP(D).

Again, using the L? theory and the Sobolev embedding theorem,

(2.11) [|U]| < Ky(|Ur = Ualley + Vi = Vallewy + [Is1 — sallero,r))

Cl+o¢ (D) —
for some K4 > 0 which depends only on P, ), R and K;, i = 1,2,3. Similarly, we have also
(2.12) ||VHCl+a,1+Ta(D) < K5(||[Uy = Uallepy + Vi = Vallewy + lls1 — saller o)
for some K5 > 0 which depends only on P, @, R and K;, i = 1,2,3. By (2.9),
(2.13) |51 = 85ll o5 (o) < Ke(llUr = Uallew) + [IVi = Vallew) + st = saller o),

for some Kg > 0 which depends only on u, p and K;, i = 4,5.
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On the other hand, we have

(2.14) [Ullcwy + [VIlemy + 1151 — Salleqo.m)

1+«

< T U

1+

Together with (2.11)-(2.14), and if T' € (0, 1], then

[Ullcoy + Vllewm + 1157 = 8lleqo.m
< KT (||Un = Uslloepy + Vi = Vallewy + |81 = shlleqor )

where K7 := max{Ky, K3, Ks}. By choosing
1 =2 =2 =2 =]
T:=-mindl, —° K7 K Kp, Kr°
2 8(1+3)

we can apply the contraction mapping theorem, then W has a unique fixed point in X.
This completes the proof of Lemma 2.1 O

To prove the existence of solution for all ¢ > 0, we need the following lemma.

Lemma 2.2. Let (u,v,s) be a solution of (EBP) fort € [0,T] for some T > 0. Then

(2.15) 0 < u(z,t) <max{l,||ugl|z=} for z € [0,s(t)), t€[0,T],
(2.16) 0 < ov(z,t) <max{l,||v]lr=} for x € |0,s(t)), t €[0,T],
(2.17) 0<s(t)<pA forte (0,77,

where A > 0 depending only on D, r, p, ||uo||z, ||vo|| e, Minge[o,s] uy(z) and mMin,e(o,5] vy ().

Proof. The strong maximal principle yields that « > 0 and v > 0 for « € [0, s(t)), t € [0,T].
Thus, we see from (1.7) that wu,(s(t),t) < 0 and v,(s(t),t) < 0 for ¢t € (0,7]. By (1.8),
s'(t) > 0 for ¢t € (0,T7.

Let @ = u(t) be the solution of ' = u(1—wu) with @(0) = ||ug||z~. The comparison principle
implies that w(z,t) < @(t) < max{1, ||ug||r=} for all z € [0,s(¢)], t € [0,T]. Similarly, we
have v(x,t) < max{1, ||vo||z=} for z € [0, s(¢)], t € [0,T].

To prove (2.17), we shall compare u and v with some auxiliary functions (cf. [12]).
Note that the solution (u,v) can be extended from (z,t) € [0,s(¢)] x [0,T] into (x,t) €
[—s(t), s(t)] x [0,T] by letting u(z,t) := u(—=z,t) and v(x,t) := v(—=z,t) for x € [—s(t),0]
and t € [0, T]. Define

w(z,t) = R[2M(s(t) — x) — M7(s(t) — 2)?],
where

4 —4
(2.18) M := max {—, — < min u6(x)> } , R :=max{1, |Jug||r=}
3 3 z€[0,s0]
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Also, we set

olt)i=max {0, 5 = 5 b 90 =

Hereafter we shall apply the comparison principle over
Oy, = {(z,1); n(t) Sz <s@t), 0<t<T}

Firstly, we derive that w(z,0) > ug(z) for « € [ny, so]. Indeed, since w(-,0) is concave, we
obtain that
3

(219) wx('ru()) S wz<50 - (2M1>7170) = _RMl S _Z_lRMl
for z € [sg — (2M;)7!, s¢]. By using (2.18) and the fact that R > 1,
—4
(2.20) RM; > — min ug(x).
3 CEE[O,SQ]

Combing (2.19) and (2.20), if necessary we may define ujy(z) = 0 for z € [so— (2M;) ™, —s0),

then we obtain

we(2,0) < min ugy(z) < ugy(x)
z€[0,s0]

for x € [so — (2M1) 7!, 50|, Integrating over [z, so] and using w(sg,0) = 0 = ug(sp), we have
(2.21) w(x,0) > up(x) for x € [so — (2M1) 1, s0].

Thus, we get that w(z,0) > ug(x) for = € [y, so| if 79 > so — (2M;) L.
It suffices to consider the case that 1y < so — (2M;)~!'. Again, using the concavity of
w(-,0) and wy(sg — M; *,0) = 0, then for all x € [ny, so — (2M1)7}],
3
w(x,()) Z U}(SO — (2M1)_1,0) = ZRMI Z ||u0||L°° Z Uo(l')

Hence, together with (2.21) we have proved that w(z,0) > ug(z) for x € [no, sol.

On the other hand, one can easily compute that
Wy — Wy > 2MER > u(l — u — kv) = Uy — Ugy

in Qu, due to M > 1/4/2. Also, note that w(s(t),t) = 0 = wu(s(t),t) for all t € [0,7].
Moreover, by (2.15), we have

w(s(t) — M, t) = R > u(s(t) — My, t) for all t € [0, 7.

Together with the fact that u(—s(t),t) = 0 for t € [0, 7], it follows that w(n(t),t) > u(n(t),t)
for t € [0, 7]. Then the comparison principle yields that w > u in Q.
Since w(s(t),t) =0 = u(s(t),t), we then obtain that

(2.22) uz(s(t),t) > wy(s(t),t) = —2MR.
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Similarly, we can prove that

(2.23) vz(s(t),t) > —2Mymax{1, ||vlz.. },

T 4 —4
M, = e, =, = min v .
2 max{ 9D’ 3 3 (mgﬂ&,ﬂlo]%(w)»

Combing (2.22) and (2.23) and (1.8), we have proved that s'(t) < uA, where

where

A = 2M; max{1, [|ugl|r. } + 2pM> max{1, ||vo]| ..}

This completes the proof of Lemma 2.2 0

Combing Lemma 2.1 and Lemma 2.2, we can prove Theorem 1 as follows.
Proof of Theorem 1. By Lemma 2.1, we can define Ty, > 0 as the maximal existence time
of the solution. We assume that T,., < oo for contradiction. By Lemma 2.2, there exists a
positive constant K which dose not depend on Ty such that 0 < u(x,t),v(x,t),s'(t) < K
for all z € [0, s(¢)] and t € [0, Thax). In particular,

so < s(t) < sg+ Kt for all ¢t € [0, Thax)-

Fix € € (0,Thax) and A > Ty, it follows from the standard regularity theory that there
exists K’ > 0 depending only on €, A, K such that

u(-t)le2os, 10C D llezqosen < KVt € [€, Thax)-

Following the proof of Lemma 2.1, there exists a 7 > 0 which depends only on K and K’
such that the solution of (FBP) with any initial time ¢ € [¢, Tiyax) can be uniquely extended
to the interval [t,¢ 4+ 7). This contradicts with the definition of Ty,.x because the solution
with the initial time Tj,.x — 7/2 can be uniquely extended to the time Ty + 7/2. Thus,
Tax = 00. This completes the proof of Theorem 1. ([l

3. PRELIMINARIES

The basic technique we use in this section is the comparison principle over some suitable
parabolic regions. The first lemma will be used later frequently. It can be thought as a

special case of Proposition 3.3 in [5]. Consider the problem (F):

u; = Dug, +ru(l —bu), = € (0,1), t >0,
u.(0,t) =0, u(l,t) =0, fort >0,

for given b,r, D > 0.
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Lemma 3.1. Let [* := g\/é Then we have: (i) all positive solutions of (Py) tend to zero

in C([0,1]) ast — oo, if I < I*, (ii) there exists a unique positive stationary solution ¢ of
(Py) such that all positive solutions of (Py) approach ¢ in C([0,1]) ast — oo, if | > I*.

Furthermore, we need the following lemma which is a special case of the Corollary 1 of
Murray and Sperb [33].

Lemma 3.2. Given k € R. The the smallest eigenvalue (k) of

w” 4+ k' + Aw =0, x € [—1,1] with w(£l) =0

18 given by
_ (T2 Ko
M) = (2 + (5
For the smallest eigenvalue A;(k), it is easy to find an eigenfunction
(3.1) w(z) = e 2" cos(%).

Note that w'(x) < 0 for all x € [0,1]. The monotonicity of w on [0,] plays an important role

later on.

Lemma 3.3. Let (u,v,s) be a solution of (FBP). If s, < +00, then

s'(t) =0 ast— 400

Proof. By the standard transformation

Y= x u(y,t) :=u(x,t) and 0(y,t):=v(x,t).

s(t)’
The free boundary problem (FBP) can be transformed into a fixed boundary problem. Then
by the standard L theory and the embedding theorem, we see that @ and v have a uniform
CHe(+2)/2 hound over {(y,t) : 0 <y < 1,t € [r,7 + 1]} for any 7 > 1, where a € (0, 1).

Note that this bound is independent of 7. Hence there exists a positive constant C' such that

<,

(3.2) HS,HC%[LOO) =

by using the boundary condition (1.8).

Now, for contradiction, suppose that there exists a sequence {t, } such that ¢, — oo and
s'(t,) — o as n — oo for some o > 0. Due to (3.2) we can find € > 0 small enough such
that s'(t) > o/2 for all t € [t,, — €,t, + €] for all n. Then we obtain

0 0 tn+e o
Soo = S0+ / s'(t)dt > so + Z/ §dt = o0,
0

a contradiction. Hence Lemma 3.3 follows. O

Lemma 3.4. Let (u,v,s) be a solution of (FBP). If s, > s*, then s, = +00.
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Proof. We divide our discussions into three cases: (i) D < (ii) D > r (iii) D =r.

Case (i): In this case, we have

., m™ D 1
s === .
2V r+/1—h

For contradiction, we assume that so, € (s*,+00). Then one can choose [ € (s*, s,,) which

is sufficiently close to s, and € > 0 small enough such that

-1
m |D 1 re\2 .

(3.4) (3%0) s'(t)<e Vt>s(). (DuetoLemma 3.3)

For such a fixed [, we define w as in (3.1) with x :=¢/D and

@) = (10w (5] ).

where 6 > 0 is to be determined.

We shall compare (u,v) with (@, v) over Qp, where
Qp :={(z,t): 0<x<s(t), t > T} for some T > 1.
To do so, we first prove that there exists Ty > 0 such that
(3.5) u(z,t) <1l+4e€ V(x,t) €[0,s(t)] x [To,+00).

Let n(t) be the solution of n, = n(1 —n) with 1n(0) = |Jul/co,s. By the comparison
principle, u(x,t) < n(t) for all € [0,s(t)] and ¢ > 0. Letting t — +oo yields that
limsup,_,, o w(z,t) < 1 uniformly for = € [0, so). Hence (3.5) follows.

We next prove that there exist # > 0 and 77 > Tj such that v(0,¢) > 6 for all ¢ > T;. For
this, recall from (3.3) that

2V rvVi—h—ce¢

Using Lemma 3.1 one can find ¢ > 0 satisfying
D" +rdl[(1—h—¢€)—¢] =0, 0 <z <, ¢'(0)=0and ¢() = 0.

By using (3.5) and choosing v > 0 sufficiently small, one can compare v¢ with v to obtain
v > ve¢ for all x € [0,{] and t € [T}, 00) for some 77 > Tj large enough. Hence we obtain
that v(0,t) > 6 :=v¢(0) > 0 for all t > T;.

We now fix T > max{s~*(l), T} } and choose 0 < § < 1 such that v(x,T) > dv(x,T) for all
x € [0,s(T)] and v(0,t) > 0 > 0v(0,t) for all t > T. Also, note that v(s(t),t) = 0 = v(s(t),t)

and u; > Uy, +u(1 —u — kv). To compare (u,v) with (u,v) over Qr, it suffices to show that

(3.6) v, < Dv,, +rv(l —v — ha).
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Direct calculation yields that

rv(l —v — ha)
= ( (1) ) - D(%)Qw" —orw[(1 —h —¢€) — duw]
< % [ }w + dw [row + DA\ (k) —r(1 — h — €)]

for all (z,t) € Qr.
Using (3.4) and the fact that w' < 0 for all x € [0,1], to derive (3.6) it suffices to show
that

réw + DA\(k) —r(1—h—¢€) <0 in Qp.
Note that (3.3) is equivalent to
DX\ (k) —r(l—h—¢€) <0,

so (3.6) holds if necessary we choose a smaller 6. Then the comparison principe yields that
v(z,t) < wv(z,t) for (z,t) € Qp. Moreover, we see from v(s(t),t) = 0 = v(s(t),t) that

(3.7) v, (s(t),t) > v.(s(t),t) Vt>T.

By taking t — 400 it follows that

0< ﬁw (1) < 0,
Soo
a contradiction. Thus we conclude that s, = oo if s > s*.
Case (ii) can be proved by a similar argument as in Case (i), so we omit here. For Case
(iii), we may assume, without loss of generality,
1 T 1

<.
Vi—h 21—k

Then the proof can be done by using the same argument as in Case (i). 0

Recall that s, = min {%, %\/B}

Lemma 3.5. When D #r, so & (s*, max{g, g\/é}]

b |

Proof. We argue by contradiction. Since the proof of D < r and D > r are similar, so we
only consider the case for D < r. Hence we assume that s., € (s.,7/2]. Our goal is to show
that v(-,t) converges to some function in C*([0, s»)) to reach a contradiction. Such idea is
from [9].
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Let (u,v,s) be the solution of (FBP) and @ be the solution of

atfaera(l—a) O0<zxz<m/2,t>0,
i, (0,1) = 0, wmty_0t>0
(3.8) ), if x €10, s¢],
if z € [sg,7/2].

Then, by Lemma 3.1,

(3.9) lim Hu( )Hc([oﬂr/g]) — 0 ast— +o0.

t—+00

Comparing (u,0) with (u,v) yields that
(3.10) a(x,t) > u(x,t) forall x € [0,s(¢)], t > 0.

On the other hand, let © be the solution of

Uy = DUy +10(1 —0), 0 < 2 < Sso, t >0,
0,:(0,t) =0, 0(Ss0,t) =0, t >0,

_ | v(z,0), if ze]0,s],
o(,0) = { 0, if x € [s0, Soo]-

Again, by Lemma 3.1, we have

(3.11) lim Hv( ) — UOO(-)”C([Q%O}) =0ast— 400,

t—4o00

where v, > 0 satisfies

Dvl 4 r0s(1 — v50) = 0, 0 < & < Soo,

(3.12) { véo(()) = UOO<SOO) 0.

Comparing (0,0) with (u,v) implies that
(3.13) v(x,t) > v(x,t) forall x € [0,s(t)], t > 0.
Combining (3.11) with (3.13), we obtain

(3.14) limsup v(z,t) < voo(z) for x € [0, 550)-

t——+o0

Next, we shall estimate liminf;, , ., v(x,t). Choose s, € (%\/é, soo) with s, T So as

n — 400 and fix s; such that s; is close enough to s.., then {s,} can have the following

property:
D 1
S0 > oy 2 >0 forallneN.
2V 1 /1= (S0 — Sn)

Thus, thanks to Lemma 3.1, for each n there exists a unique v, (z) > 0 satisfying

—8p) — v, =0, 0 <z < sy,
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For each j € N, since v, is bounded in C?**([0, s;]) for all n > j, by the Arzela-Ascoli
Theorem and the diagonal process, we obtain that v, — v in C2.([0,5+)) as n — oo (up
to a subsequence), where v, satisfies (3.12).

For each n, combing (3.9), one can find 7;, > 0 such that
(3.15) hi < so — s, forall x €[0,s(t)], t € [T, 00).

Let v,,(z,t) be the solution of

()t = D)z +70,[1 = (00 — 8n) —0,], 0 <2 <55, £ >0,
(yn)fb(O?t) = 07 (yn)<5n7t) = 07 t > Tna

[ w(x, T, ifz €0, s0],
Qn(x7Tn) - { 0, if x € [50,511]-

Also, we see from (3.15) that
< (yn)t - D(yn)ﬂm - Tyn[l - (SOO - Sn) - Qn] = 07

for all z € [0,s,] and t € [T}, 00). Hence, together with (3.8) and (3.10) we can compare
(@, v,,) with (u,v) over

{(z,t) : (z,t) € [0,s,] x [T},,00)},
which yields v > v,, for all (z,t) € [0, s,] % [T},,00). Again, using Lemma 3.1 yields v,, — v,
in C([0, s,]) as t — +oo. Thus, we obtain that for each n,

liminf v(z,t) > v,(x) for z € [0, s,).

t—+o0
Taking n — +0o we have

(3.16) liminf v(z,t) > v () for z € [0, s5),

t—+o00
where v, satisfies (3.12).
From (3.14) and (3.16) we see that lim; ., v(z,t) = ve(z) for z € [0,55). Finally,
following the process of Lemma2.2 in [9] we can derive
Jim (1) = veo(lle2qo.son = 0,

which implies that v, (s(t),t) = v  (Se) < 0 as t — +00. Hence we can find § > 0 such that
s'(t) > f8 for all large ¢ by using (1.8). But this contradicts Lemma 3.3. Hence we completes
the proof of Lemma 3.5. U

4. LONG TIME BEHAVIOR OF SOLUTIONS WHEN 5., = 00

In this section, we shall derive (1.14) when s., = oco. Firstly, the persistence for the two

species can be established.

Lemma 4.1. Let (u,v,s) be a solution of (FBP) with so. = +00. Then
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(i) limsup,_, o u(z,t) <1 and limsup,_,, v(z,t) < 1 uniformly in x € [0,400),
(i) iminf, o u(z,t) > 1 —k and liminf, o v(z,t) > 1 — h uniformly in any compact
subset of [0, +00).

Proof. Let @ be the solution of @, = @(l — @) with @(0) = |[uol/c(,s))- Then it fol-

lows that u(z,t) < u(t) for all x € [0,s(¢)], ¢ > 0. Taking ¢ — +o0, we obtain that

limsup,_,, o u(x,t) < 1. Similarly, we have limsup,_,, . v(z,t) <1 and so part (i) holds.
We now prove (ii). For any € € (0,1) such that 1 — k(1 +¢) > 0, we fix [ so that

1>02 !
2\ Vickii-9 )"

Since s, = 0o and using (i), one can find 7; > 0 such that s(7}) = [ and v(z,t) < 1+ ¢ for
(z,t) € [0,1] x [T},00). Let u' be the solution of

c=ul Ul —k(l+e)—d], 0<z <, t>T,
(I,t) =ul(0,t) =0, t > T,
o, Th) = u(x,T;), 0 <2 <L
Comparing (u', 1+¢) with (u,v) yields that v > u! for (z,t) € [0,1] x [T}, 00). By Lemma 3.1,
ul(z,t) = ul(z) in C([0,1]) as t — +o0, where ul > 0 satisfies
(ul)pe +ul[1 — k(1 +e)—ul] =0, 0 <z <,
(u2)2(0) =0, ui(l) = 0.
Thus liminf;, o u(z,t) > ul(z) uniformly in [0, 1].

On the other hand, u!(z) — 1 — k(1 + €) uniformly in any compact subset of [0, c0)
as | — +oo (cf. Lemma2.2 of Du and Ma [14]), which implies that liminf; . u(x,t) >
1 — k(1 + €) uniformly in any compact subset of [0,00). Letting ¢ — 0%, it follows that
liminf; o u(z,t) > 1—Fk uniformly in any compact subset of [0, c0). By a similar argument,
we can prove that liminf, , o v(x,t) > 1 — h uniformly in any compact subset of [0, c0).

This completes the proof of Lemma 4.1. 0

Lemma 4.2. Assume that 0 < h,k < 1.

(i) Consider two sequences {iy, fnen and {v, }nen defined as follows:
(ﬂlayl) = (17 1- h’)7 (ﬁn-‘rlygn—&—l) = (1 - kyn? 1- h<1 - an))

Then iy, > tpy > 0 and v, < v, <1 for alln € N. Moreover,

(an,v)%(l_k 1_h) as n — +00.

- 1—hk’1—hk

(ii) Consider two sequences {u, tnen and {0, tnen defined as follows:

(21761) = (1 — k, 1)7 (Qn-i-la 77n+1) = (1 - k<1 - hﬂn)a 1 - hﬂn)'
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Then u, <, ; <1 and vy, > Vpq1 > 0 for all n € N. Moreover,

1—k 1—h
(u,, 0n) — (1—hk’1—hkj) as n — +00.

Proof. The proof of (i) and (ii) are similar, we only show (i). By induction, it is easy to

see that u, > t,41 > 0 and v, < v,,; <1 for all n € N. Hence us := lim,_, - u, and
Voo := lim,, s 4 o v, are well-defined and are finite. From (oo, Voo) = (1 — Veo, 1 — (1 — ko))

we can see that (Us, Vo) = (ﬁ, ﬁ) The proof of Lemma 4.2 is completed. O

The symbols i, v,,, &, Un, U and vy defined in Lemma 4.2 will be always used in this

n’

section.

Lemma 4.3. Let (u,v,s) be a solution of (FBP) with so, = +00. Then

uy < liminfu(x,t) <limsupu(x,t) < o,
t—+oo t—+o0

vy, < liminfo(z,t) <limsupov(z,t) < Uy,
t—+oo t—+o00

uniformly in any compact subset of [0, +00).

Proof. We first prove that limsup,_,, . u(z,t) < 4 uniformly in any compact subset of
[0,4+00). For any given ¢ € (0, %), by Lemma 4.1, there exists T, > 1 such that

v(xz,t) >1—h—3he =v; —3he >0, (z,t)€[0,25] x [T, 00)

u(r,t) <l+e=1u +e, (2,t) €[0,25] x [1, 00),

where S. := 3-4/%%, a:=1(1— 1) and b. > 0 is to be determined.
To compare with (u, v) we need to construct a suitable supersolution (U(x,t),V (z,t)). To

do so, let
a. := Uy + 3hke =1 — k(v, — 3he) > 0,

b =1 +e—a.=14+¢e—a. >0.

Then, we define (U(x, 1),V (z,t)) = (¢(t)+¢(x)+¢,v, —3he), where ¢ satisfies ¢, = ¢(a.—¢)
with ¢(7;) =1+ ¢, and
0, x€]0,5],

’QZ)(.I’) = bz—: o N 255 . (ilf - Ss)ﬂ'
2as. x— S, — sin 5 )| x € [Se, 25.].

Note that ¢ | a. as t — +00 and it is easy to see U € C*'(Qr), where

Qp = {(z,t): ©€]0,25], t >T.}.
By direct computation, we have

(41) V,-DV,, —rV(1 -V —hU)=—-rhV(1+3c—-U)<0 if U<1+3e.



FREE BOUNDARY PROBLEM 19

For (x,t) € [0,5.] x [T.,0), U(z,t) = ¢(t) + ¢. Since ¢(t) > a. for all t > T, it is easy to
see that

(4.2) U, — Upo —T(1 =T — kV) > £(b(t) —a) > 0 for (x,t) € [0,5.] x [T%, 0).

For (z,t) € [Se, 2S:] X [Tr, 00), since 1, (x) < 4b5§2 for all x € [S.,25.], we have

(43) Ct C;Bz E (1 C kK) Z 52 ¢xax (¢ 5) (Qb aE)
b.m
2 2 € _
> &8 = 2 € " Ias? =0

Because (4.1) holds only for those (z,t) satisfying U < 1 + 3¢, we need to adjust the
region for applying the comparison principle. Let = = L(t), ¢ > T., be the curve so that
U(L(t),t) = 1+ 3e. Set Qp := {(z,t) : s € [0,L(t)], t > T.}. Then, it is not hard to see

(4.4) {(z,t): z€0,5.], t>T.} € QrN Q.
On the other hand, we also have the following:

U(L(t),t) = 14 3¢ > u(L(t),t), for t > T,

U(2S.,t) = ¢(t) +(25.) +& > a. + b. + e =1+ 2e > u(2S.,t), fort > T,
V(2S.,t) = vy — 3he < wv(28.,t) for t > T,

U.(0, t) =V,(0,t)=0fort > T,

Uz, T.) > u(z,T.), V(z,T.) < v(z,T,) for z € [0,25.].

Together with (4.1), (4.2) and (4.3), the comparison principle yields that U > w in Q7 N Q.
In particular, ¢(t) + & > u in (z,t) € [0,S:] x [T, 00) because of (4.4). Thus
limsupu(z,t) < a. +¢ = uy + (3hk + 1)e, for z € [0, 5,].

t—+o00

Taking e — 0 (S. — +00), we obtain that lim sup,_,, . u(z,t) < @y uniformly in any compact
subset of [0, +00).

Next, we can prove that liminf; , . u(z,t) > v, uniformly in any compact subset of [0, 00)
by using the argument similar to the proof of Lemma 4.1(ii). Indeed, we replace 1 + ¢ by
Us + € in the proof of Lemma 4.1(ii), then the result follows.

Using an argument similar to the above we can prove that limsup,_,,  v(z,t) < ¥, and
liminf, o u(z,t) > w, uniformly in any compact subset of [0,4+00). We omit the details

here. Thus, we complete the proof of Lemma 4.3. (l

Indeed, we can continue the strategy as in the proof of Lemma 4.3 to obtain the following

Corollary.
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Corollary 2. Let (u,v,s) be a solution of (FBP) with s = +00. Then for each n € N,

w, <liminfu(x,t) <limsupu(z,t) < u,,
t—+too t—+o00

v, < liminfo(z,t) < limsupv(z,t) < U,
t—+o00 t—+00

uniformly in any compact subset of [0, +00).

5. PROOFS OF THE MAIN THEOREMS

This section is devoted to the proofs of the main theorems stated in Section 1.

At the beginning, we state a comparison principle for the free boundary problem (FBP).
Indeed, we will find some suitable functions w;, wy and ¢ such that we can compare
(w1, ws,0) with (u,v,s), the solution of (FBP). The proof can be modified by the com-
parison principle for the free boundary problem in a scalar equation (see Lemma 3.5 of [12]).

For reader’s convenience, we also give a proof here.

Lemma 5.1. Let (u,v, s) be a solution of (FBP). Also assume that (wy,ws,0) € C*1(D) x
C*Y(D) x C'([0,00)), where D := {(z,t): 0 <z <o(t), t >0}, satisfying the following:

(5.1) Wiy 2> Wi ze +wi(l —w;) in D,

(5.2) Wat > Dwsg yy + 1w (1 — wy) in D,

(5.3) w;.(0,t) <0, wi(o(t),t)=0,t>0,i=1,2,
(5.4) o'(t) > —p(1 + p)w; o (o(t),t), t >0, i =1,2.

If wy(x,0) > up(x), wa(x,0) > vo(x) for all x € [0, s¢] and o(0) > sg, then o(t) > s(t) for
all t >0, wi(x,t) > u(z,t) and we(x,t) > v(x,t) for all x € [0,s(t)], t > 0.

Proof. We first consider that o(0) > so. Then o(t) > s(t) for small t. We can derive that
o(t) > s(t) for all ¢ > 0. If this is not true, there exists T > 0 such that o(7T") = s(T),
o(t) > s(t) for all t € (0, 7). Thus,

(5.5) s'(T) > o'(T).

Set Qr = {(z,t) : 0 <ax < s(t), t € (0,T]}. If u,(s(T),T) < v, (s(T),T), by (5.1), (5.3)
and wy (z,0) > ug(x) for x € [0, sol, the strong maximal principle implies that w; > u in Q7.
Due to wy(s(T"),T) = u(s(T),T), we obtain wy ,(s(T"),T) < uy(s(T),T). However, it follows
from (5.4) that

o'(T)

v

—p(1 + p)wia(s(T), T) > —p(l + p)ua(s(T),T)
—(ug(s(T), T) + puo(s(T), T)) = s'(T),

V
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a contradiction to (5.5). If u,(s(T),T) > v.(s(T),T), similarly, using (5.2), (5.3), (5.4) and
ws(x,0) > vo(x) for z € [0, s¢], we can reach a contradiction again. Thus we obtain that
o(t) > s(t) for all t > 0.

From this, by comparing (@, v) := (wq,0) with (u,v), and (u, u) := (0, wy) with (u,v) over
Qp for any T' > 0, respectively, we obtain that wy(x,t) > u(x,t) and we(z,t) > v(zx,t) for
all z € [0,s(t)], t > 0.

For the general case that o(0) > sg, we can construct some suitable function (u., v, s.)
solving (1.5)-(1.7) and s.(t) = —u(1 — €)(uy(s:(t),t) + pv.(sc(t),t)) for t > 0, with suitable
initial data (ue g, ve 0, Seo) such that o(0) > s.o for each € > 0 and (ue, ve, s.) — (u,v,s) as
¢ — +0. Then the lemma follows by taking ¢ — +4-0. O

We are ready to prove our main results.

5.1. Proof of Theorem 2. . Choose | € [sy,s.]. Let @ be the unique solution for u; =
Uze + u(l —u), (z,t) € (0,1) x (0,+00) with the boundary condition wu,(0,t) = u(l,t) =0
for ¢ > 0 and the initial data

uo(x) if z € (0, sgl,
u(x,o):{ 0 (@) ifl'g{sml]]‘

Also, let © be the unique solution for v; = Duv,, + rv(l1 —v), (x,t) € (0,1) x (0, +00) with
the boundary condition v,(0,t) = v(l,t) = 0 for ¢ > 0 and the initial data

vo(z) if z € [0, s0],
U(ZE,O):{ 0( ) if;pg%so,l]}-

Due to Lemma 3.1,

(5.6) timJu(-,t)logon = Jim_[lo( llegoa = 0.

t——+00
Comparing (u,0) with (u,v) and (0,0) with (u,v) respectively, over
Q= {(z,t) eR*: 0<x <s(t), t >0},

we obtain 0 < u < @ and 0 < v < v in . Together with (5.6) we complete the proof of
Theorem 2 (i). Part (ii) follows from Lemmas 3.4 and 4.1. O

5.2. Proof of Theorem 3. . To prove this, it suffices to show that s, = +00 if s5, > s,.
Indeed, when (D, r, h, k, u, p) € AU B, we have

. ™ |D
ST € | Sy, MmAX S =, =\/ —
< {2 2V r

By Lemma 3.5, we see that s, > s*, if s > s,. Thus Theorem 3 follows from Theorem 2
(ii). O
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5.3. Proof of Corollary 1. . (i) Since s'(t) > 0 for all ¢ > 0, s, > s* if 59 > s*. Then
Corollary 1 (i) follows from Theorem 2.
(ii) Again, using that s'(¢) > 0 for all ¢ > 0, we have so > s, if sp > s.. So Corollary 1
(ii) follows from Theorem 3.
(iii) To do so, we shall use the argument from Ricci and Tarzia [36] and adopt the following
functions constructed by Du and Lin [12]:
o(t) :=so(1+0— ée_at), t>0,

2

w(x,t) = Me_atV(%), 0<z<o(t),

V(y) == Cos(gy), 0<y<1,

where

1 |s. .
§ = 3 [z_o — 1} >0 (since sg < Sy),

and a, M > 0 are to be determined. To apply Lemma 5.1, we need to confirm (5.1)-(5.4).
Since so(1 4 6) < s, we have

1 . T, D T o 1
(5.7) Q= imm{(i) m—r,(i) m—l} > 0.

It follows from direct computation and (5.7) that

7r 1
— Wy — w(1l —w) > MVe ™ |(2)? —1—al >0,
wy w ’U)( U)) - € |:(2) (1 + 5)28(2) Oé:| -
wy — Dwgy — rw(l —w) > MVe (E)2 D —r—al >0
t T - 9 (1 —|—5)2S(2) =~ U.
By choosing M := max{|[uo ||z, ||vo||r=}/ cos(575), we have w(z,0) > max{ug(z),vo(x)}

for all x € [0, s].
When (1.13) holds, we have

(1) (1 + (o (8), 1) = S50~ — (14 e~ (1) 2

L (,S00) (o d))

the last equality holds because o’(t) > 0 for all ¢. Thus we obtain (5.4). By Lemma 5.1,
o(t) > s(t) for all t > 0. Taking t — 400 and using that so(1 +9) < s.,

Soo < 0(400) = 50(1 + ) < 5.

Then Corollary 1 (iii) follows from Theorem 2 (i). O
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5.4. Proof of Theorem 4. Letting n — +oo in Corollary 2 and applying Lemma 4.2,

Theorem 4 is proved.
5.5. Proof of Theorem 5. We shall apply Lemma 5.1 to prove

(5.8) s(t) < o(t) == 00+ Cmin -t forall t >0,

where o9 > 1 is to be determined.
Let U(§) and V (), € := & — ¢in - t, with U(0) = V(0) = 1/2 be the solution of

CoU +U"+ U1 -U)=0n R, cpinV+DV"+rV(1-V)=01in R,
(U, V)(—o0) =(1,1) (U, V)(x) = (0,0), U' <0, V' <0in R.

Such U exists because ¢y, > 2, V' exists because ¢y > 2VrD (c.f. [24]).

We now choose k > 1 such that kU (&) > |lug||r~ and £V (§) > ||vg||r= for all £ € [0, sq].
Next, fix o9 > s depending on «, D, r, i, p such that

(5.9) U@@<x$&JUQy—%fq,V@@<r$%JV@y-Wfq,
(5.10) U@@,V@@gl—%,

(5.11) — k(1 + p)pmin{U’(50), V'(00)} < Canin-

Now, set

wy(z,t) = KU(x — epmint) — kU (09),
KV (T — cmint) — KV (00).

S
[N}
s
o

I

Then, using (5.9) and the monotonicity of U and V', we can see that (5.3) holds, w;(z,0) >

up(z) and wq(xz,0) > vo(z) for & € [0, so]. Also, direct calculation gives

>0

- 9

_mUw@)?+m—1—nUw@

Wip — Wige —wi(l—wi) =k [(“_1) (U Kk —1 Kk —1)

the last inequality follows from (5.10), which implies (5.1) holds. Similarly, (5.2) also holds.
Note that (5.4) follows from (5.11). Recall also 0(0) = o9 > s¢. Therefore, we can apply
Lemma 5.1 to reach (5.8), and so

t
lim sup i) <l
t—+o00 t—

— Cmin-

0
400

This completes the proof Theorem 5. U
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6. DISCUSSION

In this paper, we study a Lotka-Volterra type model with weak competition, i.e., 0 <
h,k < 1, and with a free boundary. The model describes that two species u and v competing
with each other in a one-dimensional habitat. We envision that the species initially occupy
the region [0, so] and have a tendency to expand their territory together. Then we extend
some results of [12] for one species case to two-species weak competition system.

We obtain several results for this setting. Theorem 2 provides a sufficient condition for
spreading success and spreading failure via s, := lim;,, s(tf). When the parameters
(D,h,k,r,pu,p) € AU B, we can make sure that s, & (s.,s*], where sets A and B are
defined in (1.11) and (1.12), respectively. Then a spreading-vanishing dichotomy can be
established by using Theorem 2 and the critical length for the habitat can be characterize
by s, in the sense that the two species will spread successfully if the spreading front z = s(t)
can across the threshold s,, while the two species will die out eventually if the spreading
front stays within s, (Theorem 3). However, if (D, h,k,r,pu,p) ¢ AU B, so may fall in
(S, 8], we do not know much about the dynamics of u and v.

In Corollary 1, we provide some conditions on the initial data to distinguish the spreading
and vanishing. If the size of initial habitat is small, and initial populations are small enough,
it causes no population can survive eventually, while they can coexist if the size of habitat is
large enough, regardless of initial population size. This phenomenon suggests that the size
of the initial habitat is important to the survival for the two species. It is well-known that
the effect of habitat size to the survival for species with Dirichlet boundary problem is quite
important (see, for example, [5]).

Finally, Theorem 5 reveals that the asymptotic spreading speed (if exists) cannot be faster
than the minimal speed for the traveling wave solutions corresponding to the model (1.3)-
(1.4). It would be very interesting if one can realize how the asymptotic spreading speed

depends on these parameters. We leave this issue for the future study.
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