UNIQUENESS AND STABILITY OF TRAVELING WAVES
FOR PERIODIC MONOSTABLE LATTICE DYNAMICAL SYSTEM

JONG-SHENQ GUO AND CHIN-CHIN WU

Abstract. We study the traveling waves for a lattice dynamical system with monostable non-
linearity in periodic media. It is well-known that there exists a minimal wave speed such that a
traveling wave exists if and only if the wave speed is above this minimal wave speed. In this paper,
we first derive a stability theorem for certain waves of non-minimal speed. Moreover, we show that
wave profiles of a given speed are unique up to translations.

1. INTRODUCTION

We consider the following lattice dynamical system for unknown u = {u;};ez:
(11) U; = dj+1Uj+1 + dj’u,j,1 — (dj+1 + dj)Uj + fj(Uj), j S Z,

where f; € C'**[0,1] for some « € (0,1) for j € Z, fj4n = f; and djyy = d; > 0 for all
j € Z for some positive integer N. The equation (1.1) can be regarded as a spatial discrete
version of the following reaction-diffusion equation

U = (d(x)uw)w + f([L', u)?

where d(x) and f(z,u) are periodic in x. In biology, let u; denote the density of a certain
species in a periodic patchy environment. Assuming the species at site j can only interact
with those at the nearby sites, then the equation (1.1) describes the rate of change of density
of this species at each site j. It is equal to the sum of the source f;(u;) at site j and the
fluxes gj4; from sites j £ 1 to site j:

Qi1 = djaujn — gl g1 = djfuja — uyl,

where d;, d;;; are the diffusion constants. See [8, 15, 16] for more references and details.

It is trivial that for a given initial data {u;(0)} € [0, 1] there exists a unique solution u to
(1.1) for t > 0 such that 0 < u;(t) <1 forallt > 0 and j € Z. We are interested in the wave
propagation phenomenon. In particular, we are interested in special solutions U of (1.1) for
t € R satisfying the following conditions:

(12) Uj(t+N/C):Uj_N(t), teR,jeZ,
(1.3) Uj(t) = 1as j — —oo, Uj(t) — 0asj— +oo, locallyint e R,
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for some nonzero constant ¢c. We shall call a solution (¢, U) of (1.1)-(1.3) as a traveling wave
solution. The constant ¢ is the wave speed and U is the profile. In this paper, we shall
always assume that

(1.4) fi(0)=f;(1)=0 VjeLZL

The study of traveling wave for lattice dynamical system has attracted a lot of attention
for past years, see, e.g., the works [1, 2, 3, 4, 6, 7, 10, 11, 12, 13, 14, 17, 18, 19, 20]. The
main concerns are existence, uniqueness, and stability of traveling waves. Typically, there
are two different nonlinearities, namely, monostable and bistable cases. In the monostable
case, we have

(1.5) A <0< fO)V ez, fi(s)>0¥se(0,1),]€Z

For the bistable case, we have f1(0) < 0 and fj(1) < Oforall j € Z. If N = 1, then f;,1 = f;
and d;;1 = d; for all j. This is the so-called homogeneous media case. In general, if N > 1,
then it is called the periodic case.

In this paper, we shall focus on the periodic monostable case. We refer the reader to the
work [5] and the references cited therein for the periodic bistable case. In [5], the existence,
uniqueness and stability of traveling waves for periodic bistable case are studied in detail.

The existence of traveling waves for monostable case in periodic media was first obtained
by Hudson and Zinner [11, 12] under the extra assumption
(1.6) fi(0)s — Ms'™t™ < fi(s) < fi(0)s, Vs €[0,1],j € Z,

J

for some constants M > 0 and « € (0,1). Recently, one of the authors and Hamel [10] gave
a different approach to prove the existence of traveling waves for all speeds ¢ > ¢* for some
positive minimal speed ¢*. Moreover, it is also shown in [10] that the condition ¢ > ¢* is not
only a sufficient condition but also a necessary condition for the existence of traveling waves.

For reader’s convenience, we recall some properties of traveling wave from [10]. Let (¢, U)
be a traveling wave solution of (1.1)-(1.3) with ¢ # 0. Then we have 0 < U;(t) < 1 for all
(J,1) € Z x R; Uj(t) — 0 as t — —oo; Uj(t) — 1 as t — oo; Uj(t) > 0 for all ¢ € R and
Ui(t) — 0 as t — Foo.

The aim of this paper is to study the uniqueness and stability of traveling waves in the
periodic monostable case. Hence we shall always assume that (1.4), (1.5) and (1.6) hold.

Recall from [10] that for each A € R there exists a unique v = {v;} with max;ezv; = 1
and vj1y = v; > 0 for all j € Z such that

(L.7) M(N)v; = djrre™ v + die*vioy = (dj + di)vy + [0

for all j € Z, where M () is the largest eigenvalue of (1.7). Moreover, there exists \* > 0
such that ¢* = M(A\*)/A\* and the mapping ¢ = M(A)/X : (0, \*) — ¢ € (¢*,00) is strictly
decreasing.

We shall focus our attention on those traveling waves (¢, U), ¢ > ¢*, of (1.1)-(1.3) satisfying

(1.8) lim i)

— =1
j—ct—o0 e—A(j—ct)Uj )

for some A > 0 such that M(\) = ¢\ and {v;} is the unique eigenvector of (1.7) corresponding
to A such that max;czv; =1 and vj.ny =v; > 0 for all j € Z.
We now state our stability theorem as follows.



TRAVELING WAVE 3

Theorem 1.1. Suppose that there ezists a traveling wave (¢, U) with ¢ > ¢* such that (1.8)
holds for some A € (0,\*). Let u be the solution of (1.1) for t > 0 with the initial value

{u;(0)} satisfying

(1.9) 0<wu;(0) <1, wu;(0)<eMu;, VjeZ,
. _ u;(0)

(1.10) I;Tjgfuj(()) > 0, ]151010 ei\—% =1

Then

Jim sup fuy 1)/ ;1)) = 11} = 0

The proof of Theorem 1.1 is based on a method in [3] with some nontrivial modifications.
In [3], a lattice dynamical system in homogeneous media is studied. There the proof of
stability theorem is through a related continuum equation by extending the spatial variable
from j € Z to © € R. But, here we shall only use the original equation (1.1) to prove the
stability theorem. Moreover, there is only one wave profile for the homogeneous case in
[3]. In our periodic lattice dynamical system, there are N wave profiles. This makes the
stability analysis more complicated. To overcome this difficulty, we introduce the following
transformation

(1.11) Wi(z) :=U;([j — z]/c), equivalently U,(t) = W;(j — ct),

which is very useful in the periodic framework. Indeed, this transformation is reminiscent of
a similar transformation in the case of partial differential equation (cf. [9]).
By adapting a method used in [4], we have the following uniqueness theorem.

Theorem 1.2. Suppose that (c,U) and (c,U) are two traveling wave solutions of (1.1)-(1.3)
such that

= h, lim U;(®)

j—ct—oo e_A(j_Ct)ij

(1.12) lim i)

j—ct—oo e_A(j_Ct)Uj

=h

for some positive constants X\, h and h such that M()\) = c)\, where {v;} is the eigenvector
of (1.7) corresponding to \ such that v; = vjin > 0 for all j and max{v;} = 1. Then there
exists £ € R such that U;(t) = Uj(t + &) for all j € Z, t € R.

This paper is organized as follows. We shall give the proof of Theorem 1.1 in Section 2.
The proof of Theorem 1.2 is given in Section 3. In this paper, we shall use both functions
U; and W; defined in (1.11) alternatively from time to time.

2. STABILITY OF TRAVELING WAVE

This section is devoted to the proof of Theorem 1.1. First, we call a continuous function
w a super-solution of (1.1) in an interval I, if w is differentiable a.e. such that

(2.1) wi(t) > Alw;)(t) + fi(w;(t)) ae fortel,V jelZ,
where
Alw;(t) := djriwjpi (8) + djw;1(t) — (dj + djr)w; (1)

The notion of sub-solution is defined similarly by reversing the inequality in (2.1).
Based on a traveling wave (¢, U), we can construct the following super/sub-solution.
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Lemma 2.1. Foreacho € (0,1) andn € (0 infse( so)lf(1=s)/s]), there exists | = 1(6,n) > 0
such that for any e € [0,0] the function w* := {wi} defined by
wj-[(t) = (1+ee ™U;(t Flee ™), (j,t) € Z x [0,00)
is a super/sub-solution of (1.1).

Proof. We consider only the case of super-solution. The case of sub-solution is similar.
Set w;(t) := (1 + q)U;(s), s :=t — lee™™ and ¢ := ee”". Then we compute

wj(t) — Alw;](t) — f;(w;(1))
= —nqU;(s) + (1 + ¢)(1 + Inq)Ui(s) — (1 + @) [U}(s) — f;(U;(s)] = £;((1 + @)U;(s))
= —nqU;(s) +Ing(1 + q)Uj(s) + (1 + ) f;(U;(s)) — f;((1 + ) Uj(s)).
Notice that

(1+a)f;(U;) = f;((1+qU;) = / Lf5(U;) = Us fi((1 4 p)U;)dp
= qf;j(U;) = Ui f;(1 +q) = U /Oq[f}((l +p)U;) — f;(1 4 p)ldp

zz—wﬁu+@—@1ﬁﬁm+mw»—ﬂu+mml

Since f; € C'*([0,1]), f; can be suitably extended so that f; € C***([—1,2]). Then we
have

Aﬁmu+ma»—ﬁu+mm4SMKa—mw,

where |fi(t) = fi(s)]
. — fi(s
K :=max max —L - I "
jer —1<s<t<2 |t — s|®
It follows that

—{w (t) = Alw;](t) = f(w; (1))}

> l??(l +q)Uj(s) —nU;(s) — [fi(1 + ) /alU;(s) — 2K (1 — U;(s))*Uj(s).
Now, for a given ¢ > 0, we set

msi= _inf [f(1—s)/s].

JEL,—6<s<d
Note that ns > 0, since fj(1) < 0. Choose n € (0,75). Since lim; ¢, o U;(t) = 1, there
exists & such that 2K(1 — U;(s))* < ns —n for all j —es < &. Recall from Lemma 2.5 of
[10] that U; > 0 in R for all j € Z. Hence

(2.2) w;(t) = Alw;](t) = fi(w;(t)) 2 0 Vj —cs < &.
On the other hand, since U;(t) — 0 as j — ct — o0, it follows from Lemma 2.4 of [10] that
U'(t Uit
lim inf (0 _ lim inf ]<)>O.

= m 1
j—ct—o0 U](t> (j,t)EleR}Uj(t)HO U](t>

Hence, if we choose

2K ,
sup Uj (3)

[ :=
(1 = 6) joes>e Uj(s)’
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then [ > 0 and we obtain
(2.3) wi(t) — Alwi](t) — f(w;(t)) =0 Vj —cs > &.

J
Combining (2.2) and (2.3), we obtain that w := {w;} is a super-solution of (1.1). O

Recall the following standard comparison principle. Since the proof is standard, we omit
it here (see also [3]).

Proposition 2.2. Given two bounded continuous functions u,v on [ty, 00) for some ty > 0
such that u,v are differentiable a.e. in [ty,00). Suppose that

ui(t) = Alug] (1) = f(u; (1) = vj(t) — Alos](8) = f(v;() YVt >t j€Z,

and u;(to) > vj(ty) for all j € Z. Then ui(t) > v(t) for all t > to, j € Z. Moreover, if,
besides the above assumptions, uy(to) > vi(to) for some k € Z, then u;(t) > v;(t) for all
t>ty, €.

Given any ¢ > ¢*. Let A € (0, \*) be such that M(\) = cA and let {v;} be the eigenvector
of (1.7) corresponding to A such that maxjezv; = 1 and vy = v; > 0 for all j € Z. Then
it is easy to check that the function @ = (u;);ez defined by

(2.4) ;(t) = min{e AU"Ny; 1}V (4,t) €Z xR

is a super-solution of (1.1). Moreover, we can choose p € (A, A*) such that p < (1 + «a)X and
M(p) < cp, where « is the constant defined in (1.6). Let {w;} be the eigenvector of (1.7)
corresponding to p such that maxjczw; = 1 and w; .y = w; > 0 for all j € Z. Then the
function u = (u;);ez defined by

(2.5) w,(t) = max{e A=y, — Ae7PU=Ny; 0}V (j,t) €Z xR

J

is a sub-solution of (1.1), if A is large enough.

Note that the traveling wave solution, denoted by {U;}, obtained by an iteration starting
from the above super-sub-solutions satisfies (1.8) for some A € (0, \*). To see this, we first
note from [10] that

(2.6) u(t) < U;(t) <ay(t) V(j,t) € ZxR

For j — ct > 1, we have

(2.7) w(t) = e M=y, u;(t) = e A=y, — AemrU=Dy,
Writing

u;(t) = e MVl — Aem W=Dy, fv))

and using the fact p € (A, A*), then (1.8) follows from (2.6) and (2.7).

From now on, we assume that u is the solution of (1.1) for ¢ > 0 with the initial value
{u;(0)} satisfying (1.9) and (1.10) for a traveling wave (c,U) with ¢ > ¢* satisfying (1.8) for
some A € (0, A\*). Also, for a a given ¢ > ¢*, we fix the corresponding A, i1, A, v;, w; defined
as above in the following.

Lemma 2.3. For any € > 0, there ezists a constant &;(€) > 1 such that
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Proof. Given any € > 0. First, we derive the second inequality in (2.8). By (1.10), there
exists jo depending on € such that

(2.9) e ATy < (0) < ey, Vg > .

Choose A > e(t=NUoFe) max{v;} /min{w;}] large enough so that (2.5) is a sub-solution of
(1.1). Then

(2.10) e My, — AemHUT)y, <0 V) < jo.
Hence, from (2.9) and (2.10),
u;(0) > max{e AUty — Ae=rltedy, 0} V)€ Z.
By the comparison principle,
uj(t) > e A==y, Aemn=elt=)y, i € Z, t >0,
ie.,
(2.11) wj(t +€) > e M=y, — Ae M=oy, Vi € Z, t > 0.
Moreover, by (1.8), there exists a constant z(e) > 1 such that
(2.12) e Al AemrU—tH s > UL (1) V) — et > x4 (e).
From (2.11) and (2.12) it follows that
wi(t+2€) > Uj(t) Vj—ct>x(e), £ >0.
Next, we derive the first inequality in (2.8). By (1.9), we have
u;(0) < min{e *v;, 1} Vj € Z.
By comparison,
(2.13) u(t) < min{e 20"y, 1} Vi€ Z, t>0.
On the other hand, from (1.8), we have

lim Uj (t) — 62)\06

, 1.
et oo e AGclt—2)y, ~

Hence there exists a constant xa(e) > 1 such that
e Aet=29) g < Us(t) V) — ct > ao(e).
From (2.13) it follows that
uj(t — 2€) < min{e A2y, 1Y < US(E) V) — et > aa(e), t > 2.
Then the lemma follows by taking &;(¢) = max{x;(€), z2(€)}. O
Next, we have the following positivity lemma.

Lemma 2.4. There exist continuous functions {1;};ez from (0,1] x (0,00) to (0,1) such
that if ur(0) > 0 for some k € Z then uyyn(t) > 1, (ur(0),t) > 0 for alln € Z, t > 0.
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Proof. Note that 0 < w;(t) < 1 for all ¢ > 0 for all j € Z. Choose ¢ > 0 so that
o > 2max{d;}. From (1.1) it follows that

t
(2.14) ui(t) = €_Utuj(0)+/ " dj g1 (8) + dju_i(s)
0

Ho = (dj1 + dj)luy(s) + f(uy(s)) Yds.
This gives ux(t) > e 7'ui(0) > 0 for all ¢ > 0.
Set ¢ := min{d,;}. Then ¢ > 0. Moreover, from (2.14) it follows that

¢
u;(t) > q/ e Dy (s)ds.
0

Set ¥o(y, t) := ye " and define recursively

t
V_p(y, 1) = ¢a(y,t) := q/ e, 1 (y,s)ds, y € (0,1], t>0, n€N.
0

The lemma follows. O
Note that .
yqntne—a
w(y,t) =
Van(y:1) n(n—1)---1
for all n € N.

Lemma 2.5. There exist constants 6 € (0,1), 1 >0,1>0, 2o > 0 and ty > 4 such that
(1 =38 ™M U;(t — 20 + 10e™™) < () < (1+ de ™)U;(t + 29 — 15e™)
foralljeZ,t>ty.

Proof. We first consider the lower bound of u;. Fix a ¢, > 4. From Lemma 2.3 with € = 1,
there exists a constant &;(1) such that

Uj(t()) Z Uj(t() - 2) Vj - Cto Z 51(1)

Since liminf; . u;(0) > 0, there exist jo € Z and 6y > 0 such that u;(0) > d, for all j < j.
By Lemma 2.4, there exist 6 € (0,1) and n € (0,7;) such that

uj(to) > 1—3de " Vj—cty < &(1).
Thus
ui(te) > (1—0e™)U(t — 2)
= (1—=23de ") U;(tg — (2 + lde ") + 1§e ") V j € Z,

where [ = [(d,n) > 0 is the constant defined in Lemma 2.1. It follows from the comparison
principle that

(2.15) ui(t) > (1= 8e MU (t — 2. +16e™™) Vit >ty, jE€Z,

where z, = 2 + [de "0,
For the upper bound, again by Lemma 2.3, we have

uj(to) < Us(to+2) Vi —cto > &i(1).
For j — ctg < & (1), we consider the function
(2.16) Wi(x) :=U;((j —x)/c), jeEZ, xR
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Then, by (1.2), W; = W,y for all j € Z, W;(c0) = 0 and W;(—o0) = 1. Therefore, we can
choose Z > 1 such that W;(z) > 1/(1 + de ") for all j € Z for all < —z. Choose a large
enough 7 so that j — c(ty + 2 +t) < —2 for all j with j — ¢ty < &(1). Then

Ujto +2+1) = W;(j — clto + 2 + 1)
and so
u;i(to) <1< (148Ut +2+1) Vi — cto < &(1).
Hence, using U} > 0, we obtain that
uj(to) < (14 6e”™\U(tg +2+1) Vi€ Z
By the comparison principle, we deduce that
(2.17) w;i(t) < (148 ™M U;(t + 2* = 15e™™) Yt>ty, jEZ,
where 2* = 2 4+ + [§e~"". The lemma follows by combining (2.15) and (2.17). O
Lemma 2.6. Let 0,1 be two positive constants. Then there exists a positive constant My
depending on § and | such that for all € € (0, 4]
(1—€e)U;(t+3le) <U;(t) < (1 +€)U;(t —3le) Vj—ct <—M,.

Proof. Recall the definition of W in (2.16). Note that Wj(+oo) = 0 and W;(—oc) = 1 for
all 7 € Z. We compute that

d
E{(l + §)W(x + 3cls)} = Wj(x + 3cls) + 3cl(1 + s)Wj(x 4 3cls).
Hence, noting that W; = W, for all j, there exists My > 0 such that
d
E{(l + s)Wi(x +3cls)} >0 Vo< —My, jeZ, se =90
This implies that
d
%{(1 +5)U;(t —=3ls)} >0 Vse[=0,6], j—ct <—M,.
Hence the lemma is proved. O
In the sequel, the constants 0,1, n, M, are fixed as in Lemmas 2.5 and 2.6.

Lemma 2.7. Let z > 0, t; > 0 and M € R. Suppose that wj-t(-;tl) is the solution of (1.1)
for t > 0 with initial value:

(2.18)  wi(03t1) = Uj(ts £ 2)p(j — cty — M) + Uj(ty £ 22)[1 — ¢(j — cty — M)] Vj € Z,

where ¢(s) =0 for s <0 and ¢(s) =1 for s > 0. Then there exists ¢ € (0, min{d, z/(30)}),
depending only on M and z (independent of t1), such that

wi(1;t1) < (14 €Uty +1+ 2z — 3le),
for all j € Z with j — ct; < M + ¢(1 + 22).
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Proof. First, we consider w}. Note that w} (0;t1) = Uj(ty 4 22) for all j — ct; < M and
w) (0;t1) = Uj(t1+ z) < Uj(t1 +2z) for all j —ct; > M. By the strong comparison principle,

(2.19) wi(1it) <Uj(ti +1+22) VjeZ

Consider first when t; € [0,T), where T' := N/c. Then by the equi-continuity of {w; (- ;#)}
in [0,00) and {U;} in R, there exists € € (0, min{d, z/(31)}) such that for any initial time
t1 €100,7)

2.20 wi(1;t)) < U;(t; + 1+ 2z — 3le if j—c(ti+1+422) € |—My, M|.
7 J

For t; > T, we can rewrite t; = to + kT for some k € N and t, € [0,7). From (2.18) we
have

wi(0;t1) = Uj(to+ kT + 2)¢(j — c(to + kT) — M)
+U;(to + kT 4 22)[1 — ¢(j — c(to + kT) — M)]
= Uj_pn(to+2)d(j — kN —cto — M)
+U;j_kn(to +22)[1 — ¢(j — kN — cto — M)

= w,_,n(05t0).
Hence w;L+kN(t; t1) = w] (t;to) for all £ > 0. In particular,
(2.21) w) ey (13t) = w) (1 ).
For any integer j; with j; — c(t; + 1 + 22) € [— My, M|, i.e.,

J1 € [—Mo+c(to+1+22) + kN, M + c(to + 1 + 22) + kN],
we can write j; = jo + kN for a unique integer jy such that
Jo — c(to + 1+ 22) € [—My, M].
Hence, by (2.21) and (2.20) with ¢; replaced by ¢, and j = jo, we have
w (1;t1) = wj (1;t0) < Ujy(to + 1+ 2z — 3le) = Uy, (t1 + 1 + 2z — 3le)

for any integer j; with j; — c(t; + 1 + 22) € [— My, M]. Here the periodicity of U was used.
Moreover, it follows from Lemma 2.6 that

This proves the inequality for w;“( ;1) for all ¢; > 0.
The case for w; is similar. Hence the lemma follows. 0
Proof of Theorem 1.1. Define z* := inf A*, where

A" :={z > 0| limsup suplu;(t)/U;(t + 22)] < 1},

t—o00 i

AT :={2>0] li{ninf infu;(t)/U;(t — 22)] > 1}.
—00 J

From Lemma 2.5, 29/2 € A*. Hence 2% are well defined and 2% € [0,2/2]. It suffices to
prove that 2™ =z~ = 0.
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For contradiction, we suppose that z© > 0. Recall the constant & (z*/2) defined in
Lemma 2.3. Let ¢ € (0,min{d,27/(31)}) be the constant obtained in Lemma 2.7 with
z=z"and M := & (2%/2) + cz™. Since z™ € AT, we have

. u;(t)
lim sup sup ——-—~——
el P T+ 221) =

Hence there exists ty > 4 such that

u;(to)
sup —————— < 1 +¢,
P Ut +227) =

where

é:=ce ™ min  W;(M +3cle), U;(t) =W;(j — ct),

je{1,2,...,N}

and K := max{||fj|[z=}. Then
ui(to) < Uj(to+227)+€é VjeL
Now, let w; (- ;o) be the solution of (1.1) for ¢ > 0 with initial value given by
wi (05 t0) = Uj(to £ 2)¢(j — cto — M) + Uj(to £ 22)[1 — ¢(j — cto — M)]  Vj € Z.
Then w (0;to) = Uj(to 4 22%) for all j — ety < M and so
uj(to) < wj(0stg) +€ Vj—cty <M.

Moreover, from Lemma 2.3, u;(to) < U;(to + 2z7) if j — c(to + 2%) > &(27/2). Since
Jj—clto+2z7) > &(21/2) if j — ety > M, we obtain from (2.18) that

u;(to) < wf(05t0) +€ ¥V j—cto > M.
We conclude that
u;(to) < wj(05tg) +€ VjeZ

It is easy to check that {w] (t;to) 4+ ée™'} is a super-solution of (1.1). By comparison,
u;(to + 1) < wj (1;tg) + ée for all j € Z. Then, by Lemma 2.7,

wi(to+1) < (1 +e)U;(to + 1+ 221 —3le) +ée™  if j—ctg < M + (1 +227).
It follows from the choice of ¢ and W} < 0 that
uj(to+1) < (1+26)U;(to + 1+ 227 = 3le)  if j—cto < M +c(14227).
On the other hand, from Lemma 2.3,

uwi(to+1) <Uj(to+1+2") if j—clto+142") > &(21/2).
Since 0 < e < z*/(3l) and Uj > 0, we obtain that

wi(to+1) < (14 26)Uj(to+ 1+ 22" —3le) if j—ctog>M+c.
Hence

ui(to+1) < (1+2e)U;(tg+ 1+ 227 —3le) VjeEZ.

By comparison,

(2.23)  wi(t+to+1) < (1+2ee ™MU;(t+1to+1+22" —2le—lee™™) V>0, j€Z.
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By taking ¢ — oo in (2.23), we obtain that z* — le € A" which contradicts the definition of
2T, Hence we must have zt = 0.
Similarly, we can also prove that z— = 0. This completes the proof of Theorem 1.1. O

3. UNIQUENESS OF WAVE PROFILE

In this section, we shall study the uniqueness of wave profiles for a given wave speed and
give a proof of Theorem 1.2.

Suppose that (c,U) and (c,U) are two traveling wave solutions of (1.1)-(1.3) such that
(1.12) holds for some positive constants A, h and h such that M()\) = ¢\, where {v;} is the
eigenvector of (1.7) corresponding to A such that v; = v;;n > 0 for all j and max{v;} = 1.

By a suitable translation, we may assume that h = h = 1. Therefore, (1.8) holds for both
(¢,U) and (¢,U). Then, using (1.1) and (1.7), it is easy to show that

Ui(t) ’

U,(t
(3.1) lim ' _]( ),
j—ct—o0 Uj (t) j—ct—o0 U](t)

=A= lim A= M(\) =cA.

First, we consider the function
gi(s,u) = fi([1 + sju) = (L +s)fi(v), s=0, uwel01].
Then dg;(s,u)/ds = ufi([1 + sJu) — f;(u). Since fi(1) < 0 and f;(1) = 0 for all j, by the
periodicity of f;, there exists ¢ € (0,1) such that
(3.2) fi([l+eu) <(1+¢€)fju) Vue (l—e,l

for any € € (0, €o], where we have extended f;(u) to be negative for all u € (1,2].
We next define the number

(3.3) lo=1(U):= sup{Wj(x)/|cW]{(m)| Wi(z) <1—e€, j€Z}
for a wave profile {W;}. Note that Iy € (0, 00), since Wj(x), Wj(z) — 0 as x — oo,
w! Uit
—c lim ](x): lim J():A>O,

M Wya) e Ty (D)
and W] <0 for all j € Z.
Lemma 3.1. Let (c,U) and (c,U) be two traveling wave solutions of (1.1)-(1.3). Let ey and
lo = lp(U) be the constants defined in (3.2) and (3.3). If there exists a constant € € (0, €]

such that (1 + €)U;(t — loe) > U;(t) for allt € R, j € Z, then U;(t) > U,(t) for all t € R,
jez.

Proof. To prove the lemma, it is equivalent to prove that if
(3.4) (1+e)Wj(z +cloge) > W;(x) VzeR, jez,
for some € € (0, €], then W;(x) > W;(z) for all z € R, j € Z. For this, we define

w;(q,w) == (1 + q)Wi(z +clog) — W;(x), ¢>0, z €R,
¢ :=inf{g> 0| w;(¢,x) >0V z eR,jeZ}
By continuity, w;(¢*,z) > 0 for all z € R, j € Z.
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We claim that ¢* = 0. For contradiction, we suppose that ¢* € (0,€]. Since, by the
definition of [,

d
d—qwj(q*, z) = Wj(x + clog”) + clo(1 + ¢ )Wz + clog”) < 0

for all z with W(z +clog*) < 1—¢p and j € Z, we can find zp € Rand k € {1,--- , N} with
Wi(yo) > 1 — €, yo := o + clog™, such that

* dw *
wk(q ,1’0) = _k(q 7:50) = 07

dz
ie.,
(1+ ¢ Wilwo) = Wi(zo),  (1+)Wiwo) = Wi (zo).
Then, using (3.2), we have
0 = Wi(xo) + deiWasa(zo + 1) + dpWi_1(zo — 1)
—(dy, + di 1) Wi(o) + fu(Wi(0))
< (1 + ¢ )H{Wi(yo) + det 1 Wiia (Yo + 1) + diWi—1(yo — 1)
—(di + di1)Wi(yo)} + fu([L + ¢ Wi(y0))
= —(1+ ) feWelyo)) + fe([L + ¢ IWi(yo)) <0,
a contradiction. Hence ¢* = 0 and so Wj(z) > W,(x) for all x € R and j € Z. O

In the sequel, we fix the constants €y, [y as above. Recall from the proof of Lemma 2.6
that there exists My(eg,lo) > 0 such that

(3.5) (L= q)U;(t +2log) < U;(t) < (14 q)U;(t —2log) V j —ct < —Mo,
for all ¢ € (0, €]

Proof of Theorem 1.2. By (1.8), we have

Ut +1 U(t+1 =A(F—ct) .
' M = li { _)\(J‘(_C(j;—l))) . € - Uy . 6)\@} _ 6)\6 > 1.
U = G C T 0

Hence there exists z; such that U;(t +1) > U;(t) if j —ct > z;. Since lim; ., U;(t) = 1,
we can find x5 > 1 such that

Uj(t) > 1/(1+€) Vj—ct < —m.
It follows that

U;j(t) <1< (14€)Ui(t) Vj—ct<—x.
Since o
n :=max{W;(z) |z € [~x2,21], j € Z} € (0,1)
and W;(—oo) = 1, there exists x5 > 1 such that
Wi(x)>n Vo< -3 jei
Set ¢ := (w1 + x3)/c. Then, for x = j — ct € [~xy, 1], we have

Uit +4) = Wi(j — et +1)) = Wz — 21 — 23) > 0 2 W(2) = Uj(8).
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Choosing T := 1 + t + lyey and using the monotonicity of wave profile, we conclude that
(1+€0)Uj(t+T—l0€0) EU]@) VtGR, jEZ

It then follows from Lemma 3.1 that U;(t +T) > U,(t) for all j € Z and t € R.
Now we set

& = inf{h > 0|Us(t + h) > U,(t) VjeZ tecR}

Claim that £* = 0. If not, then £* > 0 and we have U;(t + £*) > U;(t). By (1.8) again, we
have

lim —Uj(t_—i_ £/2) = lim { Uj.(t +£/2) . e_ij_d)vj -e)‘cg*ﬂ} = 25 1,
j—ct—o0 UJ(t) j—ct—o0 67’\(370(75‘#5*/2))1)]- Uj (t)
Hence there exists x4 such that
(3.6) Uj(t+&/2) > U;(t) Vj—ct>ay

Moreover from (3.5) for any ¢ € (0, ],

Note that U;(t + &%) > U,(t) for j — ct > x4, by (3.6) and the monotonicity of U. It follows
from the strong comparison principle that U;(t + £*) > U, (t) for all (j,¢) € Z x R. Hence,
by continuity, we can find € € (0, min{e, £*/(4ly)}) such that

(3.8) Uj(t + & —2lge) > U;(t) V j—ct€[—M, .
Combining (3.6), (3.7) and (3.8), we have
(14 e)Uj(t + & — 2lge) > U;(t)
for all (j,t) € Z x R. Using Lemma 3.1, we obtain that
Uj(t + & —loe) > Uj(t)

for all (j,t) € Z x R. This contradicts the definition of £*. Hence £* = 0 and U;(t) > U, (t)
for all (j,t) € Z x R.

Interchanging the role of U and U, we obtain that U;(t) < U,(t) for all (j,t) € Z x R.
Hence U = U. The proof is completed. O
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