TRAVELING WAVE FRONT FOR A TWO-COMPONENT LATTICE
DYNAMICAL SYSTEM ARISING IN COMPETITION MODELS

JONG-SHENQ GUO AND CHANG-HONG WU

ABSTRACT. We study traveling front solutions for a two-component system on a one-
dimensional lattice. This system arises in the study of the competition between two species
with diffusion (or migration), if we divide the habitat into discrete regions or niches. We
consider the case when the nonlinear source terms are of Lotka-Volterra type and of monos-
table case. We first show that there is a positive constant (the minimal wave speed) such
that a traveling front exists if and only if its speed is above this minimal wave speed. Then
we show that any wave profile is strictly monotone. Moreover, under some conditions, we
show that the wave profile is unique (up to translations) for a given wave speed. Finally, we
characterize the minimal wave speed by the parameters in the system.

1. INTRODUCTION

In this paper, we study the following two-component lattice dynamical system (LDS):

du;
(1.1) = i g = 2up) + (1 = uy = ko),
) v

where t €e R, j € Z,d > 0, h > 0, k > 0, and r > 0. This system arises in the study
of the competition between two species with diffusion (or migration) when the habitat is
of one-dimensional and is divided into niches or regions. Here u;(t) and v;(t) stand for
the populations at time ¢ and niches j of two species u, v, respectively. With a certain
normalization, we assume that the birth rates of species u, v are given by 1,r, the carrying
capacities are equal to 1, and the diffusion coefficients of species u, v are given by 1,d. Here
all constants are positive. The constants h, k are inter-specific competition coefficients.

In general, there are three distribution patterns of species in ecology: random, uniform
and aggregated dispersion. For the aggregated dispersion, LDS model is more suitable than
continuous PDE model to describe the phenomenon of two competition species. On the other

hand, if we consider spatial scaling by setting u,;(t) := u(jAw, t) and v;(t) := v(jAx, t), where
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Az is the spatial mesh size, then by taking Az — 0 we obtain the continuous model. The
PDE model is realized under an assumption that census tracts can be viewed as infinitesimal.

Lattice dynamical systems can be found in many applications, such as material science,
image processing, pattern recognition, chemical reaction, biological system and so on. This
can be seen from the survey papers by Chow [4] and Mallet-Paret [21] or the books of Fife [6]
and of Shorrocks and Swingland [23]. On the other hand, lattice dynamical systems can also
be considered as a discrete version of PDEs. For example, the problem (1.1) can be thought
as a spatial discretization of the following diffusing Lotka-Volterra competition model:
(1.2) { Up = Uz + u(l —u — kv),

Uy = dUge +10(1 — v — hu),

where z € R, t € R, u = u(z,t) and v = v(z,t). The variables u = u(x,t) and v = v(z,t)
stand for the population densities of two species, so we only consider v > 0 and v > 0.

In the case of diffusion free, (1.2) becomes an ODE system which has at least three
equilibrium solutions (u,v) = (0,0),(0,1) and (1,0). Moreover, when 0 < h,k < 1 or

h,k > 1, there exists the fourth equilibrium solution

(1-k 1-h
O\ TSIk )

In fact, for any given initial data, we can classify the asymptotic behavior of the solutions

into four cases as follows:
(A) If 0 < k < 1 < h, then limy_,, o (u,v)(t) = (1,0) (the species u wins).
(B) If 0 < h < 1 < k, then lim;, 1 (u,v)(t) = (0,1) (the species v wins).
(C) If h,k > 1, then lim; ;oo (u,v)(t) = (0,1) or (1,0) (depending on the initial data).
(D) If 0 < h,k < 1, then lim;_,, o (u,v)(t) = e4 (two species coexist).

Not that the case (B) can be reduced to the case (A) by exchanging the roles of v and v.
From the biological point of view, it is interesting to see whether one species is stronger
than the other. The superior species shall invade the inferior one so that the inferior species
will be eventually extinct. To describe such an invading phenomenon, the traveling front
plays an important role. Here traveling fronts are C? bounded functions with the special

form

w(z, t) =u(), vz, t)=0v(), &=x+ct,
which connect two different equilibria from {(0, 1), (1,0),(0,0), e4}, where ¢ € R is called the
wave speed. Then (1.2) becomes the following system of ODEs

cug = uge +u(l —u—kv), £€R
cve = dvge +rv(l —v — hu), € € R.
The study of traveling front for Lotka-Volterra competition model with diffusion has at-

tracted a lot of attention for past years. There are many interesting studies on the existence
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of positive traveling front solutions of (1.2) which connect two different equilibria. We list
some known results as follows.

For case (A), Okubo, Maini, Williamson and Murray [22] showed that a positive wave
connecting (0,1) and (1,0) exists if and only if its wave speed is larger than or equal to
2v/1 —k, when 7 = d = 1 and h + k = 2. Hosono [11] showed that the existence of positive
waves of (1.2) for small d > 0 by using the singular perturbation method. Kan-on [15] proved
that a monotone wave connecting (0, 1) and (1, 0) exists if and only if its wave speed is larger
than or equal to a constant (depending on r,d, h, k) which is the so called the minimal wave
speed. Moreover, the minimal wave speed of (1.2) is always larger than or equal to 2v/1 — k.

For case (C), there exists a unique wave speed such that a traveling front connecting (0, 1)
and (1,0) exists and is unique up to translations. Gardner [7] and Conley and Gardner [5]
determined the wave speed implicitly by a topological method. This case is also called the
case of strong competition. Both equilibria (0,1) and (1,0) are stable and so we have the
bistable nonlinearity.

On the other hand, it is also very interesting to determine whether two species can live
together. This is case (D). This case is the so-called co-existence case with weak competition.
For case (D), Tang and Fife [24] proved that there exists a positive constant ¢y such that
a positive wave front connecting (0,0) and ey exists if and only if the wave speed is larger
than or equal to ¢y. For more works about the study of traveling wave solutions of (1.2),
we refer to [13, 14, 15, 16, 17, 18] and the references cited therein.

The purpose of this paper is to study the cases (A) and (B) (monostable case) for lattice
dynamical system (1.1). Since the case (B) can be reduced to the case (A) by exchanging the
roles of u; and v;, therefore we shall only consider the case (A). We are interested in traveling
front solutions of (1.1) in the special form wu;(¢) = U(&) and v;(t) = V(§), £ = j + ct, where
¢ € R is called wave speed, U, V are called wave profiles. Since we are looking for fronts
connecting (0, 1) and (1,0), therefore, our problem is to find (¢,U,V) € R x C*(R) x C'(R)
such that

gy [ U =DolU]+ U(L—U = kV), V' = dD,[V] + 7V (1 =V — hU) on R,
(1.3) { (U, V)(=0c) = (0.1), (U,V)(400) = (1,0), 0<U,V <1onR,

where Ds[d](&) :=p(E+ 1)+ d(E—1) —20(£), 0<k <1< handrd>D0.

In the sequel, we shall always assume the following assumption:
(Al) 0<k<l<h,d>0andr>0.

First, we prove the following theorem on the existence of traveling fronts.
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Theorem 1. Assume (A1l). Then there ezists a positive constant ¢, such that the problem
(1.3) admits a solution (c,U,V) satisfying U'(-) > 0 and V'(-) < 0 on R if and only if

& Z Cmin -

Due to this theorem, we call the positive constant c¢,,;, as the minimal wave speed. Next,

we prove the monotonicity and uniqueness of wave profiles as follows.
Theorem 2. Assume (A1l). Then all wave profiles are strictly monotone.

Theorem 3. Assume (A1l). If d < 1, then the wave profile is unique up to translations for

a given wave speed ¢ > Cpin-

The proofs of these two theorems rely on the analysis of asymptotic behaviors of wave
tails. We put this complicated analysis in §3.

Finally, we give the characterization of the minimal wave speed by those parameters
r,d, h, k. A plausible lower bound of the minimal wave speed is given by

{(6A+6‘A—A2)+(1—k)} .

Indeed, by linearizing the U-equation in (1.3) around the unstable equilibrium (0, 1) gives

¢. = ¢i(k) := min

the following characteristic equation
(1.4) D(c,\):i=cA—[(e*+e?—2)+(1—k)] =0.

It is easily to see that (1.4) has a real root if and only if ¢ > ¢,. In fact, we have the following

characterization of minimal wave speed.

Theorem 4. Assume (Al). Then Cpin > ¢o. In particular, ¢, = ¢ when d <1 and

1—
(1.5) (h,k,r)G{hk‘gl,r>0}u{hk‘>1,0<r§hk_kl}.

From Theorem 4 we know that under condition (1.5), the minimal wave speed of (1.3)
can be characterized exactly, i.e., ¢, = ¢4 Condition (1.5) is similar to a condition which
appears in studying the spreading speed of the PDE model (1.2) in [19]. Indeed, Lewis, Li
and Weinberger [19] proved that the spreading speed of (1.2) is equal to 2y/1 — k when

1—
(1.6) (h,k,7) € {hk < 1,r>0}u{hk> 1,0 <7< (2—d)hk_k1}

for d € (0,2]. They called the spreading speed of the PDE model (1.2) is linearly determined.
See also [25, 19, 20]. It is known that, for certain homogeneous PDE models, the spreading
speed is the same as the minimal wave speed. In a forthcoming paper [9], we shall genearlize

Theorem 4 to a wider range of parameters than (1.6) so that the minimal wave speed for
(1.2) can be characterized to be equal to 2v/1 — k from a different view point than that of
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20, 19]. Note that, by a numerical simulation, in [12] Hosono conjectured that 2v/1 — k is

the minimal wave speed of (1.2) under the condition
(hk,r) € {hk <1,r >0} U{hk >1,0<r <7}

for some r, = r.(h, k,d) > 0 for certain d > 0.

On the other hand, the minimal wave speed can be thought as the invasion speed. Under
condition (1.5), Theorem 4 shows that the species u will accelerate their invasion speed when
k decreases, since ¢, (k) is increasing as k decreases. Moreover, when k is quite close to 0
(i.e., v almost cannot threaten u), we have
(er+er=2)+1 .

Note that ¢ is the minimal wave speed of the following one component lattice dynamical

e = (k) = min{

A>0

system with KPP nonlinearity

Wy = (Uj1 + ujo1 — 2uy) + (1 — uy),

see, e.g., [2]. Also, c.(k) < ¢ for all k£ € (0,1). This tells us that the competition indeed
makes the invasion speed slower and we may almost neglect the influence from species v to
u when k£ < 1.

We now briefly describe the organization and main ideas of this paper as follows. In the
next section, we give a proof of Theorem 1 which is motivated by the work [2] in which
a traveling front solution can be constructed by using a sequence of truncated problems
with the help of a super-solution. For extending this method from a single equation to a
system, the key point here is to choose suitable translations of truncated solutions for both
components so that the limit functions are not trivial (i.e., not identically equal to 0 or 1).
It turns out that, due to the nonlinearity of our system, we only need to work on the V-
component so that V;(0) takes a fixed value in (0, 1) along a suitable approximated sequence
{Vi}. For more details, see §2.

In preparation of proving monotonicity and uniqueness of wave profiles, we study the
asymptotic behavior of wave tails in §3. Based on a fundamental theory (see Proposition 2
in §3) developed in [2] (see also [3]), the limit of U'/U as £ — —oo can be easily computed.
This also gives an upper bound estimate of the minimal wave speed. However, it is not
trivial to compute the limit of V'/(1 — V') as £ — —oo. The main difficulty here is the lack
of exact information about the limit of U/(1 — V') as £ — —o0o, which is needed in applying
Proposition 2. Hence a new idea is developed here to overcome this difficulty. Similarly, we
can compute the limits of V//V and U’/(1 — U) as £ — 4o00. This is the first part of §3.

Although the above asymptotic limits are sufficient for the proof of monotonicity theorem,

we need more precise information about the wave tails for the uniqueness of wave profiles.
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In order to derive more precise asymptotically exponential tails of wave profiles, we use
the bilateral Laplace transform for both components U and 1 — V. A modified version of
Ikehara’s Theorem is applied (cf., e.g., [1] and [10]). This is the second part of §3.

Based on these asymptotic behaviors, we then show the monotonicity of wave profiles
and the uniqueness of wave profiles for a given wave speed in §4. Finally, in §5, under the
assumption (1.5), a super-solution can be constructed so that Theorem 4 can be proved.

Some discussions on the minimal wave speed shall also be given at the end of this paper.

2. EXISTENCE OF TRAVELING FRONT

To study the existence of traveling front, it is more convenient to work on (U, W), where
W :=1—V. Then (1.3) is equivalent to

U = Dy[U] + U1 — U — k(1 — W),

W' = dDy[W] + 1(1 — W)(hU — W),

(Ua W)<_OO) = (070>? (U> W)(+OO) = (17 1)a
0<UW <1,

(2.1)

where 0 < £k <1 < h and r,d > 0 are always assumed.

We first give some properties of solutions of (2.1).
Lemma 2.1. If (c,U,W) is a solution of (2.1), then 0 < U(-),W(-) <1 in R and ¢ > 0.

Proof. For a contradiction, we assume that there exists £, € R such that U (&) = 0. Without
loss of generality, we may assume & is the right-most point such that U(&) = 0. Such &
exists, since U(+o00) = 1. Since 0 < U, W < 1 and U’(§) = 0, from the first equation of
(2.1) it follows that U(§ + 1) = U(§y — 1) = 0, a contradiction with the definition of &.
Thus U(-) > 0 in R. Similarly, we have W(:) < 1 in R. Then it is easy to derive U(-) < 1
and W(-) > 0 in R by using U(+) > 0 and W(-) < 1 in R.

Next, since (U, W)(—o00) = (0,0), there exists N > 1 such that

L—U() = k(1= W() > %(1_k) -0

on (—oo, —N). Integrating the first equation of (2.1) over (—oo, ) and using the boundary

conditions, we obtain

e+l ¢ ¢
22) @)= | Uls)ds— [ Uls)ds + / UL = U — k(1 — W)](s)ds.
¢ -1 o
Hence for £ < —N we have
e+l ¢ 1 ¢
o +1> ) — [ Uds+ [ Uls)ds > (1 — k) / U (s)ds.
¢ e-1 2 o
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This implies that R(§) := ffoo Ul(s)ds is well-defined for all £ < 4+o00. For x < —N, since R

is increasing, by integrating over (—oo, z) we deduce from (2.2) that

CR(z) /:H R(€)de — /_1 R(€)de + /_OO /_io Ul — U — k(1 — W)|(s)dsdé > 0.

Thus ¢ > 0 and the lemma follows. U
Now, let ¢ be a fixed (arbitrary) positive constant. For a positive constant p (to be

specified later), we define
HL(U,W)(€) = () + ~DalUN(E) + ~U(©)[1 ~ U() — k(1 — W),

Ho(U,W)(©) = uV(€) + TDufIV)(E) + (1~ W(E) (hU(€) — W(E)).

It is easy to see that if (U, W) is a solution of (2.1), then

13
U(€) = Ty (U, W)(€) 1= e ¢ / e H, (U, W) (s)ds,

—00

3
W) =T (UW)(E) := 6_“5/ et Hy(U, W) (s)ds.

Conversely, if (U, W) satisfies the above integral equations, then it satisfies the differential
equations of (2.1). By choosing pu > 0 sufficiently large, we see that the integrals are well-
defined in R and have the monotonic property, i.e.,
0<UI()SU() <1, 0<Wi(-) S Wh(-) <1 in R
= Hi(Ui, Wh)(") < Hi(Us, W2)(+), Ha(Ur, W1)(-) < Ha(Ua, Wo)(-) in R
= Ti(U, W1)()) < Th(Uz, W2)(+), To(Ur, Wh)(+) < To(Uz, W2)(+) in R.

To see this, we may write
(2.3) c[Hi (U, Wh)(s) — Hi(Uy, W1)(s)] = {eu — 2+ (1 — k) — (U + Us) () H(Ur — Us)(s)
+(U1 — UQ)(S + 1) + (Ul — Ug)(s — 1) + k:(U1W1 — UQWQ)(S),

for example, then it is easy to derive the above monotonic property.

Following [2], for each n € N, we consider the following truncated problem:
(2.4) cU' = Dy[U+U[l-U—-k(1-W)], VE&e[-n,0],
(2.5) W' =dDy[W]+r(1 —=W)(hU — W), V € € [-n, 0]
with the boundary conditions:

(2.6) U€) =W(E) =1, Ve (0,+0),
(2.7) U(§) =W () =¢, V¢ € (—o0,—n],
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where € € [0,1). Via the integrating factor e/, (2.4) and (2.5) can be reduced to the integral

equations
(2.8) U(§) =T (U, W)(&), W(E) = T5/(U,W)(&), ¥ & € [=n,0],
where
—n 13
U W)(E) == e_“f/ epel®ds + 6_“5/ e Hy (U, W)(s)ds,
o <
T U, W) (€) := e / epetsds + e M / e Hy(U, W)(s)ds

for all £ € [—n,0].

Due to p > 0 large enough, 77" and 73" also have the monotonic property, i.e.,
0<U(-) <Us(-) <1 and O0<Wi() <Wh(-) <1 inR
imply that
7 (U, Wh)(+) S T7 (U2, Wa) (), T3/(Un, Wh)(0) < T3 (Uz, Wa)(+)  on [—n,0].

From this, we can prove the following lemma.

Lemma 2.2. For eachn € N and ¢ € [0,1), there exists a unique function (U™, W™¢) from
R to [e, 1] X [e, 1] that satisfies (2.6)-(2.8) and has the following properties:
(1) U™<(), Wne(:) € CH((=n,0)) N C((—00,0)).
(2) (U”g) (+) >0 and (W™)(-) >0 on (—n,0) for any ¢ € [0, 1).
(3) U”E( ) > e HE gnd diW”’g(f) > e HE for € € [—n,0].
£

Proof. Given n € N and ¢ € [0,1). First, if e <U(-) <1 and ¢ < W(-) < 1, then
pe + - (1 —k)(1—¢) = H(e,2)(-) < Hi(U, W) () < Hi(1L, () = p,
pe + ;(h — (1 —¢) = Ha(e,e)() < Hy(U,W)(-) < Ha(1,1)(-) =

on R. Thus, we obtain

eset i(l — k) (1 —e)(1— e &) <TPUW)(E) < 1= (1—g)e & <1,
E<et S (h—1)(1—e)(1— e MEM) < THU,W)E) < 1— (1 —e)e &M < 1
cp

for all £ € [—n,0].
Now, we define inductively

{ (U (§), Wp(€)) = (1,1), § € (=n,00),
(U (§), W5 (£)) := (e,€), & € (=00, —n].
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Also, for all j € N, we define
(U)W () = (TH(U;25, W) () T30 (UG5, WiR9)(4) ) on [=n, 0]

(U;=(- (1,1) in (0,00), (U;7(), Wj()) = (e,¢) in (—o0, —n].

<

]
—~
~—
3

o
—~
N
~—

I

Since

U () =17 (1, 1)() < 1 =Ug"(-) on [-n, 0],
Wi () = T3 (1, 1) () < 1= W5 () on [=n, 0],

it follows from the monotone property of 77" and 773" that
e <TP(UF, W) () < T (UG5, UF) () < 1,
e <TUF Wi9)() < T3 (U5, W) () <1

on [-n, 0] for all j € N. From these iterations, for any given § € [—n, 0], we obtain {U;""(£)}

and {I/ana(f)} are non-increasing in j. Therefore, the limit

(U(€), Wa(§)) := (lim U(), lim Wi(£))

Jj—+oo Jj—+oo
exists. By applying Lebesgue’s Dominated Convergence Theorem, we have
U.(§) = T7'(Us, Wo)(€), Wi(§) = T3/ (U, W)(E) V& € [-n,0].
We now define U, (§) = W.(§) =1 for all € > 0 and U,(§) = W,(§) = ¢ for all £ < —n. Then
it is not hard to see U,(+) and W,(-) € C'((—n,0)) N C((—o0,0]).

Next, we prove the uniqueness. For this, we let (U*,WW*) : R — [, 1] X [e, 1] be another
solution of (2.6)-(2.8). Thus U*(-), W*(-) € C*((—n,0)). Claim that U* = U, and W* = W,
on [—n,0]. Since U* < Uy, W* < W, and by the monotone property of 77" and T3, we have

U(-) =T (U", Wo)(-) < T (Uo, Wo) = Us(+) on [=n, 0],

W() = (U, W)() < T3 (U, Wo) = Wi(:) on [—n,0].
By induction, we obtain that U* < U, and W* < W,. This also implies that U*(-), W*() €
C'((—00,0]).

To derive the reverse inequalities, we define

n" = inf{n > 0|U"(§) > U.(§ —y), W' () > W€ -y) Ve [-n+y, 0], y>n}
Note that n* is well-defined and 0 < n* < n, since U*(0) > ¢ = U.(—n) and W*(0) > ¢ =
W.(—n). By continuity, U*(-) > U.(-—n*) and W*(-) > W,(-—n*) on [-n+n*,0]. Moreover,

due to the boundary conditions we have U*(-) > U.(- — n*) and W*(-) > W,(- — n*) in R.
Hence H;(U*,W*)(-) > H;(U,,W,)(- = n*) in R for i = 1, 2.
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For any & € [—n + n*,0], we have
U (&) = Uu(€ =)

= TU W) (&) =TT (U, Wa)(§ — ")
/_ e Hy (U, W) (s + €)ds — / o5 H (U, W) (s + €)ds

n—¢ —n—g+y°

—n—¢ —n—E4n*
—l—/ ,ue“seds—/ petseds

o0 o0

v

v

—n—&+n*
/ S LHL (U, W*)(s 4+ €) — pe}ds
—n—¢

v

—n—§+n*
/ e {Hy(e,2) (s + €) — pe}ds
—n—¢

e —n—§+n*
> —(1—k)(1—5)/ el*ds.
C —n—¢
Similarly, we can calculate that

—n—§+n*

WH(E) - Wl — ) = - =) [ e
—n—¢

for any & € [—n + n*,0]. Using these two estimates, we are ready to show that n* = 0.
Indeed, if ¢ € (0,1), then n* > 0 implies U*(§) —U.(§—n*) > 0 and W*(§) =W, (§—n*) > 0
for any £ € [—n + n*,0]. Then, by continuity, we may find 0 < § < 1 such that

U(€) = U= (n" = 0)) >0, W) =W(§—(n"—3)) >0
for all £ € [-n + n*,0]. This contradicts the definition of n* and so n* = 0.
If e =0, then, for any £ € [-n 4+ n*, 0], n* > 0 leads to

—n—&+n*
U U =) 2 [ e W s €)ds

—n—&+n*
> / e H1(0,0)(s + &)ds = 0,
—n—¢
by using the fact that 0 < U*(+), W*(-) < 1 on (—n,0). Also, we have W*(§) =W, ((—n*) >0
for any ¢ € [—n + n*,0]. This contradicts the definition of n* again. Thus when ¢ = 0 we
also have n* = 0. This completes the proof of the uniqueness.

Now, we prove (2). Due to the uniqueness and n* = 0, we have U,(§) > U.(§ — s) and
W.(&) > W, (€ —s) forall s > 0 and £ € R. Thus U.(§) > 0 and W/(§) > 0 for £ € (—n,0).
It follows from the monotonic property of H; that

Hy(U.,, W.)(s) < Hi(U., W)(§) Vs <€

for i = 1,2. Moreover, by differentiating U, = T7*(U,, W) and W, = T3*(U,, W), it is easy
to see that (U,)'(§) > 0 and (W,)'(§) > 0 for all £ € (—n,0) and € € [0, 1).
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Finally, we prove (3). For given 0 < &1 < €5 < 1, by the construction of U™ and U™*2,
it is easy to know U™*2(§) > U™ (&) for all € € [—n,0]. Moreover,

Um(E) — UM (€)
3
= [ e U, s) — Ha U W) ds

—-n

-

+(e2 — 81)6_“5/ pettds

—00

> (gy —g1)e MEM Y € € [—n,0).

This implies
%U”’e(-) > e HEF for all € € [—n, 0].

Similarly, we also have

d
d—gW"’g(-) > e HEF) for all € € [—n, 0].

Therefore, the proof of this lemma is completed. 0

In order to derive the existence of solutions of (2.1), we first recall the following Helly’s

Lemma.

Proposition 1 (Helly’s Lemma). Let {U, () }nen be a sequence of uniformly bounded and
non-decreasing functions in R. Then there exist a subsequence {Uy,(-)} of {U.(-)} and a

non-decreasing function U such that Uy, (-) — U(-) as i — 400 pointwise in R.

Now, we define the notion of super-solutions. Given a constant ¢ > 0. A continuous
function (U™, W) from R to (0,1] is called a super-solution of (2.1), if W () is a non-
constant function, U (4+00) = W (4+00) = 1 and both U™ and W are differentiable a.e.
in R such that
(2.9) { o(UY) 2 Dy[U] + UH[L = U* — k(1L = W¥)] ae inR,

c(WHY >dDo[WH] 4+ r(1 = WH)(RUT — W) a.e. in R.
Hereafter we say that a vector-valued function (U, W) is non-decreasing in R if both U and
W are non-decreasing in R.

Then we have the following lemma.

Lemma 2.3. If there exists a super-solution (UT, W) satisfying UT(-) = W*(-) =1 on
[0, +00) for a given ¢ > 0, then (2.1) admits a solution (¢, U, W) with U'(-) > 0 and W'(-) > 0
in R.
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Proof. First, we choose ng > 0 such that W (—ng) = ¢ for some gy € (0, 1). This g¢ exists,
since W is a non-constant function. Then for each n > 2ng we shall claim that there exists
a unique € = £(n) € (0,1) such that W™= (—n/2) = &,.

To see this, we first prove W% (—n/2) < g for any n > 2ng. For this, we define

7= inf{y > 0| UF() > UMO(E — ), WHE) = W€ —n), V € € (~o0,0]}.

Note that n* is well-defined and n* € [0,n], since UT(-) = W*(-) = 1 on [0,+00) and
WnO(.) = U™(-) = 0 on (—oo,—n]. By continuity, U () > U™°(§ — n*) and WH(&) >
WnO(& —n*) for all £ € (—o0,0]. This implies that H;(UT, W) (&) > H,(U™°, W™0)(£ —n*)
for £ € (—o0,0] and i = 1,2. We claim that n* = 0. Indeed, we have

W (&) — W™ (¢ —n")

> DU, WHE) - TEU, W) (€ — )
0 0
= [ et s ds— [ @ s € s

—n—&+n*

—0o0

—n—&+n*
> / " Hy (U™, W) (s + €)ds > 0

oo

for all £ € [-n +7*,0]. Similarly, Ut (&) — U™(§ —n*) > 0 for all £ € [-n + 7%, 0. A
similar argument as in the proof of Lemma 2.2 leads that n* = 0. Hence W*(-) > W"™9(.)

on (—o0,0] and so we have
WO(=3) < W(=ng) < W*(=no) = g

for any n > 2ny. By using Lemma 2.2 and noting that W*" is continuous in €, we conclude
that there exists a unique £ = g(n) € (0,20] C (0,1) such that W (—n/2) = .

We now consider the sequence of functions {U™™ (—n/2 + ), W= (—n /2 + ) },50p,, in
R. By Helly’s Lemma, there exists a sequence {U"5(")(—n; /2 + ), W) (—n; /2 +-)} and
a non-decreasing function (U, W) from R to [0, 1] x [0, 1] such that n; — 400 and

( U’“’s(”")(—% +4), W”i’a(”i)(—% +)) = (U(),W(-) as i — +oo.

By Lebesgue’s Dominated Convergence Theorem, we obtain

Moreover, 0 < U, W <1in R and U, W € C'(R).
Next, it remains to prove that (U, W) satisfies the boundary conditions. Since both U and
W are non-decreasing in R and 0 < U, W < 1 in R, both U(fo0) and W (£o0) exist. By
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using U = Ty (U, W), W = T,(U,W) and L’Hospital’s rule, we have

Jim U = lim T(UW)(E)
= i {U©) + - [0 + Ve - (e - k1 - wio)] },
Jim W) = dim T, W)(E)

E—+oo

=t { WO+ - [4DiU1(6) + (1 - WAL - W©)] |

This implies that
U(£o0)(1 — U(£o0) — k(1 — W(£o0))) =0,
(1 = W(£o0))(hU(£oo) — W(£o0)) = 0.
Hence U(+o00), W(+o00) € {0,1}.

Note that W (0) = gy € (0,1), since W) (—n;/2) = gy € (0,1) for all i. Also, since
W is non-decreasing in R, we have W (—o00) = 0 and W (400) = 1. Note that W (—o0) =0
implies U(—o0) = 0. On the other hand, (U(—o0),U(+00)) = (0,0) implies that U = 0. By
integrating the second equation of (2.1) over (—oo, +00), and noting that

—+00

Dy[W](s)ds = 0,
we have
“+oo
O0<c=-r W(s)(1—W(s))ds <0,

a contradiction. Thus (U(—o0),U(+00)) = (0,1).
Finally, by differentiating U = T, (U, W) and W = To(U, W), using U’, W’ > 0 it follows
that U'(§) > 0 and W’(€) > 0 for all £ € R. This proves the lemma. O

In the following lemma, we add the monotonicity condition and remove the condition
UT(-)=WT(-) =1 on [0,4+00) posed in Lemma 2.3.

Lemma 2.4. If there exists a super-solution (UT, W) of (2.1) with (UT)', (W) >0 for a
giwen ¢ > 0, then (2.1) admits a solution (¢, U, W) with U'(-) > 0 and W'(-) > 0 in R.

Proof. Suppose (U, W) is a super-solution of (2.1) with (UT)’", (W)’ > 0 for given ¢ > 0.
To find a solution of (2.1), we shall apply Lemma 2.3. For any 0 < 6 < 1, we define
(U5 (€), Wi (€)) := (min{1, (1 4+ 0)U" (&)}, min{L, (1 + )WT(£)}),

for all £ € R. Then it is easy to see that U (-) = 1 on [M;,+00), U < 1 on (—oo, M),
Wi () =1 on [My,+00) and W5~ < 1 on (—o0, Ms) for some M; = M;(6) > 1,i=1,2. We
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claim that (U (£), W, (€)) is a super-solution of the problem (Ps):

cU" = Dy[U + fs(U, W),
W' = dDo[W] + gs(U, W),
(Uv W)(_OO) = (Ov O>’ (Uv W)<+OO> = (1’ 1)7
0<U W<,
where
U E(1+6—W)
1+6 1496
95(U, W) := min {r(hU W) (1 - ﬂ) r(RU — W)(1 — W)} .
149
To see this, without loss of generality we may assume that M; < M,. The case when
M, = My is trivial. So we assume that M; < M. Clearly, the condition (2.9) holds when

¢ < My and € > M,. Suppose that £ € (My, My). Then
Uy (&) = 1,(U)' (&) = 0,W5 () = (L + )W (&), (W) (&) = (1 +6)(WT)'(§).
Moreover, we have
Dy[US](§) = Ui (€+1)+ U (€—1) —2U(§)
1+ Uf(E-1)-2<0,

ﬁ@mvyzmm{U@— »UU—U—kU—M@%,

fs(UsH 5 W€ < U (O{1 = U (&) — k1 = Wi (O]}
= —k[1-W7 (9] <0,
W' () = L+
> (14 O{dDo[WF(E) + r[RUF(E) = WH(OI[1 - W]}
> dDo[WT1(§) + r[hUS () = Wi (O] — W (9],

where the facts W (£4+1) < (14+8)WT(£+1) and Uy (€) < (146)UT(€) are used. Hence (2.9)
holds for & € (My, My). We conclude that (U (€), W5 (£)) is a super-solution of problem
(Fs)-

Next, setting

Uy (&) = Uy (€+ M), W (&) = Wi (€+ M),

Then U (-) = WiH(-) = 1 on [0, +00) and (U;", W) is a super-solution of problem (Pj).
Thus we can apply Lemma 2.3 to obtain a solution (Us, Ws) of (Ps) with Uj > 0 and W} > 0
in R.

Now, let {c,Us,, W;s,} be a sequence of monotone increasing solutions of (Ps,) such that
Ws,(0) = 1/2 for all i and §; | 0 as i — oo. By Helly’s Lemma, there exists a subsequence
{c, Us,, W(;ij} and a monotone non-decreasing function (Up, W) such that (c, Us,,, W(;Z.j) —
(¢, Uy, Wy) as j — oo pointwise in R. Note that 0 < Uy, Wy < 1 in R and Wy(0) = 1/2. By
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the same argument as in Lemma 2.3, we can derive that (¢, Uy, Wy) satisfies (2.1) such that
Uy >0, W, > 0in R. Thus the lemma follows. O

Next, we shall find a super-solution of (2.1) for ¢ > 1.

Lemma 2.5. For ¢ > 0 large enough, (UT, W) is a super-solution of (2.1), where
UH(E) = WH(E) = min{1, e,
Proof. By choosing
c>cpi=max{(e+te ' =2)+(1—k), dle+e ' —2)+r(h—1)},

it is easy to check that (U™, W) is a super-solution of (2.1). O
Now, we are ready to give a proof of Theorem 1.

Proof of Theorem 1. First, by Lemmas 2.3 and 2.5, (2.1) admits a solution (¢, U, W) with
U >0and W’ >0in R for all ¢ > ¢;. It follows that the constant

Cmin = inf{c > 0] (2.1) has a solution (¢, U, W) with U’ > 0 and W’ > 0 in R}

is well-defined. Since a monotone front with speed ¢y gives a super-solution of (2.1) for any
¢ > cp, Lemma 2.4 implies that (2.1) has a solution (¢, U, W) with U’ > 0 and W’ > 0 in R
for any ¢ > ¢pin.

We now claim that, for ¢ = ¢, (2.1) has a solution (¢, U, W) with U’ > 0 and W’ > 0
in R. For this, we let {c¢;, U;, W;} be a sequence of solutions of (2.1) for ¢ = ¢; such that
W;(0) =1/2, U/,W! >0in R for all i € N and ¢; | ¢;in as i — co. By the same argument as
in Lemma 2.4, (2.1) has a solution (¢, U,, W,) with U, > 0 and W] > 0 in R when ¢ = ¢;.

Finally, the constant c,,;, is positive, by Lemma 2.1. This proves the theorem. 0

3. ASYMPTOTIC BEHAVIOR OF WAVE PROFILE

In this section, we shall study the asymptotic behavior of wave profile as & — +o00. The

following fundamental theory (cf. [2, 3]) plays an important role in this section.
Proposition 2. Let ¢ > 0 be a constant and B(-) be a continuous function having finite
B(£00) :=lim, 1o B(x). Let z(-) be a measurable function satisfying

cz(x) = ele T 2)ds | 7T A(s)ds g B(z), Vz € R.

Then z is uniformly continuous and bounded. In addition, w* = lim,_,+. z(x) exist and are

real roots of the characteristic equation

cw=e"+e ¥+ B(+oo).
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We shall apply this proposition to z = U’ /U or W’ /W. First, we give some basic properties
of solutions of (1.3).

Lemma 3.1. Let (¢, U, V) be a solution of (1.3). Then
(i) U'/U is uniformly bounded in R.
(i) U(&+ s)/U(&) is uniformly bounded in & € R for s € [—1,1].

Proof. Although this lemma follows from Proposition 2 directly by setting z := U’ /U, we
also give a proof here because this technique will be used later. Choose p > 4/c, then
U'(-) + pU(-) > 0 in R. By an integration over [£ — s, ] with s > 0, we have

(3.1) Ul —s5)<U&)e*, VEER and s > 0.

From this inequality, we have

(32)  Ul+3) =Ul+1+E—5—n) S UG+, vele— 3.8,

Now due to (U,W) — (0,0) as & — —oo, there exists N > 1 such that

(3.3) U(1l-U—k(1-W))>0on (—oo,—NJ.

Next, by integrating the first equation of (2.1) over (—o0,&), £ < —N and using (3.1)-(3.3),

we have

cU(¢)

v

-1 -1

/_iODQ[U](S)ds:/: U(s+1)ds—/5 U (s)ds
13

> U(s + 1)ds — e*U(&)
2

> Loy b oue

= 9 2 )
Hence we obtain

U(§U+§1)/2) < 2eM%(c+ €M), ¥ & € (—oo, —N].

This implies that

% < def(c+ "), ¥ € € (—o0, N,

Combining with the fact lime o U(§ +1)/U(§) = 1, we obtain that U(£+1)/U(€) is
bounded in R. Also, (3.1) implies that U({ —1)/U(€) is bounded in R. Hence by the
first equation of (2.1) we conclude that U’/U is bounded in R.
From (3.1) we have
U(E+s) _ UE+D) o,
uE) - U ’
for all s < 1. It follows that U(¢ + s)/U(&) is uniformly bounded for £ € R and s € [—1,1].

The lemma follows. 0
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Let the assumption (A1) be reinforced and ¢ > 0. Then the equation
(3.4) A= (et e —2)+(1—k)

has a real root if and only if ¢ > ¢,. Moreover, it has exactly two real positive roots, say,
0 < Ai(e) < Aafe) for ¢ > c,.

Lemma 3.2. Let (¢, U, V) be a solution of (1.3). Then ¢ > ¢, and

u') _ Ac) € {M(c), As(0)}.

Proof. Set z(§) := U'(§)/U(&). By the first equation of (2.1), p satisfies
c2(€) — [T 2 TR gl 4 11— U(g) — k(1 — W(E))] =0, V € € R.

Hence the lemma follows from Proposition 2. U

Next, to study the asymptotic behavior of V'(£)/(1 — V(£)) as & — —oo by applying
Proposition 2, it is required to determine the limit of U/(1 — V) in advance. In the sequel,
we say that a function U(-) is eventually monotone for £ < 0 (£ > 0) if U has no extreme

points on (—oo, —n| (or [n,+o00)) for some n > 1.
Lemma 3.3. Let (¢,U, V) be a solution of (1.3). Then U(-)/W(-) is bounded in R.

Proof. Assume that U/W is unbounded. Since U(-)/W(:) > 0 in R and
lim U(§)/W (&) =1,
£—00

there are only two possibilities as follows.

Case 1. U/W is eventually monotone for £ < 0 and lime_,_o, U(§)/W(§) = +o0.
Case 2. There exists a sequence {,} of extreme points of U/W such that

U(én)

W(&n)
Note that by the second equation of (2.1) and the proof of Lemma 3.1(i), we can derive

that W (¢ £ 1)/W(€) is bounded for all £ € R.
For Case 1, there exists £ > 1 such that

&, — —oo and

S +oo as n — +oo.

Ul
W—((~)) > 5 on (—o00, —&.
On the other hand, from
w’ Dy[W] hU
)  — == 1 — o
(35 g = A5 (1= W)(3 1),

and taking £ — —oo, we have limg_,_ o W’(§)/W(§) = +o00. Then

W(E+1) exp{ SV (s)
W(¢) ¢ Wi(s)

ds} — 400
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as £ — —oo. This contradicts that W (£ + 1)/ (&) is bounded in R.
Suppose that Case 2 holds. Then there exists a sequence {,} such that

U(&n)
W(&n)

&, — —o0, 400 as n — 400, and (U/W)'(,) = 0 for all n.

From

v\ (U WN\U
(3.6) (W)—(U‘W0ﬁ7
and recalling from Lemma 3.2 that limg,_ U'(§)/U(§) = A, we obtain W'(&,)/W(&,) —
A as n — oo. But, by (3.5) again, we have Do[W](&,)/W (&) — —oo as n — o0, a

contradiction. Hence U/W is bounded in R and the lemma is proved. UJ

Note that, for any ¢ > 0, the equation
cA=der e —2)—r

has exactly two real roots, one is positive and the other is negative, say ((c) < 0 < v(c).
The proof of the following crucial lemma for the asymptotic behavior of wave profiles is

highly nontrivial. Some new ideas are introduced.

Lemma 3.4. Let (¢,U, V) be a solution of (1.3).
(i) If iminfe . U(§)/W(§) =0, then lime_,_o U(E)/W(E) =0 and

W) U
(3.7) Jim e = V() <A = Jim e

where v(c) is the unique positive oot of ch = d(e* + e * —2) —r.
(ii) If iminfe, o U(E)/W (&) > 0, then

o DO Lo A Ao _ 1
{ll)r_noow—rh (1—d)(eM) e —2) 1 (1 k)}+h>0,
W) U'(€)

lim =A(c) = lim ,
A e ~ M9 T T
where A(c) is a positive Toot of ch = (e* + e —2) + (1 — k).

Proof. We first prove part (i). We shall divide our discussions into two cases.

Case 1. U/W has infinitely many local minimal points {z,} in (—oo, 0) such that z, | —oo
as n — 00.

Case 2. U/W is eventually monotone for £ < 0.

For Case 1, we define {¢,,} C {z,} to be the sequence of local minimal points of g := U/W
in (—o00,0) such that &, < &,_1, 9(&) < g(&u—1) for all n € N, and ¢(§) > g(&,—1) for any
minimal point £ of g in (&,,&,—1) (if it exists). Clearly, lim, ;o & = —o0. It follows from
liminfe , o U(E)/W(§) = 0 that

o U(&)
i W)

(3.8)
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and without loss of generality (by dropping some finite number of &,) we may assume that
U6) _ Ula+1)

W(&) =~ W& +1)

holds for all n > 1. Moreover, due to (U/W)'(§,) = 0 for all n € N, (3.6) and Lemma 3.2,
it follows that

(3.9)

(3.10) lim W () = lim U'(6n) =A

n——+oo W(gn) n—+oo U(gn)

Next, we divide this case into two subcases.

Subcase 1-1. Suppose that
U(gn) > U(gn B 1)
W(gn) W(ﬁn - 1)’
We shall first claim that W’ /W is bounded in R under the condition (3.11).

For this, we first set A, := [ &, — 1,§, + 1 ]. If W//W is unbounded, then there exists a

sequence {z,} such that lim,_,, . 2, = —oo and lim,,_,, o W'(z,)/W(x,) = +oo. Note that

(3.11) Vn>1.

there exists p > 0 such that

(3.12) W)+ uW (&) >0, VEeR.
This implies that
w-1

3.13 <et VEeR
&1 wW@E
By the second equation of (2.1), (3.13) and the boundedness of U/W, we have

. Wiz, +1)

1 = :

et Wz

Next, we claim that for all n > 1, z,, € A,, for some m = m(n) € N. Indeed, if not, then
we can choose ¢ > 1 such that z; € (§; +1,&,1 — 1) for some large j and

W' () U'(€)
> K Sup ——~

W(z;) eer U)
By the choice of §; and (3.11), we can easily see that (U/W)'(§) > 0 for any € € (§;+1,&-1—
1),if (§+1,&-1 — 1) # 0. Otherwise, there exists a minimal point £ € (§;+1,&;-1 — 1) such
that (U/W)(€) < (U/W)(&j—1 — 1) < (U/W)(&;), a contradiction. Due to (3.6), we obtain

U/(Il) W/<CL’Z)
>

a contradiction. Hence z,, € A,, for some m = m(n) € N.

> K,

Finally, we choose n large enough such that
Wz, + 1)

(3.14) In == o

>4k + 3u
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and z, € A,, for some large m € N . By (3.11) and the definition of &,,, we have

U(gm B 1) < U(gm) < U(§m+2)
W(fm - 1) N W(f?ﬂ) N W(ém + 2).

[ W)
AL [~ =
Set E := (&n — 1, &m + 2)\(zn, , + 1). Then by (3.12) and (3.14)
Em+2 U’(S) Em+2 W’(S)
3K ds ds
> f w2,

This implies

B m—1 U(S) m—1 W(S)

Tn+1 W’(S) W’(S) )
2 [ 7wt L
> In % —3u > 4k,

a contradiction. Hence W’/W is bounded in R and so W (£ + s)/W (&) is uniformly bounded
in £ € R and s € [—1, 1] under the condition (3.11).

Now, we are ready to show that lime, . U(£)/W(§) = 0. Otherwise, recalling that
(U/W) (&) > 0 for any £ € (—00,&] \ Uy Am (by the definition of ; and (3.11)), we can
choose a sequence {y,} such that y, € A, for all n, lim, o U(y,)/W(y,) = M for some
M > 0 and lim,,_, » ¥, = —o0. But, this implies that

W (&) _ W(&) U(&) Ulyn)
Wi(yn)  U(&n) Uyn) W (yn)
by (3.8) and U(&,)/U(y,) > > 0 for some constant 3 > 0 and for all n. Note that the latter
lower bound estimate follows from Lemma 3.1(ii). This contradicts that W (£ + s)/W (&) is
uniformly bounded in £ € R and s € [—1,1]. Thus we conclude that lim¢_, o, U(§)/W(£) =0
and so (3.7) follows from Proposition 2 again. Note that, by (3.10), we also have v(c) = A(c).

— +00 as n — +00,

Subcase 1-2. Suppose that (3.11) dose not hold. Then we can choose a subsequence
{&n,} of {&,} such that

U(Sn]) < U(gnj - 1)
W(&m) N W(gnj - 1)7
By (3.9), (3.15) and the second equation of (2.1), we know

(3.15)

Y j.

CW/<§TL]') _ W(gn] + 1) U(ﬁnj + 1) U(é.nj) + dW(gnj - 1) U(ﬁnj - 1) U(é.nj)
W(§m) U(fnj + 1) U(fnj) W(fn]) U(fn]- - 1) U(gnj) W(fn])
RU(En)
—2d + [l = W(&,)] ( W ie) 1)
U(é-nj + 1) U(§nj - 1) i rl1 — hU(é-”j) o
< g+~ - W) (e 1)
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Letting 7 — 400, we obtain
(3.16) cA <d(e+e™ —-2) -1
Now, set M := limsup,_, . U(§)/W (). Then 0 < M < +oo, since U/W is bounded in

R. We claim that M = 0. For a contradiction, we assume that M > 0. Then we can choose a
sequence {x,} of local maximal points of U/W such that z,, - —oc and U(z,,)/W (z,,) — M
as n — +o00. For any € > 0, we have
W(z, +1) _ Wiz, £1)U(z, £ 1) U(x,) S 1 Uz, £1) Uzy)
W(x,) Ulx,£1) Ulx,) W(x,) ~ M+4+e Uz, W(z,)
)

for all large enough n. Recall from (3.6) that
) _

U'(x, W' (xy,)
, VnéeN.
Ulzn) — W(wn)
Dividing the second equation of (2.1) by W and letting n — +o00, we obtain

cA = lim {d%} +r(hM —1)

n—oo
My A
> d[M+€(e +e )—2} +r(hM —1).
Letting ¢ — 0, we deduce that
(3.17) cA>d[(e* +e) = 2]+ r(hM — 1),

using the fact M > 0. It follows from (3.16) and (3.17) that M = 0, a contradiction. Thus

we obtain that
lim U(&)/W (&) =0.
E——o0
Then (3.7) follows from Proposition 2. Also, we have v = A by (3.10).

For Case 2, we have lim¢_,_ U(§)/W (&) exists and is equal to 0, since by assumption
liminfe , o U(E)/W (&) = 0. Note that (U/W)'(¢) > 0 for all =€ > 1 and so U’'/U > W'/W
for all =& > 1. Thus (3.7) follows from Proposition 2 and so part (i) is proved.

Now we prove part (ii). We also divide it into two cases as part (i).

Case 1. U/W has infinitely many extreme points for £ < 0. Set

v U

VTR TR ey

Then 0 < m < M < 400 because of Lemma 3.3. Choose a sequence {x,} ({y,}) of local
maximal (minimal, respectively) points of U/W such that x,, — —oo (y, — —o0, resp.) and
U(zy)/W(xn) = M as n — +00 (U(y,)/W (yn) — m as n — +o0, resp.). For any € > 0,

we have
Wi(x,£1) Wz, £1)U(z, £1) U(x,) S 1 Uz, £1) U(zy,)
Wi(x,)  Ulx,£1) Uz,) W(x,) = M+e Uz, W(z,)
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for all large enough n. Note that
Ulzn)  W'(x,)

= v N.
Ulen) ~ Wian) " ©

By the second equation of (2.1), we have

o Dy [W](n)

> Ay Ay _ _

> d[M+€(e e 2} +r(hM — 1),
Hence
(3.18) cA>ded +e ™™ —2)+r(hM —1),

since € > 0 is arbitrarily. Similarly, we also have
(3.19) cA <d(e +e™ —=2) +r(hm —1).

By (3.18), (3.19) and noting that M > m, we obtain M = m and so
.U 1
lim —2% = —
oo W(E)  Th
Also, note that

WELD) _ WELDUEE) UE) | .,
W) uE+1) UE) W()
which implies that lime_,_., W/(§)/W (&) = A.
Case 2. U/W is eventually monotone for £ < 0. Then the limit [ := limg_, o U(&)/W(§)
exists and [ > 0. Note that

WD) WEEDUEEDUE 1 aa
[

W) UEEL UE) W)
as & = —oo. Hence by the second equation of (2.1) we know lime_, o, W/(§)/W (&) exists.

1
(1—a)(e™) +e™™9) —2) + (1-K)} + 2> 0.

as & — —o0,

Now, integrating (3.6) over [£, £ + 1] gives
&+1 / '
GERTT T e CAC UEC,) RS
WE+1)  W(E) e LU W(s)
Letting £ — —oo, we deduce that limg_,_ W’(§)/W(§) = A. Finally, by taking £ — —o0
in the second equation of (2.1), we obtain

1
- ﬁ (
Hence the lemma follows. [

1
l 1—d)(eA<C>+e—A<C>—2)+(1—k)}+E.

Remark 3.1. When 0 <d <1 and let (c,U,V) be a solution of (1.3). Since

(e +e =2+ (1—k)>der+e?—=2)—r, VA>0,
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we must have v(c) > A(c). Thus, by Lemma 3.4, we can conclude that

: U(¢) 1

lim —/  —

el —V(E)  Th
forany 0 <d < 1.

{1=a)(O +e™ —2)+ (1-k)} + % >0,

To study the asymptotic behavior of U and V as £ — 400, we set Z =1 —U. Then (1.3)

becomes

cZ' = DQ[Z] + (1 — Z)(/fV — Z),

cV' = dDg[V] + TV(l -V - h(l — Z)),
(Z7 V)(_OO) - (1’ )7 (Z7 V)(+OO) - (O’O)7
0<Z, V<1

(3.20)

Given any ¢ > 0, the equation

(3.21) cA=d(e*+e*—=2)+r(l—h)

has exactly two real roots, one is positive and the other is negative. We denote the negative
root by v; = v4(c). Also, the equation

(3.22) A= (r+er—2)—1

has exactly two real roots, one is positive and the other is negative. We denote the negative
root by vo = 15(c).

Lemma 3.5. Let (¢, Z,V) be a solution of (3.20). Then

i V(6
§—o0 V(f)

Proof. Let z(&) = V'(§)/V (). By using Proposition 2, lime_,{V’(£)/V(§)} exists and the

limit is a real root of (3.21). From V(+o00) = 0, it follows that the limit is non-positive and

=1(c) < 0.

so it is v; < 0. Hence the lemma follows. O

Lemma 3.6. Let (¢, Z,V) be a solution of (3.20).
(i) If iminfe o V(€)/Z(§) > 0, then lime_, o Z'(€)/Z(§) = 11(c) and

. % - %{(d —1)(e7@ 4 e —2) 4 p(1— h)} + % > 0.

(ii) If liminfe ., V(€)/Z(€) =0, then

lim V()/Z(€) =0, lim Z(€)/Z(€) = 1(c).

E—+o0 E—+o0

Proof. First, by using a similar argument as in the proof of Lemma 3.3, it is not hard to
see that V/Z is bounded in R. Using the same argument as in the proof Lemma 3.4(ii),

conclusion (i) can be easily proved. We shall not repeat it here.
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When liminfe o V(§)/Z(€) = 0, we divide our discussions into two cases.
Case 1. V/Z is eventually monotone for £ > 0.
Case 2. V/Z has infinitely many extreme points for £ > 0 .
For Case 1, we have limg,{V(£)/Z(€)} = 0. By applying Proposition 2, we have
lime 1 00{Z'(€)/Z(§)} exists and is equal to v2(c) < 0, since Z(400) = 0.
For Case 2, we first set
lim sup V(E) =M >0.
§—+o0 Z(f)
We now prove that M = 0. If M > 0, similar to (3.18), we have the inequality

vy > (e +e ™ —=2)+ (KM — 1),
where 11 < 0. It follows that kM — 1 < 0. Hence
(3.23) (L=Z(E)EV(E) — Z(§) <0, VE> 1.

We now prove Z'/Z is bounded in R. Since there exists p > 0 large enough such that
Z'+uZ >0in R, we have Z(§ — s)/Z(§) < et for all £ € R, s > 0. Since V/Z is bounded
in R, from the first equation of (3.20) we can see that Z'/Z is bounded in R if and only if
Z(E+1)/Z(€) is bounded in R. Assume for contradiction that Z’/Z is unbounded in R. By
(3.23), we can choose N > 1 such that

(1= ZE)KV(E) = 2(£)) <0, VE=N.

Next, we choose { > N such that Z(& + 1)/Z (&) > e*. Since Z(+o00) = 0, we may find
o > &y such that

Z(xo) = max{Z(£)| € € [§,00)}.
Since Z (&) < Z(&)et < Z(&+1) < Z(xp) for all € € [§5—1,&], we have Z(xg) > Z(xo—1).
Also, noting that xq > N, we obtain

0=cZ'(z0) = (Z(xg+1)—Z(x0))+ (Z(x0—1) — Z(x0))
+(1 = Z(§))(kV(E) — Z(§)) <0,
a contradiction. Hence Z’'/Z is bounded in R.
Finally, by using the same argument as in the proof of Lemma 3.4(i), it follows that

lime, oo V(€)/Z(§) = 0, which gives a contradiction with M > 0. Thus, we conclude that
M =0 and then lim¢_,  V(£)/Z(£) = 0. By using Proposition 2 the lemma follows. O

Although Lemmas 3.2, 3.4, 3.5 and 3.6 are sufficient for the proof of the monotonicity of
wave profile, in order to study the uniqueness, we shall need more precise information on the
wave tails. Namely, we need to show that U and 1 — V' have exponential tails as £ — —oo

which are stronger than the existence of limits of U’/U and V'/(1 — V) as £ — —o0. Due to
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the above lemmas, the bilateral Laplace transform for U and 1 — V' are well-defined in some
strip. Then a modified version of Tkehara’s Theorem (cf. [1]) can be applied to study the
tail behaviors of wave profiles (see also [10]).

Proposition 3 (Ikehara’s Theorem). Let U be a positive non-decreasing function in R,
and define

F()\) = / e MU (€)dE.

o0

If F can be written as F(\) = H(\)/(a — X)L for some constants ¢ > —1,a > 0, and H
analytic in the strip 0 < Re\ < a, then
U(é) H{a)

li — .
e [€%%€  T(a+ 1)

In the sequel, we let

400
() = / KU (W () — UP(€)]de
+o00

) = / W (€) — WU (€)W (€)de.

[e.e]

Then we have the following lemma on the asymptotically exponential tails.

Lemma 3.7. Assume (A1) and let (¢,U, V') be a solution of (1.3). Let A(c) be the constant
defined in Lemma 3.2 and v(c) > 0 be the unique positive root of cA = d(e* + e —2) —r.
Then there exists a constant p € {0,1} withp =1, if I(A) #0, and p =0, if [(A) =0, such
that the following statements hold.

(1) There exist ng, n1 € R depending on U and V' such that

lim U(€+no)

, . UE+m)
Jm — e =1 if c>c,, lim ———

£——00 |§|peA(C)€ =1 i c=c.

(2) For ¢ > c,, there exist na, 13, s € R depending on U and V' such that

Jim R = o> A0
. 1=V(E+n3) ,

ggf_ﬂoo W =1 1f v(c)=A(c),
i 22 VEE) e <A

£——o00 eV(C)£
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(3) For ¢ = c,, there exist 15, 1, N7 € R depending on U and V' such that

oy L= VIE+7s) :

SE_WWZZL ’Lf V(C)>A(C),

. 1=V :

i g =1 M=)
1-V

5&1}1@%21 if v(c) < Ac).

Proof. Recall W :=1 —V. By Lemmas 3.2 and 3.4, we can define

+o0
LNU) = / e MU (€)d¢ for A € C with 0 < ReX < A,

+oo
LONW) = / e MW (€)d¢ for A € C with 0 < Rel < o := min{A, v}.

—00

It follows from (2.1) that
(3.24) O(c, VLN, U) =1(N)

for A € C with 0 < ReX < A and
rhI(\)
d(c, \)

(3.25) T(e, )L, W) = +rJ(\)

for A € C with 0 < Rel < 0.
To prove this lemma, we first give some facts as follows.
(a) The only root of ®(c, A\) on {ReX = A} is A = A. Indeed, let A 4 i be any root of
®(c, A). Then we have
cf—etsinf+esinf=0, cosp=1.

Thus it follows that § = 0. Similarly, the only root of ¥(c,\) on {ReX = v} is A = v.
(b) The functions I(\), J(\) are analytic in the strip 0 < ReA < A + 0, 0 < Re\ < 20,
respectively. Indeed, this follows from Lemmas 3.2 and 3.4 which imply that

EUEW () = U?(€) = O(e™) as € - —oc0, V B € (0,A + o),
W2(€) — hU(E)W(€) = O(e™) as ¢ = —oc0, V B € (0,20).

To prove (1), we rewrite (3.24) as

F(\) = / e MU (&)dE = I /0 ooe_’\gU(ﬁ)dg.

. ®(c, )
We shall prove that H()) is analytic in the strip 0 < ReA < A, where
]()\) +oo B
3.26 H(\) = — (A=A q+1/ MU(€)d
(3.26) N = g~ (A=A [ e
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where ¢ = 0 for ¢ > ¢, and ¢ = p for ¢ = ¢,. Note that when 0 < ReA < A, H can be written
as F(\)/(A — \)?"! which implies H is analytic on 0 < Rel < A. The analyticity of H on
{ReX = A} follows from (a), (b) and (3.26). Hence H is analytic on the strip 0 < ReX < A.

To proceed further, we suppose first that U is non-decreasing. Then, from the above

discussions, we can apply Ikehara’s Theorem to obtain
L U] E|7eM = H(A)/T(A+ 1),
——00

where ¢ = 0 for ¢ > ¢, and ¢ = p for ¢ = ¢,. We next claim that H(A) # 0.

For the case ¢ > c¢,, note that H(A) = I(A)/g(c, A), where g satisfies g(c, A) # 0 and
gle, \)(A = X) = (¢, \) on 0 < Red < A+ 0. If H(A) = 0, then I(A) = 0 and so the
singularity A = A of R(c,\) := I(\)/®P(c,\) is removable. Thus R(c, A) is analytic on
0 < Rel < A + ¢ for some sufficiently small € > 0. From (3.24) we conclude that L(\,U)
is well-defined on 0 < ReXA < A+ e. On the other hand, lim, o, U'(§)/U(£) = A implies
L(A,U) must diverge for ReA > A which leads to a contradiction. Therefore, H(A) # 0 and
so (1) holds for ¢ > c,.

For the case ¢ = ¢, since A = A(c,) is a double root of ®(c,, A) = 0, we need to distinguish
two cases. If I(A) # 0, then H(A) # 0 by choosing p = 1. On the other hand, if I(A) = 0,
then A = A must be a simple root of I(\) = 0. Otherwise, £(A,U) will be well-defined on
ReX = A(c) which leads a contradiction as above. Then H(A) # 0 by choosing p = 0. Thus
(1) holds for ¢ = c,.

For general U, we replace U(€) by U(€) := e®U(€) for some > 4/c. Then U'(€) > 0 in

R and so Ikehara’s Theorem can be applied. Thus we can derive that
Jim U(€)/| €|7eM@+mE >
——00

where ¢ = 0 for ¢ > ¢, and g = p for ¢ = ¢,. Hence (1) has been proved.
Next, we shall prove (2) and (3). The argument is similar as (1) and we need to use (a)
and (b). To prove (2), we rewrite (3.25) as

0 r r 400

Note that
(3.28) H\) = (0 = N F(N),

on 0 < Re\ < o where ¢ =0 for v # A and ¢ = 1 for v = A. Hence H is analytic in the
strip 0 < ReX < . From (a) and (b), we conclude that H is also analytic on {Re\ = o}.
Then by Tkehara’s Theorem (if necessary we replace W () by W (£) for some p > 1), we
derive limg_, o W (€)/|€|9€°® = H(0)/T'(c + 1) where ¢ =0 for v # A and ¢ = 1 for v = A.
Note that c =vifv < A;o=ANifv > A
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Next, we shall prove H(o) # 0 by a contradiction argument. For v > A (i.e., 0 = A),
by (3.28), H(A) = 0 implies that I(A) = 0, since the second term and the third term of
right-hand side of (3.28) become zero when A = A. But, this contradicts the fact I(A) # 0
and so H(o) # 0 for v > A.

For v < A (i.e., 0 = v), note that

I e U - W)+ WAQME e
(e, \)/(v—N\) (v )\)/0 e W (&)dE.

If H(v) =0, then [727 e [AU(E)(1 — W(E)) + W2(€)]d¢ = 0 which implies
hU(E[L = W(E]+W?*(§) =0, VEER.

H(A) =

This leads U(-) = W(-) = 0 in R, and so we reach a contradiction. Thus, H(v) # 0 so that

(2) holds. The same argument can be used to show (3), we omit the detail here. O

4. MONOTONICITY AND UNIQUENESS OF WAVE PROFILES

Due to Lemmas 3.2, 3.4, 3.5 and 3.6, we know U and W are increasing in R\ [—N, N] for

some N > 1. Before showing Theorem 2, we give the strong comparison principle as follows.

Lemma 4.1. Let (¢, Uy, Wy) and (¢, Uy, W3) be two solutions of (2.1) satisfying Uy < Uy and
Wy < Wy in R. Then we have (i) either Ui(-) < Ux(:) in R or Uy = Us; and (ii) either
Wi() < Wa(s) in R or Wy = Wi,

Proof. The argument of (i) and (ii) are similar, so we only prove (i). If there exists £ € R
such that UI(SO) = Ug(fg), then

o
0= Ui(&) — Uz(6) = 6“50/ e’ {Hy (U, W1)(s) — Hy(Uz, Wa)(s)} ds.

Due to U; < Uy and Wy < Wy in R, we have Hy(Uy, Wh)(s) < Hy(Usz, W3)(s) for all s. Hence
we have Hy(Uy, W1)(s) = Hi (U, Wa)(s) for all s < & Therefore, it follows from (2.3) that
Ui(s+1) = Uy(s+1) for all s < &. Replacing & by {,+ 1 and repeating the above procedure
we can derive Up(s) = Us(s) for all s < &y + 2. Hence U; = U, in R by repeating the above

argument infinitely many times. The lemma follows. U
Now, we shall use the sliding method to prove the theorem on monotonicity.

Proof of Theorem 2. By Lemmas 3.2, 3.4, 3.5 and 3.6, we may take N > 1 such that
U'>0and W > 0in R\ [-N, N]. Since U(4+00) = W(400) =1 and U(—o0) = W (—00) =
0, the set

A= {> 0] U +5) > UE), W(E+5)>W(E),Vs>n, R}
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is not empty. Hence n* := inf A is well-defined. By continuity, we have
UE+n") 2U(E), W(E+n") =2W(E), VEER.

We now prove that n* = 0. For a contradiction, we suppose that n* > 0. By Lemma 4.1,

we have
UE+n) >U(), W(E+n") >W(E), VEeR.
Due to the continuity of U and W, there exists 1y € (0,7*) such that

U +mn)>U(§), W(E+n) >W(E), VEe[=N=n" NI, n & nn].
Also, it follows from U’ > 0 and W’ > 0 in R\ [-N, N] that

U+mn) >2UE), W(E+n) >W(E), VEER\ [N —n", N, n € [n,n"].

Thus, U(§ +n) > U(&) and W(E+n) > W(E), V£ € R and nn > ny. This contradicts the
definition of n*. Hence n* = 0 and it follows that U" > 0 and W’ > 0 in R. By differentiating
U=T(UW)and W = Ty(U, W), it is not hard to obtain that U’ > 0 and W’ > 0inR. O

Now we prove that waves profiles of (1.3) of a given wave speed are unique up to transla-
tions. That is, for a given ¢ > 0 and any two solutions (¢, Uy, W;) and (¢, Us, W3) of (2.1),
there exists an n € R such that Uy(-) = Us(- + 1) and Wi(-) = Wy(- + 7). Our strategy is
to apply the sliding method (cf. [2]). Due to the exponential tail behaviors, the left-hand
tails of wave profiles can be controlled. To control the right-hand tail behaviors of wave
profiles, the following key lemma shall be used. Its proof also relies on the use of the strong

comparison principle (Lemma 4.1).

Lemma 4.2. Let (¢, Uy, Wy) and (¢, Uy, W3) be two solutions of (2.1). If there exists ¢ > 0
such that (14 q)Ui(- — kq) > Us(+) and (1 + q)Wi(- — kq) > Wa(+) in R, then Uy(-) > Us(+)
and Wi(+) > Wa(+) in R, where k = k(Uy, W) is defined by
K:= max {Ul(g) Wl(g)}
ge(~oo.Nol L U1()" WH(§)
with Ny > 1 such that Uy(§)/Wi(€) > max{k,1/h} for all € > Np.

Proof. Define
Fu(q,€) == (1+qUi(§ — Kq) — Uz(§),
Fw(q,&) == (1+ Wi (€ — k) — Wa(§).

By assumption, the following quantity

¢ :=1inf{qg > 0| Fp(¢,§) > 0 and F(¢,§) > 0V £ € R}
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is well-defined. We claim that ¢* = 0. If not, then ¢* > 0. By continuity, we have
Fu(q*, &) > 0 and Fy (¢, &) > 0 for all € € R. Note that

2L Fi(,€) = Un(€ - 5q) {1 -+ Q)HH} <

dq
d
for all £ < Ny + kq. Similarly, d—]-"w(q, €) <0 for all £ < Ny + kgq. Note that
q

Fu(q*,+o0) = Fw(q",+o0) = q* > 0.

Thus there is & > Ny + k¢* such that one of the followings:
d

(4.1) d—ng(q*,éo) =0=Fu(q", &), Fulg",§) = 0and Fw(q",§) 20V EER,
(4.2) d%fw(q*fo) =0=Fwl(q", &), Fulg",§) = 0and Fw(q" &) 20V E R

must happen. If (4.1) occurs, i.e.,

(1+¢")U1(&) = Ua(&o), (1+¢")U1(&) = Us(&o),
(1+¢)Ui(E) > Us(§), (1+gIWi(E) > Wr(E), YV EER,
where ¢ := & — kq*, then by the first equation of (2.1) we obtain
(L4 ¢")Ds[Uh] (&) + (1 + ¢")Ur(&)[1 — Ui (&) — k(1 — Wi(&)) ]
= D5[Us](0) + Ua(&0)[1 — U2(&o) — k(1 — Wa(&o)) |-
This implies
Uy (&) + EWa(&o) > Ua(&) + kWi (&).

Therefore, we obtain that

U1(&0)/Wi(&o) < k.
This contradicts the fact that Uy (€)/W4(€) > k for £ > Ny. This tells us that (4.2) must

occur, i.e.,

(1+¢")Wi(&) = Wal&o), (14 ¢ )Wi(&) = Ws(&),

(1+¢)Wi(&) = Wa(E), (14 ¢7)U1(E) = Ua(8), VE € R
But, by the second equation of (2.1), we can conclude from (4.2) that
d(1 + ") Da[W1](€0) + (1 + ") (1 — Wi (&) (AU (&) — Wi(&o))
= dD2[W2](§0) + (1 — Wa(&0)) (hU2(&0) — Wa(éo)),

which implies

Wa (&) — Wi(&) — hUa (&)

v

h o .
WQ(&)){(l +q*")U1(&0) — Ua(&0) } — hUL (&)
> {1+ q")Ui(&) — Us(éo) — Ur(&o)}-
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Then it follows that

U1(&)/Wh(&o) < 1/h,
a contradiction again, since Uy (§)/W; (&) > 1/h for & > Ny. Therefore, we have ¢* = 0 which
implies Uy (-) > Uy(-) and Wy () > Wa(-) in R. Then the lemma follows. O

We are ready to prove Theorem 3.

Proof of Theorem 3. Assume (A1) and d € (0, 1]. For given two solutions (¢, Uy, W;) and
(¢, Uy, W3), we may assume that U;(0) = Uy(0) = 1/2 by a suitable translation. Moreover,

by Lemma 3.7 and exchanging U; and U, (if it is necessary), we may assume

(4.3) ﬁEI—noo Ui(§)/Us(§) > 1.

Note that d € (0, 1] implies ¥ > A. By Remark 3.1 and Lemma 3.7 again, it is not hard to
see that

(4.4) lim W€/ W5(§) > 1.

Thus, for any ng > 0 we have Uy(-) > Us(- — ng) and Wi(+) > Wa(- — ng) on (—oo, —&] for
some & > 1. Also, since W;(4+00) = U;(+o00) = 1, i = 1,2, there exists zp > 1 such that
22U, (- — k) > Us(- — xp) and 2W (- — k) > Wa(- — ) in R. It follows from Lemma 4.2 that
Ur() > Us(- — xo) and Wy(-) > Wa(- — xp) in R. Thus, we can define

n* = inf{n > 0| U.(§) > Ux(§ —n) and Wi (&) > Wa(§ —n) V £ € R}

We now claim n* = 0. If n* > 0, by using Lemma 3.7, (4.3) and (4.4), there exists £ > 0
such that

(4.5)  Ui(-—n"/2) > Usy(- — n*) and Wy (- —n*/2) > Wa(- — n*) on (—o0, —&;].

Note that U (+00) = Wi(400) = 1 and U{(400) = W] (4+00) = 0, there is {&, > 1 such that

diq(l + QUi (€ — 2xq) = Ur(§ — 2kq) — 26(1 + q)U; (€ — 2Kq) > 0,
U+ QW€ — 26) = WA(€ — 2x0) — 26(1 + QWL(¢ — 260) > 0,
for all £ > & and ¢ € [0,1]. Thus, we have
(4 6) { (1+q)U1(£_2’iq> > U1<§> > U2(§_77*)7
' (14 q)Wi(€ — 2rq) = Wi(€) > Wa(E — 1),

for all £ > & and for all ¢ € [0,1].



32 JONG-SHENQ GUO AND CHANG-HONG WU

Finally, we treat the interval [—¢;, &]. Note that Uy (-) > Us(-—n*) and Wi (-) > Wa(-—n*)
in R. Then Lemma 4.1 implies that Uy(-) > Us(- — n*) and Wi(-) > Wa(- —n*) in R. By
continuity, there exists ¢ € (0, min{1,n*/4x}) such that
(4.7) Uy (- — 2ke) > Us(- — ") and Wy (- — 2ke) > Wa(- —n*) on [—&1, &).

From (4.5), (4.6) and (4.7), we conclude that

(14+e)Us(- — 2re) > Us(- — n*) on R,
(14+e)Wi(- —2ke) > Wa(-—n") on R
It follows from Lemma 4.2 that Uy (- — ke) > Us(- — n*) and Wy (- — ke) > Wa(- —n*) in R.
This contradicts the definition of n*. Hence n* = 0 and we derive that U;(-) > Us(-) and
)

Wi(+) > Wa(+) in R. From Lemma 4.1 and U;(0) = Us(0) = 1/2, it follows that U, () = Us(+)
and Wi (-) = W5(-) in R. Then the theorem is proved. O

Remark 4.1. The restriction d € (0,1] is to make sure that limg_,_o W1(§)/W5(§) > 1
when limg_,_ o U1 (€)/Us(§) > 1 and Uy (zo) = Ua(xg) for some xy. Otherwise, (4.5) may not
hold.

5. CHARACTERIZATION OF THE MINIMAL WAVE SPEED

In this section, we first give a proof of Theorem 4. Then we shall discuss some implications
of Theorem 4 to the derivation of the minimal wave speed of PDE model (1.2).
Proof of Theorem 4. By Lemma 3.2, we have ¢,,;, > ¢.. We now show that c¢,,;, = c.
when conditions (A1), d <1 and (1.5) hold.

For each ¢ > ¢,, we define

(UF(€),W*(&) = (min{1, e}, min{1, e /k} )
where A;(c) is the smaller root of (3.4). We claim that (U*(£), WT(€)) is a super-solution
of (2.1) for the given c.
For £ > 0, since Ut (§) = WH(£) = 1, it is easy to see that (2.9) holds.
For (Ink)/\ < &€ <0, we have (U*(£), W*(€)) = (eM¢,1) and so
(U = DafU™] = U1 = U — k(1 = W)} () 2 keME(7e — 1) > 0,
{c(W) —dDy[WH] —r(1 =W (RUT = W)} (§) =d1 = WH(E—1)] >0.
For € < (Ink)/\y, since (UT(E), WT(€)) = (e, eM¢/k), we have
{cUY) = DoUT] = U1 = UT = k(1= W)} ()
> M —(eM+e™M—2)—(1-k)}=0.
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Also, when 0 < d < 1, we have

{c(WH) = dDo[WH] = r(1 = WH)(RUT = WH)} (€)
A€

)

1
> ESMS {c)\l — d(e’\1 +e ™M — 2)+r(l-—

A€

ek )(1 —hk;)} > 0.

The last inequality holds for any A > 1, 0 < k < 1, r > 0, and

1
> Ee’\lg{(l — k) +r(l—

1—-k
(h,k,?“)6{hk§1,r>0}u{hk>1,0<r§hk_l}.

Thus (UT,W™) is a super-solution of (2.1) with U*(-) = W*(-) = 1 on [0,+00). By
Lemma 2.3, (2.1) admits a solution (U, W) with U’ > 0 and W’ > 0 in R. Thus we have
derived that ¢,;, > c. when conditions (A1), d < 1 and (1.5) hold. Hence ¢,;, = ¢, and

this theorem follows. 0

We now give some implications of Theorem 4 at the end of this paper. In the numerical
computation, the solution of a partial differential equation can be approximated by a finite
difference scheme. In particular, the diffusing Lotka-Volterra competition model (1.2) can

be approximated by the following spatial discretized system:

Ui () + a5 () — 2a,(8)

(5.1) w(t) = + a5 (¢) (1 — 4;(t) — ko;(t)),
igtr) = WO X aOZ25O) o)1 1) — i 1),

where j € Z, t € R, 4;(t) := u(y7,t), 0;(t) := v(jr,t) and 7 is the spatial mesh size.
Replacing (3.4) by

A= (et e =272+ (1—k)

and by checking carefully the proof of Theorem 2, we can see that the minimal wave speed

of (5.1) is given by

' (e =2+ (1 - k)

(5.2) cu(b;T) = min { ;)
AT —AT __ —2 _
_ min{(e +e Q12+ (1 k’)}
A>0 AT
under the assumptions (A1), d <1 and (1.5).
In fact, we can show that

(5.3) TCi(k;T) > 2V1—k as T — 0,

where ¢, (k; ) is given by (5.2), without the assumptions (A1), d <1 and (1.5).
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To show (5.3), we show that
2v1—k <lim iglf[TC*<k;’7')] < limsup|re,(k;7)] < 2v1 — k.
T—

T7—0

We first prove that limsup,_,[7c.(k; 7)] < 2v/1 — k. Note that

AT AT __ —2 _
ety = | ETEET=DH020)
A>0 A

< (M 4+ e —2)772 4+ (1 — k)

A
for any A > 0. By using ’'Hospital’s rule,

AT —AT 2 AT 2 =T
lim{6 te 2}:lim{/\e T Ae }:)\.

7—0 AT2 7—0 2\

It follows that
1—k
limsup[re (k; 7)) < A+ — vV A>0.

7—0

Thus we obtain that

1—
lim sup|7e,(k; 7)] < I)I\ligl{/\ + Tk} =2V1—k.
>

7—0

It remains to show that liminf, ,o[rc.(k;7)] > 2v/1 — k. We now set

liminf 7e, (7, a, k) = 1.
7—0

Then [ € [0,2v/1 — k |. Choose a sequence {7,} such that 7, | 0 and 7,¢.(7,,a,k) — [ as

n — +o00. For each n, we can find a unique \,, > 0 such that

e e —2) + (1 k)
(5.4) TnCs(k;Tn) = r§1>1(r)1{ 3 }
’7'7;2(6)\"7” + 67)\”7-“ _ 2) + (1 _ k)

An
We shall prove that there exist M > m > 0 such that m < \,, < M for all n. By (5.4),

TnCi (K T) >

>0, VneN.

n

Since 1,¢.(k;T,) — | as n — +o00, there exists a positive constant m such that A\, > m. On
the other hand, by the definition of A,

d {Tn—?(em tem—2) 4 (1 - k>} |

a \ :07VREN.

Thus we obtain

A=A

T2 (e e —2) 4 (1 — k) = (1, teM ™ — e AT ),

which leads (5.4) to

e)\n'rn _ e_AnTn

(5.5) Tace(liTy) = — Y neN,

Tn
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From (5.5), we can conclude that A\,7, — 0 as n — +oo. Otherwise, there exists a sub-
sequence {n;} of {n} such that X\, 7,, — n as j — +oo for some n > 0. Then by taking
j — +o0 in (5.5) we have | = +oo which contradicts [ € [0,2v/1 — k |. Thus, \,7, — 0 as
n — +oo. By the fact

ef—=1—=x 1
lim — = —,
x—0 _23'2 2
we have
1
(56) ei)\nTn —-1> i)\nTn + Z()\nTn)Q

for all sufficiently large n. By (5.4), (5.6) and 7,c.(k;7,) — [ as n — 400, there exists
sufficiently large N > 0 such that

1
[+1 > or? {e*™ f e ™ 2} (since 1 —k > 0)
> 1{A +1(>\ )2+ A +1(A )’}

> %)\n, ¥V n > N.

Therefore, we can find M > 0 such that A\, < M < +o0 for all n.

From the above discussion, we have proved that there exist M > m > 0 such that
m < A, < M for all n. So there is a subsequence {\,,} of {\,} and 8 > 0 such that \,, — S
as ¢ — +oo. Replacing A\, by A, in (5.4) and letting ¢ — +00, we obtain

1=p+ 55 2oy

Hence (5.3) is derived.

From (5.3) and the conjecture of Hosono [11], we expect that the minimal wave speed for
(1.2) can be characterized for a wider range of parameters than (1.5) (cf. [9]). We also refer
to the work [8] in which the authors treat the discrete version of a reaction diffusion equation
with KPP nonlinearity in the periodic media and showed that the discretized minimal wave

speed converges to the continuous minimal wave speed as the mesh size tends to zero.
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