ENTIRE SOLUTIONS FOR A TWO-COMPONENT
COMPETITION SYSTEM IN A LATTICE

JONG-SHENQ GUO AND CHANG-HONG WU

ABSTRACT. We study entire solutions of a two-component competition system with Lotka-
Volterra type nonlinearity in a lattice. It is known that this system has traveling wave front
solutions and enjoys comparison principle. Based on these solutions, we construct some new
entire solutions which behave as two traveling wave fronts moving towards each other from
both sides of z-axis.

1. INTRODUCTION

We are concerned with the following Lotka-Volterra competition system in a one-dimensional

lattice:

de

E = dl(’LLj_H + Uj—1 — QUJ) + T1Uj(1 - b1Uj — CLQUj),
(1.1)

d’Uj

E = dQ(Uj+1 -+ Vj—1 — 2Uj) + Tgvj(l — bQUj — aluj),

where u; = u;(t), v; = v;(t), t € R, j € Z, the parameters a;, b;, d; and r; are all positive
numbers for ¢+ = 1,2. This model is often used to describe the competing interaction of
two species living in a discrete habitat. Here u;(t) and v;(t) stand for the populations of
two species at time ¢ and niches j, respectively. Thus we only consider that both u;(t) and
vj(t) are nonnegative. The parameter a; is the competition coefficient, 1/b; is the carrying
capacity, d; is the diffusion coefficient and r; is the birth rate of species i, 1 = 1, 2.

By a suitable rescaling,
dlt — t, b1Uj — 'Lbj, bQ’Uj — Uj,
and by letting

a:rl/dl, b:T'Q/dl, d:dg/dl, k:ag/bQ, h:al/bl,
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the system (1.1) becomes the following system:

du;

d_t] = (U]’_H + Uj—1 — 2u]) + CIU]'<1 —Uj — k'l)j),
(1.2)

de

% = d(Uj+1 —f- Uj—l — 2Uj) —f- ij(l — ’Uj — hUj>,

where t € R, j € Z and a,b,d,h,k > 0. Henceforth we shall consider the system (1.2)
throughout this paper.
For solutions (u;,v;) = (u,v) for all j € Z of (1.2), the system (1.2) is reduced to
du dv

(1l —u— Y (1 — v — hu).
o au(l —u — kv), 7 bu(l — v — hu)

Then by a phase plane analysis we have the following asymptotic behaviors as ¢t — 4o00:
(i) If 0 < k <1 < h, then lim;—, (u,v)

) (t) = (1,0) (the species u wins).
(i) If 0 < h < 1 < k, then lim;_ ;o (u,v)(¢t) = (0,1) (the species v wins).
(iii) If A,k > 1, then lim; oo (u,v)(t) = (0,1) or (1,0) (depending on the initial data).
(iv) If 0 < h,k < 1, then limy_, o (u,v)(t) = ((1 — k)/(1 — hk),(1 — h)/(1 — hk)) (two

species coexist).

Note that the case (ii) can be reduced to the case (i) by exchanging the roles of v and v.

When 0 < k < 1 < h, the species u is stronger than v, hence the species u invades v
and eventually v will be extinct. It is interesting to know how the stronger species invades
the weaker one. To understand the invading phenomenon between two species, the study
of entire solutions is an important issue. Here an entire solution of (1.2) means a classical
solution defined for all (j,¢) € Z x R.

A solution {(u;,v;)} of (1.2) is called a traveling wave (front) solution of (1.2) connecting
(0,1) and (1,0) with speed ¢, if

(u]'(t)>vj(t)) = (U(f), V(£))7 5 = ] +ct

for some function (U, V) satisfying

(cU'(§) = Do[U(E)] + aU([1 = UE) —kV(E)], £ €R,

L3 V'(§) = dDo[V()] + 0V (E[1 = V(§) — hU(E)], € € R,
1.3
(U, V)(=00) = (0,1), (U,V)(+00) = (1,0),

L 0< U,V <1onR,

where Dylw(§)] == w(€+ 1) +w(§ — 1) —2w(&) for w = U, V. The existence and uniqueness
of traveling wave solution of (1.2) has been established in [6] for the case (i). Note that
traveling wave solutions connecting (0,1) and (1,0) are entire solutions which provide the

invading phenomenon. The purpose of this article is to establish the existence of two-front
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entire solutions of (1.2) which behave as two traveling fronts moving towards each other from
both sides of space axis. This provides another invasion way of the stronger species to the
weaker one.

In fact, the study of two-front entire solutions of reaction-diffusion equations can be traced
back to the works of Hamel-Nadirashvili [7] and Yagisita [18] (also see [3], [5], [1], [14]).
Among other things, these works established the existence of entire solutions with some
combinations of two traveling wave solutions. Here, again, an entire solution means a classical
solution defined for all (z,t) € R? Recently, Morita-Tachibana [15] extend the results of
scalar equations to a competition system. More precisely, under some conditions, they
prove that there are two-front entire solutions which behave as a traveling waves solution
(¢(x + c1t), Y (x + c1t)) in the right z-axis and (¢(—x + caot), Y (—x + cot)) in the left z-axis
when t — —oo for the following competition system:

Up = Ugy + u(l — u — kv), (z,t) € R?,

(1.4)
v = dvge + bv(1 — v — hu), (x,t) € R?

for the cases (i) through (iii). For the study of traveling wave solutions to (1.4), we refer the
reader to, e.g., [17, 4, 2, 16, 8, 9, 10, 11, 12, 13].

Motivated by the work of [15], it is very natural to expect that (1.2) also has two-front
entire solutions based on the existence of traveling wave solutions. Therefore, we are looking
for a solution {(w;(t),v;(t))} which is defined for all j € Z and ¢ € R and is a combination
of two traveling wave front solutions of (1.2). For this, we embed the system (1.2) into a

larger one:

) ur(z,t) = Dolu(z,t)] + au(x, t)[1 — u(x,t) — kv(z,t)],
| vi(x,t) = dDsfv(z, )] + bu(x, t)[1 — v(z,t) — hu(z,t)],

where (z,t) € R? and Dyfw(z,t)] := w(z + 1,t) + w(z — 1,t) — 2w(x,t) for w = u,v. Note
that the traveling wave front solution of (1.2) and (1.5) are identical. In this paper, we shall
only focus on the case (i) and make the following assumption

(A1) 0<k<1l<h,a>0,b>0andd>0.

In [15], the following assumption is crucial in constructing two-front entire solutions,

namely, there is a positive number 79 such that

Ute) ] > forall &<0.

(1.6) TV

Also, they provide some conditions via the eigenvalues of the linearized system around equi-
libria (0,1) and (1,0) to assure (1.6) holds. Fortunately, the condition (1.6) also holds for
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our lattice dynamical system (1.2). Indeed, it is proved in [6] that the limit
L= lim UE)/[1-V(S)]

o0
exists and is equal to either 0 or a positive number. Moreover, under the extra condition
0 < d < 1, we can be sure that [ > 0 (see [6, Remark 3.1]). From now on, we shall only

consider the traveling wave solutions satisfying (1.6).

Since the comparison principle also holds for our competition system, we can apply the
same argument as in [15] to construct two-front entire solutions by the help of a pair of

super- and subsolution. We establish the following result.

Theorem 1. Assume (Al). Let (¢;,U;, Vi) be a solution of (1.3) satisfying (1.6) and let 6; be
a given constant, i = 1,2. Then there exists an entire solution (u(x,t),v(x,t)) € (0,1)x(0,1)
of (1.5) such that
(1.7) tlim sup  {|u(z,t) = Ur(z + it + 61)| + |v(z,t) — Vi(z + crt + 61)|} =0,

T e>(ca—c1)t/2

(1.8)  lim sup  {|u(z,t) — Us(—x + cot + 02)| + |v(x,t) — Vo(—x + cot + 602)|} = 0,

t—==00 < (cg—c1)t/2

(1.9)  lim sup{|l — u(x,t)| + |v(x,t)|} = 0.

t——+o0 z€R

We organize this article as follows. In the next section, we recall some results from [6]
on the asymptotic behaviors of traveling waves. With these asymptotic behaviors, the main

theorem will be proven in Section 3.

2. PRELIMINARIES

For convenience, we set w(z,t) := 1 —v(z,t). Thus (1.5) becomes the following (P):
u = Dolu] + aull —u — k(1 — w)],
wy = dDs[w] + b(1 — w)(hu — w).
Then, by setting W :=1 —V, (1.3) is equivalent to
(U = DsJU)+aU[l -U — k(1 —-W)],
W' =dDy[W]+b(1 = W)(hU — W),

(2.1)
(U’ W)(—OO) = (O’ 0)7 (Uv W)(—I—OO) = (1a 1)a

Lo<U W <1.
In [6], we proved that there is a minimal speed ¢y, > 0 such that (2.1) admits a solution

(U, W) if and only if ¢ > ¢ypin. Thus, both ¢; and ¢y in Theorem 1 are positive. Moreover,
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any wave profile is strictly monotone. That is, U] > 0 and W/ > 0 on R for i = 1,2. On the
other hand, we also derive the asymptotic behavior of the traveling wave front of (2.1).
Define

(2.2) Di(c,\) i=ch—[(e*+e*=2) +a(l k).

It is easy to see that for each

: {e’\+e_’\—2+a(l—k)}
¢ > ¢, = min > 0,
A>0 A

the equation ®4(c, A) = 0 has exactly two real roots A\;(c), i = 1,2, with 0 < A;(¢) < Aa(c);

for ¢ = ¢,, ®1(c,\) = 0 has a unique real root A, > 0. Next, we also define

Uy(e,\) i=cA—d(e*+e > —2) —b(1 —h),
Uy, ) i=ch— (X +e* —2) +a.

For any ¢ > 0, ¥;(c, \) = 0 has only one negative root, denoted by v;(c); Wa(c, ) = 0 also

has only one negative root for any ¢ > 0, denoted by v5(c).

Lemma 2.1. Assume (A1) and let (c,U, W) be a solution of (2.1) satisfying (1.6). Then

23) LN VV?/S)) = Ao = (ljf(f))

(2.4) . % = —11(0),

(2.5) Jm f—z(f()g) = —u(c),

(2.6) T_—V(]V((g < K for all £ € R for some K > 0,

where A(c) € {\(c), Xa(c)} and vo(c) € {vi(c), va(c)}.

The proof of Lemma 2.1 can be found in [6, Lemmas 3.2 and 3.4 through 3.7]. As a

consequence, we get the following estimates which we need in the proof of Theorem 1.
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Lemma 2.2. Assume (A1) and let (c;, U;, W;) be a solution of (2.1) satisfying (1.6), i = 1, 2.

Then there exist positive numbers ju1, m and M such that

(2.7) 0 < Ui(&) < Mems, forall £ <1,
(2.8) 0 < Wi(€) < Mems, forall £ <1,
(2.9) m < {Eg < M, for all £ <1,
(2.10) m < Z/Eg < M, for all £ <1,
Ui ()
(2.11) m < = U.(6) < M, for all £ > —1,
(2.12) m < 1_’—‘/% < M, for all £ > —1.
Proof. (2.7) through (2.10) follow from (2.3). By (2.4) and (2.5), we obtain (2.11) and
(2.12). 0

Note that (2.11) and (U;, U!)(—o0) = (0,0) imply that there exists n > 0 such that

1——U,-(S)Sn’ 1=1,2

for all £ € R and s € [—1, 1], since we have

M:exp{—/Hle@))dx}, i=1,2
§

(2.13)

1-U(¢) - Ulz
Similarly, there exists v > 0 such that
2.14 ——— <7, 1=1,2
244 U®)

for all ¢ € R and s € [—1,1]. Note that, in (2.13) and (2.14), U; can be replaced by W;,
i—12.

3. PROOF OF THEOREM 1

The following three lemmas are key steps in the proof of Theorem 1.
Lemma 3.1. Let (¢;, U;, W;) be a solution of (2.1) satisfying (1.6), i = 1,2, and define

Ay, p) == Ui(y + p)Wa(—y + p)[l — Ua(—~y + p)|[L — Wi(y + p)],
B(y,p) == Us(—y + p)Wi(=y +p)[1 = Ui(y + p)][1 — Wa(~y + p)],
Cly,p) = Ui(y + p)[1 = Ua(—y +p)] + Us(—y + p)[1 — Ur(y + p)]-
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Then there exists N > 0 such that, for any given p <0,

(3.1) A(y,p) < Net?C(y,p) for every y € R,
(3.2) B(y,p) < Ne"PC(y,p) for every y € R.

Proof. Since the proofs of (3.1) and (3.2) are similar, we only show (3.1). We divide R into
four intervals, (—oo, p|, [p, 0], [0, —p] and [—p, +00). For y € (—o0, p], by using (2.6), (2.11)
and (2.7), we obtain

Aly.p) _ Aly, p)

Cly,p) — Us(=y+p)l —Uily+p)]

1 —Wi(y+p)1—U(~y+Dp)
1-U(y+p) Uy-y+p)
NUi(y + p) < Naett?

Wa(—y +p)Ui(y +p)

N

for some Ny, Ny > 0.
For y € [p,0], by (2.6), (1.6), (2.9) and (2.7), we have

Aly,p)  _ Ay, p)
Cly.p) = Uiy +pll—Ui(y+p)]
1 —Wi(y +p) Wa(—y +p) Uz(—y +p)
1=Ui(y+p) Us(=y +p) Us(—y +p)
< N3Ui(y+p) < Nyet?

[1 = Us(=y + p)|Us(y + p)

for some N3, N, > 0.
For y € [0, —p], using (2.9) and (2.8), we obtain

Aly.p) _ Ay, p)
Cly.p) ~ Uiy +p)[1 — Va(—y + p)]
for some N5, Ng > 0.
For y € [—p, +00), by (2.6), (2.11) and (2.8), we have

Aly,p) Ay, p)

Cly,p) — Ully+p)[l —Us(~y +p)]
1— W1(3/ +p) 1-— Ul(y +p)
1-U(y+p) Uily+p)

< N:Wy(—y+p) < Nget''?

< NsWa(—y + p) < Ngett?

Ur(y + p)Wa(—y +p)

for some N7, Ng > 0. Then (3.1) follows by taking N = max{N, Ny, Ng, N3} and the lemma
follows. U

Lemma 3.2. Let (¢;,U;, W;) be a solution of (2.1) satisfying (1.6), i = 1,2. We define

D(y,p) = [Ur(y + 1+ p) = Ur(y + p)][U2(—y + p) — Uz(—y — 1L +p)],
E(y,p) == [Ui(y +p) = Ui(y = 1+ p)|[Uz2(=y + 1+ p) — Uz(—y + p)]
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while we define C(y,p) as in Lemma 3.1. Then there exists Ng > 0 such that, for any given
p < 0, we have

(3.3) D(y,p) < Noe"'*C(y,p) for every y € R,
(3.4) E(y,p) < Noe"'"C(y,p) for every y € R.

Proof. Since the proofs (3.3) and (3.4) are similar, we only prove (3.3). For y > —p, there

are 1m1(y), n2(y) € (0,1) and Ly > 0 such that

D(y,p) _ Uiy +m+p)Us(=y—m+p) _ Uiy +m +p) Us(=y = +p)

C(y.p) Cly,p) ~ Ully+p) 1-U-y+p)

{ Ullytm+p) 1-Uly+m+pl-Uly +p)} Us(—y —m2+p)
1-Uily+m+p) 1-Uy+p) Uly+p) 1 — Us(0)

< LiUy(—y—m2+p),

where the last inequality follows from (2.11) and (2.13). It then follows from (2.7) and (2.9)
that

IN

D(y,p)
C(y,p)

For y € [0, —p], there exists Ls > 0 such that

D(y,p) Uiy +m +p)Us(=y —n2 +p)
Cly,p) C(y,p)
{U{(y + 1 +p) Ur(y +m +p) Uiy +p)} Uy(—y — 12+ p)
U(y+m+p) Uly+p) Uily+p) 1 —U5(0)
< LUs(—y —ma +p),

< LiUsy(—y —n2 +p) < LiLoyMe!?.

where the last inequality follows from (2.9) and (2.14). Again, by (2.7) and (2.9), we obtain
D(y,p)/C(y,p) < LyMe*? for some Ly > 0. Thus, (3.3) holds for all y > 0.

For y < 0, we divide it to the cases y € [p,0] and y € (—o0,p|]. By using the same
argument, (3.3) also holds for all y < 0. Thus, we complete the proof of this lemma. O

Lemma 3.3. Let (¢;,U;,W;) be a solution of (2.1) satisfying (1.6), i = 1,2. Then there
exists N1 > 0 such that, for any given p < 0, we have

F(y,p), G(y,p), H(y,p) < N1e"PI(y,p) for every y € R,

where

F(y,p) == [Wi(y +1+p) = Wiy + p)|[Wa(—y +p) — Wa(~y — 1 +p)],
G(y,p) == [Wi(y +p) = Wiy — 1+ p)|[Wa(—y + 1 + p) — Wa(—y + p)],
(y,p) == Wiy + p)Wa(—y + p)[1 = Wiy + p)][1 — Wa(—y + p)],
I(y,p) = Wiy + p)[l = Wa(—y +p)| + Wy(—y + p)[1 = Wi(y + p)].

T
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Proof. This lemma is proved by using Lemma 2.2. Since the proof is similar to those of
Lemmas 3.1 and 3.2, we omit the details. ([l

By the transformation y = x + (¢; — ¢2)t/2, we define (u(y,t), w(y,t)) := (u(z,t), w(zx,t)).
Then (P) becomes (Q):

vt (252 )y = Dali + Swsw), (0 € B,

(52 ) wy = dDful + g(uw), (511) € B

where f(u,w) := au[l —u — k(1 —w)] and g(u,w) := b(1 — w)(hu — w).
We call (u=,w™) a subsolution of (Q) for (y,t) € R x [11,T3] if Fi(u",w™) < 0 and
Fo(u™,w™) <0 for all (y,t) € R x [Ty, Tz], where

C1 — Co

Fi,w) =, + ( ) uy = Dafu] — f(u,w),

Falww)i= vt (252 ) w, - dDifu] - gluw)

Similarly, a supersolution (u™,w™) is defined by reversing the above inequalities.

Next, we introduce the following initial value problem:

p(t) = (Cl ; 62) + Let?® <0,

p(0) =po <0,

where p; > 0 is defined in Lemma 2.2 and L > 0 is to be determined. Then the solution can

be easily obtained as

c1+ ¢y 1 2L
t) = t——1Inq 14 ————emro(1 —elatedmt/2y b <0 ¢ <.
p(t) po+< 5 ) m n{ Tt (I—e ) , <

. C1 + (&) 1 _ 2L
lim t) — ty=——1Ing e MPo < 0.
t——o0 {p( ) ( 2 ) } 1 { €1+ C2 }

The following equalities are useful in the subsequent estimates:

Note that

( fur +ug — urug, wy + wy — wiwy) — (1 —ug) f(ur, wr) — (1 — up) fug, w)
= a(u + ug — ugu2)[(1 — uy)(1 — ug) — k(1 — wy)(1 — wy)]
(3.5) —auy (1 —u2)[1l —ug — k(1 —wy)] — aug(1 — ug)[1 — ug — k(1 — wy)]

= a{—urug(1l — ug)(1 — ug) — k(uy + us — ugus) (1 — wy)(1 — wy)

\ —|—ku1(1—ug)(l—w1)+ku2(1—u1)(1—w2)},
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(3.6) g(ur + ug — ugug, wy + wy — wywe) — (1 — wy)g(ug, wy) — (1 — wy)g(ug, we)

= bUJlZUQ(l — wl)(l — wz) — th1U2(1 — wl)(l — ’LUQ).

Proof of Theorem 1. Without loss of generality, it suffices to consider the case when
(91 = 82 = 5, where

1 2L
(3.7) J:=——1In {e“lpo + } <0,
M1 Cc1+ Co

p1 > 0 is defined in Lemma 2.2 and L > 0 is to be determined. Indeed, the case for general
01 and 6y can be reduced by a suitable space and time shift to the case 6; = 6, = 6. The
detail can be seen in [5].

We now claim that (u™,w™) defined by

ut(y,t) == Uiy + p(t)) + Uz(—y + p(t)) — Ur(y + p(t))U2(—y + p(t)),

wt(y,t) == Wiy + p(t)) + Wa(—y + p(t)) — Wiy + p(t))Wa(—y + p(t))

is a supersolution of (Q) for y € R and ¢ < 0, where (U;, W;) solves (2.1), i = 1, 2.
Note that

fl(u+,w+)
YO0 - UUL+ (- U + ( ) (1= UV, — (1 — U)UY
_DZ[Ul] — DZ[UQ] + Dg[UlUg] — f(U1 + Uy — U Uy, Wy + Wy — W1W2)
_ {p'm - ( i ) } (1= U)UL + (1 - U)UY]

C1 — Co

2
+[Ui(y + 1+ p(t)) = Uiy + p(0)][U2(—y — 1+ p(t)) — Ua2(—y + p(t))]
+[Ui(y +p)) — Uiy — 1+ p())][U2(—y + p(t)) — U2(—y + 1+ p(t))]
—f(Uy + Uy — Uy Us, Wy + Wo — Wi W)

+(1 = Us) f(Ur, W1) 4+ (1 = Uy) f(Ua, W2).

We now estimate the last three terms of the above equality. From (3.5),

f(UL + Uy = UyUg, Wy + Wy — WiWso) — (1 — Us) f(Ur, W) — (1 = Uy) f(Us, W)

S ak[U1(1 — Ug)(l — Wl) + Ug(l — Ul)(l — Wg) — (Ul + UQ — UlUQ)(l — Wl)(l — WQ)]
= ak‘[Ule(l — Wl)(l — UQ) + UQW]_(l — Ul)(l — Wg) — U1U2(1 — Wl)(l — WQ)]
< ak[UWa(1 — W)(1 — Us) + Us Wi (1 — Uy) (1 — Wa)].
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It follows that
Fi(u®,wh)
L W[(1 = Uy)Uy + (1 = Ur)Us] = D(y, p(t)) — E(y, p(t))

—ak[UyWa(1 — Wh)(1 — Us) + Us Wi (1 — Up) (1 — Wa)]

D(y,p(t)) + E(y, p(t Ay, p(t)) + By, p(t
— Cly,p(1) {Leulp(t) _ Dly,p(®) + EQy.p(#)) . Alyp(t)) + B(y, p( ))} |
C(y, p(t)) C(y, p(t))
where A, B, C', D and F are defined as in Lemmas 3.1 and 3.2. Therefore, by Lemmas 3.1

and 3.2, there exist N > 0 such that

v

Fi(u,wt) 2 Cly,pt) {Le ) = 2Nem0 — 20N}

for all y € R and t < 0. Therefore, by choosing L > 2N + 2akN, we obtain F(u™,w™) >0
for all y € R and ¢ < 0. Next, by Lemma 3.3, (3.6) and by choosing L > 1, we can derive
that Fo(ut,wt) > 0 for y € R and ¢ < 0 by the same argument as above. Hence (ut,w™)
is a supersolution of (Q) for a fixed large L > 0.

Similarly, the pair (u~,w™) defined by

C1 + Co C1 + Co

u (y,t) := max{U;(y +

t+0),Us(—y+

C1—|—CQ

t+9)},

C1 +02

w™ (y,t) := max{W;(y + t+9), Wa(—y+ t+6)}

is a subsolution of (Q), where § is defined in (3.7) and L is fixed as in the supersolution.
Note that u™(y,t) < u'(y,t) and w™(y,t) < w'(y,t) for all y € R and ¢ < 0. Moreover, we
have
lim suplu®(y,t) —u (y,t)] = 0= lim suplw™(y,t) —w (y,t)].
t—=—00 ycR 1——00 ycR

Since our system enjoys the comparison principle, we can apply the method in [15] to find a
solution (u(y,t),w(y,t)) such that v~ < u < wu' and w™ <w < w' for all y € R and ¢t < 0.
Then the asymptotic behaviors (1.7) and (1.8) hold, since (u(y,t), w(y,t)) is still a solution
after time shift. Finally, note that the subsolution (v~ ,w™) is defined for all ¢ € R and

lim sup[l —u (y,t)] =0= lim sup[l —w (y,?)].
t——4o00 yeR t—4o00 yeR

Therefore, since (u,w) can be extended to all ¢ > 0, we can derive (1.9) and the proof of

Theorem 1 is completed. [l
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