FRONT PROPAGATION FOR A TWO-DIMENSIONAL
PERIODIC MONOSTABLE LATTICE DYNAMICAL SYSTEM

JONG-SHENQ GUO AND CHANG-HONG WU

ABSTRACT. We study the traveling wave front solutions for a two-dimensional periodic
lattice dynamical system with monostable nonlinearity. We first show that there is a minimal
speed such that a traveling wave solution exists if and only if its speed is above this minimal
speed. Then we prove that any wave profile is strictly monotone. Finally, we derive the
convergence of discretized minimal speed to the continuous minimal speed.

1. INTRODUCTION

Many mathematical models, such as chemical kinetic and biological invasions, are often

described by reaction-diffusion equations (see, e.g., [12]). A typical example is
(1.1) up =V - (A(z)Vu) + f(z,u), € R"t > 0.

In this paper, we are mainly concerned with the wave propagation in periodic media, i.e.,
the case when the diffusion matrix A and the reaction term f are periodic in x. The study of
wave propagation in reaction-diffusion equations in periodic media can be traced back to the
work of Gértner and Freidlin [18] in 1979. See also the papers by Freidlin [14], Shigesada,
Kawasaki and Teramoto [24], Hudson and Zinner [21], Berestycki, Hamel and Roques [5, 6]
and the references cited therein. For reaction-diffusion-convection equations in quite general
domains with KPP type nonlinearity ([22]), we refer the reader to, e.g., [3, 4].

Recently, in [19], the authors study the traveling waves for one dimensional spatial discrete
version of (1.1) in periodic media. Among other things, they proved that a traveling front
solution exists if and only if the wave speed is above a positive minimal speed. In this paper,
we shall extend the work [19] in one dimensional case to the two dimensional spatial discrete

version of (1.1) in periodic media in which the diffusion matrix is assumed to be

Az) = {p%v) q(()$) } , r € R%.
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More precisely, we shall study the following problem (P) for a two-dimensional lattice dy-

namical system:

(1.2) Uy (1) = Pig1 i (1) + gtz () + it ja () + g -1 (t)
—D; jui j(t) + f(i, j,ui (1), teR, (i,)) € Z?,
Nr Ns o
(1.3) UH_NJ(t + T) = Uw‘(t) = ui7j+N(t + 7), t e R, (l,]) - ZQ, C 7é 0,
(1.4) m’+gr—1}—oo w; ;(t) =1, m‘+5‘r—r}+oo ui;(t) =0, teR,
(1.5) 0<wu,;(t)<1, teR,(ij) ez
where

D; ;= (piv1j +pij+ Gijo+a,;), (i,75)€ z?,
DitNj = Dij = DijoN, QiiNg = Gij = Gijin, (i,]) € 7%,
fli+N,j,8) = f(i,j,s) = f(i,j+ N,s), (i,j) € Z* s€[0,1]

for some positive integer N. Here ¢ is the unknown wave speed and (r,s) := (cos6,sin0)
with 6 € [0, 27) represents the direction of movement of wave. A solution of (P) is called a
traveling wave in the direction # and u(-) = {u;;(-)} is called the wave profile.

We shall make the following further assumptions.

(A1) The coefficients p; ; and ¢;; are bounded from above and below by two positive
constants for all (z,7) € Z*.

(A2) f(i,5,0) = f(i,4,1) =0 < f(i,4,s) for all (i,75,s) € Z* x (0,1).

(A3) f(i,j,s) < fi(i,5,0)s for all (i,7,s) € Z* x [0, 1].

(A4) There exists « > 0 and S > 0 such that f(i,7,s) > f.(i,5,0)s — Bs'* for all
(i,7,8) € Z* x [0, 1].

(A5) There exists p € (0,1) such that f(7,7,s0) < f(i,7,81), if p < s1 < 52 < 1, V(3, ).

Hereafter f!(i,j,s) := (0f/0s)(i, j,s). Note that, by (A3), fi(i,7,0) > 0 for all (i,7) € Z>.
Also, the assumption (A5) is valid if we have f.(i,j,1) < 0 for all (i, j) € Z>2.

Although the equation (1.2) is a spatial discrete version of (1.1) in two space dimension,
it can also arise directly in many biological models (cf., e.g., [25]). For related works to
(1.2) in homogeneous media with monostable or bistable nonlinearity for one dimensional
lattice dynamical system, we refer the reader to ([8],[9],[10],[11],[15],[16],[20],[28],[29]) and
the references cited therein. The two dimensional lattice dynamical system was treated in
[17] for the homogeneous media. In this paper, we extend the work [17] to the periodic

media.
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To state our main results, we first introduce the linear operator £y : RY RV by
(1.6) (Lav);; = pi+1,j€7MUi+1,j + pi,jew\vifl,j + Qi,j+1€78)\vi,j+1 + qZ‘,jGS)\Ui,jfl
—D; jui i+ fi(i,j,0)viy, 4,5 =1,2,--- N,

o N2 s o o —
where v = (ULl,ULQ, ce ,'UNJ\[) eR with Vo,j = UNj, Vio ‘= UiN, UN41,j5 = U1y and
UiN+1 = vq for 4,5 = 1,---,N. We shall show that the largest real eigenvalue of the

operator L, exists, which we denote it by M (\). Moreover, the constant

exists and is positive. Indeed, this constant c, is the minimum speed as shown in the following
theorems.

We now state our main results as follows.
Theorem 1. Assume (A1)-(A4). For each ¢ > c., the problem (P) admits a solution.
Theorem 2. Assume (A1)-(A4). If (P) has a solution with ¢ # 0, then ¢ > c,.

Theorem 3. Assume (A1)-(A5). Let u := {u;;} be a solution of (P) with ¢ # 0. Then

the wave profile u(-) is strictly increasing in t.

Although some of the proofs of Theorems 1-3 are similar to the work [19] for the one
dimensional lattice dynamical system, there are certain different ideas in this paper from
those in [19]. For example, for the existence of traveling wave solutions, we use a different
approach from the one used in [19]. For a solution (¢, u) of (P) with ¢ > 0, we introduce the

following transformation

(1.7) w; (&) ==, ;(t), &:=ct—ri—sj.

Then we apply the monotone iteration method (cf. [1, 27, 9]) to the new system of equa-
tions satisfied by w; ; to derive the existence of traveling waves. The super-sub-solutions
constructed in [19] are useful in applying this method. It turns out that this approach is
much simpler than the method used in [19]. Indeed, the transformation (1.7) is reminiscent
of the so-called moving coordinates (cf. [13]). For the proof of the monotonicity of wave
profile, the transformation (1.7) is also proved to be very useful. By using w variable, the
proof of monotonicity becomes more transparent.

It is also interesting to see the dependence of the direction # for the minimum speed. For
the continuous version, the authors in [3] announced that the minimum speed depends on
0 for reaction-diffusion-advection equation in the periodic framework. But, for the homoge-
neous case (with KPP assumption) the minimum speed of planar waves for reaction-diffusion

equation is independent of §. In the discrete version we found that, even in the homogeneous
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case, the minimum speed depends on #. To see this, we recall the minimum speed for the
homogeneous case with (r,s) = (cosf,sin @) (cf. [17]):
) 6—)\7' + e)\r + e—)\s + e—)\s _ 4 + f/(o)
o (0) = i ) b
Take, for example, § = 0,7/4. Then it is easy to check that ¢,(0) > c.(7/4). Therefore,

the minimum speed depends on the direction 6. Indeed, this phenomenon was also observed

before in [7] for the discrete bistable case.

Finally, from the numerical point of view, it is very important to see whether the discretized
minimum speeds converge to the continuous minimum speed as the mesh size tends to zero.
The answer to this question for 1D periodic case is positive (cf. [19]). Here we shall extend
this result to the 2D case.

For this, we assume the following.
(1) p,q and f are periodic with period L > 0, i.e.,
p(x1 + L, x2) = p(z1, 12) = p(21, 22 + L),
q(x1 4+ L, x9) = q(x1,72) = q(x1, 20 + L),
flz1 + L,x9,s) = f(x1,29,8) = f(x1,22 + L, 5).
(2) p,q € CH°(R?) for some § > 0 and

0 <infp <supp < 400, 0 <infq <supq < 4o0.
R2 R2 R2 R2

(3) the nonlinearity f : R? x [0, 1] is monostable with KPP assumption (i.e., f satisfies
(A2),(A3),(A5) with (4,7) replacing by z € R?) and there exists a > 0 and 5 > 0
such that f(x1,zq,5) > fl(z1,72,0)s — Bs'1 for all (z1,z9,s) € R x [0, 1].

Then it is known from [2] that (1.1) has a pulsating traveling wave solution if and only if

> := min >0
V= A>0 ’

where k() is the principal eigenvalue of the operator Py, where
Prp =V - (AV@) — 2XeT AV S + [-AV - (Ae) + N2l Ae + fl(x1,19,0)]0, e := (r, )7,
acting on the set
E:={¢ € C*(R*) | ¢(x1 + L,x2) = ¢(x1,22) = ¢(x1,22 + L)}
We use the following discretized problem to approximate (1.1):
iy) = p )b e (6) — ey (0] — pl — ) ) (8) i (0)
(19 i, G+ )i (6) = i (8)] = ai, G = )0 (1) — w1 (1)

2
—|—f(’lh,jh, ui,j<t))a te R? (Z>j> € ZQ)
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where w; ;(t) := u(ih, jh,t) with h :== L/N the mesh size for N € N. If we define

Phy = 3300 = ) jh) = Z5p((i = 5)h, jh),
Loy o Loy NP ]
aiy = 3340, (G = 5)h) = Zza(ih, (G = 5)h),

(i, 4, s) = f(ih, jh,s),

then it is easy to check p v, = pl; = plj n, @iy, = @5 = ajon and fP(i+ N, j,s) =
(i, 4,5) = f"(i,j + N,s). For each N € N, by Theorems 1 and 2, we know that (1.8) has

a traveling wave solution if and only if ¢ > ¢.(h).

Theorem 4. Under the above notation, we have
L
heo(h) — v, as N — 400, where h = N

This paper is organized as follows. In §2, we first give some basic properties of solutions
of (P) and study the eigenvalue problem for the operator £, to characterize the minimum
speed c¢,. Then we use the monotone iteration method with the help of a pair of super-sub-
solutions to prove Theorem 1. In §3, we first give a comparison principle and then give a
proof of Theorem 2. Next, we prove Theorem 3 by a sliding method in §4. Finally, we
follow a method of [19] to drive Theorem 4 in §5.

Although, in this paper, we treat only the case with monostable nonlinearity in a two-
dimensional lattice, our methods can be easily generalized to some other cases. For example,
the existence and monotonicity of traveling wave in the case of monostable nonlinearity can
be generalized to general N-dimensional lattice by taking the following transformation with

moving coordinates:

N
Wiy,..in (5) = Ujy,in (t)’ §i=ct— Z €k Uk,
k=1

for a given direction of movement of wave e := (eq, ..., en).

The uniqueness of traveling wave in the periodic monostable case is still an open problem,
due to lack of the information on asymptotic behaviors of wave profiles at tails. For other
nonlinearities, such as the bistable case, we refer the reader to the works [10] and [26]. It
is interesting to see whether the method of [10] can be generalized to the ignition type

nonlinearity. We leave it as an open problem.

2. EXISTENCE

In this section, we shall prove Theorem 1. First, we have some basic properties as follows.
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Lemma 2.1. Let u = {u;;} be a solution of (P) with ¢ # 0. Then
(1) 0 < w; (t) <1 for all (i,5,t) € Z* x R.

(ii) ¢ > 0.
(iii) tlim u; () =1, tlim u; j(t) =0, and tliin u; ;(t) =0 for all (i) € Z*.

Proof. First, we show w; ;(¢t) > 0 for all (i,7,t) € Z* x R. For a contradiction, we sup-
pose that there exists (I, J,T) € Z* x R such that u; ;(T) = 0. Then u} ;(T) = 0 =
f, J,ury(T)). By (1.2), we obtain

0=prr1,0ur41,0(T) + pryvwr—1,(T) + qrye1ur g1 (T) + qryur -1 (T).
Then uyy1 5(T) = ury1(T) = 0 due to p; j,¢;; and u; j(T') are nonnegative for all 7, j. Also,

by induction, we have u; ;(T) = 0 for all (¢,j) € Z*. This contradicts  lim  w;;(t) =1

ri4sj——00
and so w; ;(t) > 0. Similarly, using the same argument, we obtain wu; ;(t) < 1.

Next, we claim that ¢ > 0. Integrating (1.2) over [a,b] with —oco < a < b < 0o, we obtain
b
u;j(b) —uij(a) = / {pit1guiv1,5(t) + pijuio1; () + gt g1 (t) + gijui—1(t)

=D jui () + f(i, j, ui (1)) bt

Sum over 4,j =1 to N, (1.3) and by the periodicity of p; ; and ¢; ;, we have

N

N b+ a+2r
> lui(0) = wigla)] = ZPLJ’{/ UN,j(t)dt—/ un,;(t)dt
i,j=1 j=1 b a
a+% b+%
+/ UN+17j(t)dt—/ uN+1,j(t)dt}
a b
N bJr% a+%
+qu{ / win (t)dt — / i (t)dt
i=1 b a
a—l—% b+%
+/ U27N+1(t)dt—/ uz,N—l—l(t)dt}
a b

+Z/ Fi, 7w ;(t))dt.

ij=1"4
From (1.3) and (1.4), we have the following:
If ¢ >0, then tlim u; j(t) =1, and lim w,;(t) =0 for all (i,j,t) € Z* x R;

t——o00

if ¢ <0, then tlim u; j(t) =0, and lim w,;(¢t) =1 for all (i,j,t) € Z* x R.

t——00
Letting b — 400 and a — —o0, we obtain
N N +oo
N? sgn(c) = 3 [uij(+00) — uyj(—00)] = Y / fi, J,ui(t))dt > 0.

ij=1 ij=17"
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Hence ¢ > 0, u; ;(+00) = 1 and u; j(—oo) = 0 for all (i, j) € Z*. Moreover, by (1.2), we have
uj j(£00) = 0 for all (i,7) € Z*. This completes the proof. O

In order to characterize the minimum speed c,, we recall from (1.6) the linear operator
Ly : RN — RY defined by

L —rA rA —8A SA
(Lav)ij = Pirrje” " Vipy + pige Vi1 + Gigrie i+ e v

—D;jvij + fo(i, j,0)vi j,

where v := (v11,v19, -+ ,UnN) € RN, Tt is always understood that Vo,j = UNj, Vio = Vi N,
UNt1; i= V15 and v; Ny = v for 4,5 = 1,--- | N. We also recall the following two results
in Krein-Rutman Theorem from [23].

(i) If a linear compact operator A, leaving invariant a cone K, has a nonzero eigenvalue,
then it has a positive eigenvalue p, not less in modulus than every other eigenvalue, and to
this number p it corresponds at least one eigenvector v € K of the operator A.

(71) Suppose that K is a cone with interior and that A is a compact linear operator which is
strongly positive with respect to K. Then A has one and only one unit eigenvector v interior
to K such that Av = pv.

With Krein-Rutman Theorem, we have the following lemma for the spectrum of L.

Lemma 2.2. Let the linear operator Ly be defined above. Then
(i) The operator Ly has a largest real eigenvalue M (N) for all X € R.
(i) M(-) is convez in R.

(iii) ¢, := min

exists and is positive.
A>0

Proof. Let

K :={¢=(d11,012,- " ,0nnN) € RV | ¢i; >0,4,5=1,..,N}.

Note that K is a cone. By Krein-Rutman Theorem, for each A € R, when a > 0 large
enough, £, + ol has a largest positive and simple eigenvalue. Hence L) also has a largest

real simple eigenvalue, say M ().

Let w = w(A) == (wi1,w12, - ,wyN) € K be an eigenvector of £, corresponding to
M(MN), ie.,
(2.1)  MNwi; = pirrge Pwipry +pigewiong + Gigre Wi + gewia

—D; jw;; + fi(i,5,0)w
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fori,j=1,---,N. Set wy y := min{wy 1, w12, - ,wnyn}. Then we have
- w k] T wr— ) —S w k]
M(X) = pryige A(ﬂ) + pr,se A( = J) +qr,5+1€ A(ﬂ)
wr,Jg wr,Jg wr,J
Wy g
(2.2) +qrse™ (=) = Dy + fU(1,7,0)

Wwr,Jg
> p1+1,J6_T/\ + pI,JBM + qI,J+1€_SA + C]I,Jes’\ — Dy s+ fi(1,J,0).

This implies M (0) > fi(I,J,0) > 0.

Before we prove that M is convex in R, we first recall

23) M) = jnf e (S0
¢eK ije{l, N}  @;;

Set

Kper = {u = {uig} [ui; > 0,uirn = wij = wijen for all (i, ) € Z%},
. Lyu i,j
g\ u,i, ) = (Latig.
ui,j
Then (2.3) can also be written as
M(\) = inf A\, i, 7).
( ) ué%per (l?jl)ae}éQg( ’U7/L’])
Now, we claim that M (X) is convex in A € R. For any A\, A2 € R, (u,v) € Kpep X Kper
and t € [0,1], we set A\ :=tA\ + (1 —t)\y and U = {U, ;} := {ufjvfj_t} Since U € K., we
have

M) < max g(\, U, i, j).
(3,§)€Z?

Since the function e” is convex in R and p; ;, ¢; ; > 0, we can easily show that
g(>\> U,Z,]) S tg()\l,U,i,j) + (1 - t)g()‘Qavaiaj)‘
Hence we obtain that

M) < max {tg(h,u i) + (1= g, 0,7, )}

(i,)EZ
< t max g(A,u,i,5)+ (1 —1) max g(Xo,v,17,7).
< (m,)GZQg( LU, ) + (1= 1) (m,)GZQg( 2,0,1, j)

Taking the infimum over u,v € K., it follows that M(\) < tM (A1) + (1 — )M (\2) for all

t € [0,1]. Hence M(\) is convex in R and then M () is continuous in R. Also, by M (0) >0
M(N) M()\) M)

and (2.2), we obtain lim ———= = 400 and lim inf = 400, S0 min
A=0T A A—+00 A>0

exists.

A is positive. If M'(0) > 0, then it follows from the
M)

Finally, we prove that min
A>0

convexity of M that M(\) > 0 for all A\ > 0 and so I/{ligl
>
prove that M’'(0) = 0.

is positive. Indeed we shall
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By Krein-Rutman Theorem, there exists a unique uy € K, such that

(2.4) M) (ur);; = pi+1,j€_r/\(u>\)i+1,j + pi,jerA(u)\)i—Lj + Qi,j—i—le_S)\(u/\)i,j-i-l

+ai€° (u)\)z g1 D;; (u)\)i,j + f4(i, 4, O)(u/\>i,j7
for i,5 = 1,2,---,N. Choose {\,} such A, N\, 0 as n — oo. Since {u,,} is a bounded
sequence in RV”| there exists a subsequence {un,, } of {uy,} such that u), — zask — oo
for some z € K., with ||z]| = 1. Now, we replace A by A,, in (2.4) and take k& — oo, then

we obtain
M(0)zi; = pit1j%is1y T+ PijZi-1j + Qg1 + GijZij-1
—Djjzij + f,(i,5,0)z,
for i,5 = 1,2,--- ,N. This implies that z is the eigenvector of Ly corresponding to the
eigenvalue M(0) such that ||z|]] = 1. We then conclude that uy, — z as n — oo for any

sequence {\,} which converges to 0 as n — oco. Hence uy — z as A — 0.
Note that

(Laun)igzig — (Loz)ig(un)ig = [M(A) — M(0)](ur), ;215 V(7).

Summing over ¢,j = 1,--- , N, we obtain
N
[M(A) = M(0)] > (un), ;21
ij=1
N
e — Z Pij(un)ijzio1y + (€7 — 1) Z Piv1(Un)ijZit1
ij=1 ij=1
N
He = 1)) s (wa)igzig + (€= 1) Y g (wa)ijzi-
i,j=1 i,j=1

Dividing it by A and taking A — 0, also due to periodicity of z; ;, we have

{hm M) - M(O)} i ()

A—0 A “
lj_l
E :puzz 15%i3) +7( E :szrLJZl,JZHlJ E :qmzm 121,3
4,j=1 t,j=1 i,j=1
N
+5(> pijirzigzigen) = 0.
ij=1

It follows that M’(0) = 0 and the lemma is proved. O
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For a given ¢ > 0, let (¢, u) be a solution of (P). We set £ := ¢t — ri — sj and introduce

E+ri+sj
wig(§) 1= g (1) lemet-ri-sj= ig(>———7).
Then, by (1.3), we have
E+ri+sj+ Nr E4ri+ 57
Wit N, (§) = Uit n . ) = wig(C—— ) = wiy(§),
E+ri+sj+ Ns E+ri+ s

) = wii(

wi,j+N(f) = Uz',j+N( c c

It follows that

(2.5) wisn(€) = wii(§) = wijan(€) VEER, (i,7) € Z%

Next, (1.2) becomes

(2.6) cw;;(€) = pir1jwis1;(§ —71) +pijwi1;(E+7) + Gjrwij (€ —s)
+gijwij-1(E+ s) = Dijwii(€) + (i, ,wi;(€)), € € R, (i,5) € 2%

For each (i,7) € Z?, by Lemma 2.1(iii),

(2.7) w;j(=00) =0, w;;(+o0) = 1.

Also, note that

(2.8) 0<w;(§) <1 V(5 eZ xR

We shall denote the problem (P’) by the problem (2.5)-(2.8). From the above discussion,
we see that (c,w) is a solution of (P’), if (¢, u) is a solution of (P). Conversely, if (¢, w)
solves (P’), by defining u; ;(t) := w; j(ct — ri — sj) for all (i,7,t) € Z* x R, then (¢, u) solves
(P). Therefore, we have established the following proposition.

Proposition 2.3. The problem (P) admits a solution (c,u) if and only if the problem (P’)

admits a solution (c,w).

Now, we define the operator H and the set I" by

H(w;;)(§) = vwi;(§) + %[ Pit1,Wit1,5(§ — 1) + pijwi-1,;(§ +7) + ¢ j1wi 1 (§ — 8)
4w j-1(§ + 8) — Dijwi;(§) + f(i, 4, wi(£)) 1,
[ = {{wijt [wij(—00) =0 <w;;(§) <1, win;(§) = wi;(§) = wijin(§)

where the constant v > {max|D, ;| + max m[%)lc] |fi(i,7,8)|}/c.
i, 1,7 s€|0,

Due to the choice of v, the following proposition can be easily derived.
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Proposition 2.4. Let H be defined as above. Then we have

) s (€) > viy(€) for all (,4,€) € 22 x R, then H(w)(€) > H(v,,)(€) for all (i5,€) €
72 x R.

(i1) If w; j(+) is non-decreasing in R for all (i,7) € Z*, then H(w;;)(+) is also non-decreasing

in R for all (i,7) € Z*.
Next, by the integrating factor e*¢, (2.6) becomes
w; j(€) = et /5 e"" H(w; (z))dx V (i,5,t) € Z* x R.
We define

3
T(w; ;)(§) == e_"é/ e""H(w; ;(z))dx.

—0o0

Then, due to Proposition 2.4(i), we have the following important property:
(29) TC(’ZUZ'J) S TC(’UZ',J') if Wy, S Vi, j V(Z,]> € Z2.
Moreover, we have

Lemma 2.5. A pair (c,w) € RT x I' with w; ;(+00) = 1 satisfies w; ; = T(w; ;) for all
(i,7) € Z* if and only if it solves (P').

Proof. It follows from some direct calculations. O

We call ¢* = {¢;,} a super/sub-solution of (P'), if
(i) ¢;; is non-decreasing and
(2.10)  c(df) (&) = Piv1i (€ — 1)+ pighli €+ 1)+ Gyt (€= 5)
+Qi7j¢;j—l(€ + 3) - Di,jgbz—":j(é.) + f(iaja Cb:](f))
a.e. in R for all (i,7) € Z%
(ii) ¢;; is differentiable a.e., ¢; ; #Z 0 and

c(0:;)() < Pig10ia (6= 1)+ pigdi 1 (E+T) G106 —8)
‘|‘qi,j¢i_,j—1(§ +5) — Dzﬁbz—j(é) + f(i, ], (b;j(f))
a.e. in R for all (i,7) € Z*.

Lemma 2.6. Given ¢ > 0. Let w* € T be a super/sub-solution of (P') such that w;;(§) <
w; (&) for all (i,5,€) € Z* x R. Then there exists w € ' such that w; (+00) = 1 and
w; j = T(w; ;) for all (i,7) € Z.
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Proof. Define w;; := T°(w;;) for (i,7) € Z*. Then wi, y;(§) = w};(&) = w} ,;, x(&) for all
(4,4,€) € Z* x R. By the definition of super-solution, we have w; ;(-) < w;(-) in R. This
implies that w; ;(—00) = 0 < w/;(§) < 1 for all (4,5,&) € Z* x R. Hence {w;,;} € I'. Also,

by (2.9) and the definition of sub-solution, we obtain

w;; < T(w;;) < T(wy;) = wil,j.

Moreover,

£
(W) (€) = / e H (wiy (€)) — H(wey (x))}d > 0,

by Proposition 2.4(ii).
Next, we define 'w;f;-rl = T°(w};) for each n € N. Then, for any n € N, by a similar

argument as above, we have {w};} € T,
0 <w; <w/' <w;, <wl; <land (w};) >0nRY (i,5) € Z*.

Hence w; ;(§) := lim w;;(&) exists and 0 < w; ;(-) < 1in R. Applying Lebesgue’s Dominated

Convergence Theorem, we obtain w; ;(§) = T¢(w;;)(§) in R for all (¢,7j) € Z*. Moreover,
wl; >0 in R,

Finally, we claim w; j(—o0) = 0 and w; ;(+00) = 1. Since w; ;(§) > 0 and 0 < w; ;(§) <1
for all (4, 7,£) € Z* x R, w;;(£00) exists. By w;;(—00) = 0 and 0 < w;; < w;fj, it follows
that w; ;j(—oo) = 0. To derive w; ;(+00) = 1, using I'Hospital’s rule, for any (i, j) € Z?,

lim w; ;(€) = lim T%w;;)(&)

g0 ——
= éh_{glo{wi,j (&) + Ciy[pz‘—i—l,jwi—f—l,j(g —7) + pijwi—1,;(§ +7)
i, j+1Wij11(§ = 8) + qijwi—1(§ + 8) — Dijwii(€) + f(E, 4, wi (€)1}
This implies that
Pit1,jWit1,i(00) + Pijwi1,(+00) + i jr1wij41(400)
+qi jw; j—1(4+00) — D; jw; j(+00) = —f(3, J, w; j(4+00)).
Let

Y= min {ww(—l—oo)} = wI,J(+OO)
(i,)€22

for some (I, .J) € Z*. Then
0 < pryigfwri,s(+00) =] + prslwr-1,(+00) — 7]
+qr,g1lwr,s11(+00) — ] + qr s [wr g1 (4+00) — 7]
— f(I,J,y) <0.
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It follows that f(/,.J,y) = 0 and so v = 0 or 1. Also, note that w; ;(-) is non-decreasing and
wy ;(+) #0 in R, so there exists § € R such that

v = wy j(+00) > wr ;(§o) > wr ;(§o) > 0.

Hence v = 1. This implies that w; j(+00) = 1 for all (¢,j) € Z? and the Lemma follows. [

Let g(A) == M(X)/A for A > 0. It follows from Lemma 2.2 that there exists a unique
A* > 0 such that g(A\*) = ¢, and g(\) > ¢, for all A € (0, \*). Moreover, it follows from the
convexity of M(A) that g is strictly decreasing in (0, \*). Therefore, for any ¢ > ¢, there
exists a unique A € (0, \*) such that g(A\) = ¢. Also, for any ¢ > ¢,, we can find u € (A, \*)
such that g < A(1 + «) and g(p) < ¢, where « is the constant defined in (A4).

Now, we fix a ¢ > ¢,. Let {U;;} € K, be an eigenvector of £ corresponding to A
and {V;;} € K, be an eigenvector of £ corresponding to p. Then we can find a pair of

super-sub-solutions as follows.

Lemma 2.7. Fiz a ¢ > c¢,. Let w™ = {w];} and w™ = {w;} be defined by

w;(€) = min{eMU;; , 1},

/L?J

— . A
w;(€) = max{eMU;; — Ae"V;; , 0},
where A > 0 is large enough. Then w' is a super-solution of (P') and w™ is a sub-solution

of (P).

Proof. Since the constant 1 satisfies (2.6), it is enough to show e*U; ; satisfies (2.10) when
e*U; ; < 1. By the assumption

0< f(i,5,8) < f3(4,5,0)s ¥ (i,5,5) € Z* x [0,1],
we can conclude that
c(w) (&) = [pivrwi (€ = 1)+ pigwiy (€ +7) + qijraw; (€ —s)
i 1§+ 5) — Diywi(€) + f(i,5,w;5())]
C)\e/\EUi,j - [pi+1,j€(£_r))\Ui+1,j +pi,je(€+r))\Ui—l,j + Qi,j+1€(§_s))‘Ui,j+1
+¢1;¢ T oy — Die U + fi(i, §,0)eMU; ]
= eM[eh — M(\)U;; = 0.

v

Hence w™ is a super-solution of (P’).

To prove w™ is a sub-solution of (P’), we first choose A > 0 large enough such that

BU* + AIM () — cp)]Vi; <0
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for all (4, j) € Z?, where o and 3 are constant defined in the assumption (A4), and w; (&) > 0
implies that £ < 0. Then, by (A4),

C(wi_,j),<€) - [pi+1,jwi_+1,j E—r) +pi7jwz:1,j(€ +7) + qi,j+1wi_,j+1(€ —5)
+qiw; ;1 (€ + 8) — Dijw; ;(§) + f(i,J, w; ;(£))]

< A€“§Vi,j [M () — cp] + ﬁ(eAgUi,j - A€“§Vi,j)1+a

< Ae Vi [M(u) — ep] + BerTEUFY ((since wy(€) > 0)

< e“ﬁ{ﬁU;ja + A[M(p) — cplVi ;) (since p < A(1+ ) and £ < 0)
< 0

for all (i, ) € Z* such that w;;(§) > 0. Hence w™ is a sub-solution of (P’) and so the lemma
follows. O

Proof of Theorem 1. From Lemma 2.6 and Lemma 2.7, we conclude that (P’) has a
solution for each ¢ > ¢,. Also, by Proposition 2.3, it follows that (P) admits a solution for
each ¢ > c,.

For ¢ = c,, we first choose a sequence of solution {cg, w*}2°, of (P’) such that ¢; | c. and
wk is non-decreasing for all k. Applying Arzela-Ascoli Theorem, there exists a subsequence
{wh}e) of {wF}, and w* = {w};} such that w"(-) — w*(:) in R as | — oo uniformly
on any compact subset of R. Moreover, w* satisfies wy ;(§) = T (w;;)(§) and wy, y;(§) =
w;; (&) = wy;, x(&) for all (4,5,8) € Z2 x R.

Now, we claim w};(+00) = 1 and w};(—00) = 0. Fix (i,j) € Z*. By appropriate
translation, we may assume wﬁ ZJ(O) = 1/2 for any [. Note that w;; is also non-decreasing
and 0 < w;;(-) < 1in R, then w;;(d00) exists and is between 0 and 1. Applying Fatou’s

Lemma, we have
+o00 +oo
Fi,g.wi;(€)dg <liminf [ f(i, 5, wi’,(€)dé < +oo.

This implies that f(i, j, w*(400)) = 0 and so w} ;(xoc) € {0,1} for any (4, j) € Z>.
Next, it follows from w} ;(+00) = T (w;;)(+0c0) that

Pit1,[Wir1,5(+00) — w; j(4+00)] + pijlwi—1,;(+00) — w; ;(+00)]
+Gi g1 [wi i1 (4+00) — wi j(+00)] + i jw; j—1(+00) — w; j(+00)] = 0.

Then w; ;(+00) = Wiz ;(+00) = w; j11(400) for all 7,5 due to p;;,q¢;; > 0. Similarly, we

also have w; ;(—00) = wjx1,j(—00) = w; j+1(—00) for all 4, j.
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On the other hand, by integrating (2.6) over (—oo, +00) and summing over 4, j from 1 to

N, we have
N N +o00
e St (+00) — wi,(—o0) = 3 / F (s (€))dE > 0.
i,jil 17‘7:1 — 00

The last inequality holds, since w;;(0) = 1/2 for some 4,j. Then w;;(+o0c) = 1 and

*
Z?]

w};(—o0) = 0 for any (i, j) € Z?, thereby completing the proof of Theorem 1. O

3. EXISTENCE OF THE MINIMUM SPEED

This section is devoted to the proof of Theorem 2. Throughout this section, the periodicity

of fin (7,7) and p; ;, ¢;; are in force. First, we define
(3.1) Fuli,j,t) = uj;(t) = [Piy1,Uir1,5(t) + pijui-1;(t) + Gijragi(t)
+ijuij-1(t) — Dijui(t) + (4,7, ui;(t)) ]

We have the following comparison principle. The proof is standard so we omit it.

Lemma 3.1. Let ty) € R. Assume that u(t) = {u; ;(t)} and v(t) = {v;;(t)} are continuously
differentiable on [tg, 00) and bounded for (i,j,t) € Z* X [tg,0). If

fU(i,j, t) 2 :FU(?:,j, t) V(Zu% t) € Z2 X [tD,OO), ui7j(t0) Z ’Ui,j<t0) V(Z,j) € Z27

then u; j(t) > v; ;(t) for all (i, j, t) € Z* X [ty,00). Moreover, if the condition u; ;(to) > v; j(to)
is replaced by u; j(to) > v;j(to), then u; ;(t) > v; ;(t) for all (i,j,t) € Z* X [tg, o0).

Remark 3.1. If {p;;} and {¢;;} are replaced by {p;;(t)} and {¢;;(t)} such that 0 <
pii(t), ¢i;(t) < M for some M > 0 and for all (i,5,¢) € Z? x [ty,00), then Lemma 3.1
also holds.

Lemma 3.2. Let u = {u;;} be a solution of (P) with ¢ # 0. Then for any bounded interval
E and any (m,n) € Z* we have
Uitm,j+n(t) ‘ o 2

3.2 supq ———|(4,5,t) € Z°xR,ne E < 0.
(3-2) p{um@+n)( j, t) U
Moreover, we have

u; ;(t)]
3.3 su e
83) P { u;j(t)
Proof. Recall (r,s) := (cosf,sinf). Without loss of generality, we may assume r > 0 and,
by (1.3), only consider the case when E = [0,7N/c].

First, we choose any (ig, jo, to, M0) € Z*> X R x E. Let v = {v; ;} be the solution of

@ﬁ@eﬁxR}<m.

(3.4) (1) = piv1,Vir1i(t) + pivic1(t) + Gijervijea (t) + qijvig—i(t) — Dijvi (t),
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for (i,7,t) € Z* x [tg,00) with the initial condition v, im jo+n(to) = Uigtmjo+n(to) and
v; j(to) = 0 for all (4, j) # (ip +m, jo +n). Note that this initial value problem is equivalent
to the integral equation
t
Ui’j(t) = Vij (to)e_'u(t_to) + / 6_#(t_S)H<Ui7j)(S)dS,
to

where y > max D;; and
(i.)ez?

H(vij) = (b = Dij)vij + Pit1Viery + Piglio1j + Gij+1vij+1 + GigVij-1-

Furthermore, the existence of v can be derived by using the following Picard’s iteration:

Uz(g)(t) = ’Uivj(to)e_p‘(t_to), tZ to
t

UEZ)(t) = vgg)(t) +/ e_M(t_S)H(vgz_l))(s)ds, t>ty, n €N,
to

together with the monotonicity of {v; ;} — {H(v;;)}. Moreover, since 0 < vi(’oj) (t) <1 for all

(i,7,t) € Z* X [tg,0) and due to monotonicity of the operator H in v again, we obtain
0<v(t) <1V (i,4,t) € Z* x [ty,0), ¥ n € N.

Hence 0 < v;;(t) <1 for all (i,7,¢) € Z* X [tg, 00).
Now, since Fu(i, j,t) = 0 > —f(i,7,v;;) = Fu(i,j,t) for any (i,5,t) € Z x [ty,00) and

u; j(to) > v j(to), it follows from the comparison principle that
uig(t) = viy(t) ¥ (i,5,t) € Z* x [to, 00).

In particular,

(3.5) Wig+N o (to + 10 + g) > Vig+N,jo (o + 70 + g)

Next, for each (h,k) € Z*, let z(-) = {zi;(-; h, k)} be the solution of (3.4) for ¢ > 0 with
the initial condition 2jim k4+n(0;h, k) = 1 and 2 ;(0; h, k) = 0 for (i,5) # (h + m,k + n).
Note that we also have 0 < z; ;(¢; h, k) <1 for all (i, j,t) € Z* x [0,00). We claim that

N
(3.6) zhw,k(% +n0ih k) >0 ¥ (h,k) € Z2.
For a contradiction, we suppose that there exists (h, k) € Z? such that
rN -
ZE+N,IE(T +no; h, k) = 0.
Then 25 . (rN/c+ no; h,k) = 0. Therefore, by (3.4), we obtain

rIN - - rN _
ZE11+N,12(7 +n0;h, k) =0 = ZB+N,E¢1(7 + 103 h, k).

By induction, we can conclude that

N o
(3.7) zz,j(rT Tk k) =0 Y (4,5) € Z2.



TRAVELING WAVE 17

On the other hand, since z satisfies (3.4), we have
it depn (10, K) 2 =AMz o (G 1K), M= max{pig. gig)-
By integrating over [0,7N/c 4 no| and using zj4m k+n(0; b, k) = 1, we obtain

rIN rN
Zh+m,k+n<7 + 103 hy k) > eXP{—4M(T +m0)} > 0.
This contradicts (3.7) and the claim (3.6) follows.
By the periodicity of p; ; and ¢; j, we have
rN rN
Z(h+N)+N,k(T +n0;h+ N, k) = Zh+N,k(T + 105 h, k)

rN
= Zh+N’k+N(T + Mo, h, k + N)

Thus the number

) rIN
A= IIllIl{Zh+N’k(7 + no; h, k}) ‘ (h, k}) S Z2,7]0 S E}

is well-defined and A > 0. Note that the constant A is independent of ig, jo, tg and 7.

Finally, since (3.4) is linear and the initial values v; j(to) = Uig+m.jo+n(t0)2ij(0; %0, jo), We

have
r rN o
Vig+N jo (to + —+ M) = ui0+m7j0+n(t0)zio+N7jo(T + 105 %0, Jo)
> ui0+m7jo+n<t0>A-
From (3.5) it follows that
Uio+m,jo+n(t0) < uioerJOJrn(tO) < 1

Uig+N,jo (to + 22 +10) ~ vigrngo(fo + X +mo) — A

Since
rN
g go (o +110) = Uig+nvjo (fo + = +10),
(3.2) follows. Moreover, (3.3) follows from (1.2) and (3.2). Hence the lemma is proved. [

Proof of Theorem 2. Let (¢, u) be a solution of P with ¢ # 0. By (3.3), the limit
) (t
fi; = liminf ”—()

exists and is finite for (¢,7) € Z* Also from (1.3) we know pn = pi; = plij+n. Hence

uj (1)
‘= min pu;; exists and we may assume lim inf — = u for some I,J € {1,--- ,N}.
pi= min g minf o T { }
Given any fixed (i,j) € Z*. We consider the sequence of functions ﬁ , Where
Ur j\tn
u/I,J(tn)

{t,} is a sequence such that — pand t, — —oo0 as n — oo. For each kK € N, by

UI,J(tn)
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(3.2), {uzuj(t—(tt;)} is uniformly bounded for t € [~#, k] and n € N. Next, for ¢, € [—#, ],
applying tﬁéjmz)an value theorem, there exists some & between ¢ and ¢ such that
wi i (t+tn) B Ui,j(t~+ tn) _ |U;J(f + )| It — 7?|-

ur,y(tn) ur,y(tn) s, (tn)]
Hence, by Lemma 3.2, we have
wig(t4tn) iyt + 1)

ug y(tn) ur, s (tn)

_ i (& + o) Jus ; (€ + 1)
|ui7j (€ +tn)] |uI,J(tN)|
um- (t + tn>

ur g (tn)
Therefore, by applying Arzela-Ascoli Theorem and using a diagonal process, we conclude that

there exists a subsequnece {M} of {M} such that Uig (4 o) — v, (1)
ur,g(tn,) ur g (tn) ur,g(tn,)
in R as £ — oo uniformly in any compact subset of R. Moreover, the limit v; ; satisfies

e—f<cp—7

for some positive constant C. It follows that { } is equi-continuous on [—k, K.

(3.8) i) = Pis1Virri (1) + pigvion;(8) + Gigvigan () + ijvi 1 (t)
—Dijvi;(t) + [, 5, 0)vi ().
Now, we claim v; ;(t) > 0 for all (i,j,¢) € Z* x R. Note that v; ;(t) > 0 and v; ;(0) = 1.
If there is (ig, jo) € Z* such that v;, j,(0) = 0, then v} . (0) = 0. It follows from (3.8) that

i0,jo
0 = Dig+1.50Vio+1.50 (0) + Pig joVio—1,4o (0) + i jo+1Vig jo+1(0) + ig o Vig.jo—1(0)-
Hence vj,11,5,(0) = vy, jo+1(0) = 0, since p; ;, ¢;; > 0. By induction, we obtain that v; ;(0) =0
for all (i,j) € Z*. This contradicts vy ;(0) = 1. Therefore, v; ;(0) > 0 for all (i,j) € Z>.
Thus the comparison principle implies that v; ;(¢) > 0 for all (7, j,¢) € Z* x [0, 00). Moreover,
since v also satisfies (1.3), v; ;(¢) > 0 for all (¢,5,t) € Z* x R.

/

(¢
Define z; ;(t) := i , we shall show that z; ;(t) = p for all (i, j,t) € Z* x R, where

vij (1)
Lot
{4 := min {liminf (1) } .

1,5 t——00 Uj; (t)

Note that z; ;(¢t) > p for all (,7,t) € Z* x R by the definition of u. We write

. . t) Vi1 (t)
" (¢ :[i M}z (¢ [zi]z—t
Zz,j( ) Pit1,j Vi () Z+1,J< )+ |p J Uz‘,j(t) z LJ( )
V3 j41(t) v j-1(t)
+|:Qi, ‘+1’]—] 2z j41(t) + [% ’ }Zi,el(t)
() 17 D) 17
Vit1,i(t) vi-1,(t) Viji+1(t) vij-1(t)
— | piy s - - - 2 (1).
Py TPy S ) T g
Let 2(-) = {%,(-)} = {¢} and note that
vl (t vl (t
g0 = | 2] < sup [220) < o,
Vi (1T g Tviy(t)
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By the comparison principle (see Remark 3.1) and noting that z; ; satisfies (1.3), we conclude
2z;(t) = p for all (i,5,t) € Z* x R.

vl (1)

Finally, we prove that there exists A > 0 such that M(A) = cA. Since —2 ol zii(t) =
Vi, j

for all (i,7,t) € Z* x R. we obtain
Uij(t) = Uij(O)e“t = Uije“t_(lv‘/c)(’ri-l—sj),

where U, ; = v;;(0)e/9+si) - Then, by using (1.3), it is easy to see that U;; € K. By
(3.8), U, ; satisfies

pUij = piprge ™ Uiy + pije™ Ui + qigareUsjn
—l—qi,jes“/c ij—1 — Di,jUi,j + f;(Z,j, O)Ul’]

Then M(p/c) > p. On the other hand, recalling

M(X\) = inf max (£0)i

$€Kper (i))ET2  Gij
so we have u > M (u/c). Tt follows that M(A) = cA, where A := p/c. Therefore, the theorem
is proved. 0

Therefore, we have proved the sufficient and necessary condition for existence of solution
of (P).

4. MONOTONICITY OF WAVE PROFILE

In this section, we shall prove that any wave profile of (P) is strictly increasing in ¢ under
the assumptions (A1)-(A5). Recall

(A5) there exists p € (0,1) such that f(i,7,s2) < f(i,7,51), if p < 51 < 89 < 1, ¥(3, ).
First, we have the following lemma.

Lemma 4.1. If (c,u) is a solution of (P) with ¢ # 0 and u; ;(t) > 0 for all (i, j, ) € 72 xR,
then uj ;(t) > 0 for all (i, j,t) € Z* x R.

Proof. Differentiating (1.2) with respect to ¢ and using a contradiction argument as in the

proof of Lemma 2.1(i), we can easily prove this lemma. The detail is omitted. O

Lemma 4.2. Let (c,u) be a solution of (P) with ¢ # 0. Then, given any ¢ € (0,1), there
exist constants K; and Ky such that

(1) & < wis(t) < 1 for all (5,1,t) € 72 x R with ct — i — 5 > K,

(2) 0 < wy;(t) <e forall (i,7,t) € Z* x R with ¢t — ri — sj < K».



20 JONG-SHENQ GUO AND CHANG-HONG WU

Moreover, there exists a constant K5 such that
uj ;(t) > 0 for all (i,j,t) € Z* x R with ct —ri — sj < K.

Proof. Given ¢ € (0,1). For each (4,7) € Z?, since u; j(+00) = 1 and u; ;(—o0) = 0, there

exists real numbers 7, ; and k; ; such that
5<ui,j<t) <1 \V/tZTZ'J‘, 0<uw(t) <e€ \V/tSIiiJ‘.
Define

K = i’jer{rie.mzc’N} {emi;—ri—sj}, Ky:= i’je?ll’i}’.l’N} {crij —ri—sj}.
Then (1) and (2) follows from (1.3).
Next, recall
. .. U;j(t)
p:=min ¢ liminf ——: % > 0.
i
For each fixed i, j € {1, .., N}, there exists T; ; < 0 such that

. (t
i) ~E-o Vit<T;,
Ui,j(t) 2 ’
Since w; ;(t) > 0 for all (i, 7,t) € Z* x R, we obtain that u; ;(t) > 0 for all t < T; ;. Now, we

define

Ks:= mi T, — ri— sj
3 i,je?ll}?,N} {cT};; —ri—sj}
and use (1.3), it follows that u; ;(t) > 0 for all (i, j,t) € Z* xR with ¢t —ri—sj < K. Hence
the lemma is proved. O

As a corollary of Lemma 4.2, by using
w; ;(t) = w; j(ct — ri — s7),

we have

Corollary 4.3. Let (c,w) be a solution of (P') with ¢ # 0. Then, given any € € (0, 1), there
exist constants Ky and Ky such that e < w; ;(§) < 1 for all § > Ky and 0 < w;;(§) < € for
all € < Ky for any (i,j) € Z*. Moreover, there exists a constant Kz such that w; (&) >0
for all ¢ < K3 for any (i, j) € Z2.

To derive the monotonicity of u in ¢, we use a sliding method. It is more convenient to

consider the function w than u. We set
A={r>0|w;(+T)>w ;&) Vije{l,--- , N}, £E€R, T >r7}.

Then we have the following lemma.

Lemma 4.4. A # @.
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Proof. Let p be the constant defined in (A5). Then, by Corollary 4.3, we can choose D > 1
such that

(4.1) p<wi;(§) <1 VY (i,j) €Z’ > D,
(4.2) 0 <wi;(§) <p, wi;(§) >0V (i,j)eZ® £<—D+1.

Note that the constant

(4.3) n:=min{w;;(§) [ § € [-D, D],i,j € {1,---, N}}

is positive. Since w; j(—o0) = 0, we can choose a constant Tj > 2D such that w; j(§) < n for
all £ < D —1Tyforalli,je{l,---,N}. Forany T > T and £ < —D, since

E+T>D,ife€>D—T;
E+Te|-D,D),iféEe[-D-T,D—T7;
E+T<—-D,iféE<—-D—T,
it follows from (4.1)-(4.3) that
wij(§+T)>p>wi;(§), it =D =&=D—T;
wij(§+T) 2 n>wi;(§), if&e|[-D-T,D—TJ;
wij(§+T) >wi;(§), if§<-D-T,
where the last inequality follows from the fact w;; > 0 in (—oo, =D +1]. Therefore, we have
(4.4) wij(§+T)>w(§) VE<-D,T>Tyi,je{l,- N}
Now, we set
o:=max{w;;(§) | {€[-D,D+1],i,57€{l,--- ,N}}.

Then o € (0,1). Since w; j(c0) = 1, there exists M > 1 such that w; ;(§) > o for all £ > M
for all 4,7 € {1,---, N}. Taking a larger Ty so that Ty > max{2D, D + M}, we obtain that

(4.5) w;(E+T)>0>w (&) VEe[-D,D+1,T>Ty,i,5€{L,--- , N}
Finally, for the same T as above, we claim that
(4.6) wi i (E+T)>wi;(€) YE>D, T>Ty i,j€{1,--,N}
To prove (4.6), we consider the function
Wi (§) = Wi; (&) = wii(§+T) —wi;(§) +9, €R,

where the constants 0,7 are given so that § € (0,2) and T" > Tj. Since w;; < 1, we have
W, ;(&6) > 0 for all €, if 6 > 1. Moreover, for any 6 > 0, W;;(§;9) > 0, if £ > 1, since
w; ;(00) = 1. Recall that W; ;(£;0) >0 forany 6 >0, <D+1,T>1Ty, i,j5€{1,---,N}.
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We claim that W;;(&;6) > 0 for all € > D, 4,5 € {1,---,N}, for any 6 > 0. For
contradiction, suppose that there exist dy € (0,1], y > D + 1 (by (4.5)), I,J € {1,--- ,N}
such that Wy ;(y;do) = 0 and W; ;(&;0) > 0 for any £ > D, 6 € (d,2), 4,5 € {1,---,N}.
Then W;;(&;00) > 0 forall § > D, i,j € {1,--- , N}. Since W} ;(y; o) = 0, we have

0 = pragWims(y—7r)+prWioig(y+7)+ @ oaWrsa(y —s)
+qr W1y +5) = DrgWra(y) + f(I, Jwr s (y + 1)) — f(L, J,wr,i(y)),

by using (2.6). Hereafter we suppress the dependence of §y. Since W; ;(y) = 0, we have
wry(y+T) = wry(y) — oo < wry(y). Also, y+T >y > D, it follows from (4.1) that
wr j(y) > wr (y +71) > p. Then the assumption (A5) implies that

0 > prygWips(y—7r) +prWisis(y+7r)
+q1,0:1Wi1 g1y — s) + a1, Wi -1(y + ).

Note that r, s € [—1,1]. Also, recall that y > D + 1. Hence

Wipigly—r)=Wisi(y+r)=Wim(y —s) =Wryi(y+s) =0.

Without loss of generality, we may assume that » > 0. Starting with W;_; ;(y + 1) = 0,
by induction, we can show that Wi_k j(y + Kr) = 0 for any K € N. In particular, for
K = kN, we have Wy ;(y + kNr) = Wi_gny(y + kNr) = 0. But, this is a contradiction
to w; ;(00) = 1, if we let k — oco. We thus have proved that W; ;(£;9) > 0 for all £ > D,
T>Ty, i,7€{l,---,N}, 6§ >0. Taking § | 0, (4.6) follows.

Combining (4.4)-(4.6), we see that Ty € A. This completes the proof of the lemma. [

Proof of Theorem 3. It follows from Lemma 4.4 that the number 7™ := inf A is well-
defined and 7% > 0. If 7% = 0, then we have w; ;(§ + 1) > w; ;(§) for all £ € R, T" > 0, and
i,j € Z. Hence w; ;(§) > 0 for all § € R and i, j € Z. Since u;;(t) = cw; ;(ct — ri — sj) and
c > 0, we have uj ;(t) > 0 for all t € R and i,j € Z. It then follows from Lemma 4.1 that
u; ;(t) > 0 for all t € R and i,j € Z. Hence the theorem is proved. Therefore, it suffices to
prove that 7" = 0.

To prove T* = 0, we use a contradiction argument. Suppose that 7" > 0. Then
wi(E+TY) >w,;(§) VEER, i,j€Z.
We shall follow a similar argument as in Lemma 4.4. Set
Wi;(&T) =w;(E+T)—w;;(§), {€R, i,5€Z, T>0.

Note that W, ;(-;7*) > 0. We claim that W, ;(§;T*) > 0 for all £ € R, 4,5 € Z. Otherwise,
there exists (1, .J,y) € Z? x R such that Wy ;(y; T*) = 0. Then W7 ;(y; T*) = 0 and it follows



TRAVELING WAVE 23
from (2.6) that
pri1 Wi s (y =73 T7) + praWia s (y + 13 T7)
+q1,04 Wiy — s:T7) + qr,gWr -1 (y + 5;77) = 0.
Hence
Wiy —rT7) =Wy +rT°) =Wign(y —sT17) =Wra(y +51T7) =0.

This leads to a contradiction by the same argument as in the proof of Lemma 4.4. Hence we
obtain that W; ;(&;7%) > 0 for all £ € R, 4,5 € Z.
Now, for the constant D defined in (4.1)-(4.2), we set

= min{ Wi (& T7) | € € [-D = T°, D+ 1]}.

Then & is well-defined and £ > 0. Also, by the continuity of wj ;, there exists a constant
7 € (0,7*) such that W, ;(&T) > /2 for all { € [-D —T*,D +1],4,j € Z, T € [,T"].
Hence for T' € |7, T*| we have

(4.7) wi; (E+T)>w;;(€) YVEE[-D—-T*D+1],1i,j€Z.

For £ < —D —T* since { <&+ T < —D < —D +1for T € [r,T*], it follows from (4.2)
that

(4.8) wi;(E+T)>w(€) YVE<-D-T" i,j€Z, T¢€[r,T7.
Finally, as in the proof of Lemma 4.4, we can also show that
(4.9) wij(§+T)>wi;(§) YE>D,di,je€Z, Telr, T

Combining (4.7)-(4.9), we conclude that 7 € A, a contradiction to the definition of 7.

Hence we must have T* = 0 and the theorem is proved. U

5. CONVERGENCE OF THE DISCRETIZED MINIMAL SPEED

In this section, we shall follow the idea of [19] to prove Theorem 4. Since the proof is
quite similar to the one given in [19], we shall omit some details.
First note that

. LM"™(\) L
heo(h) = min——=, (h=73)
where M"()) is the largest real number such that there exists ¢ € K, satisfying
(5.1) Mh()\)éﬁz‘,j = p?+1,j€_T>\/N¢i+l,j +P%€M/N¢z‘—1,j + QZjJrle_S)\/Ngbi,j-l-l

gl eV i — Dl + (F1)40,5,0) i,
for all 4, j € Z with D}, .= pl', . +p}'s + a1 + @)

The proof of the following lemma is similar to that of Lemma 4.1 in [19].



24 JONG-SHENQ GUO AND CHANG-HONG WU

Lemma 5.1. limsuplhe,(h)] < +oo, where h = L/N.
N—+o0

Next, we set v := lj%g}rrg[hc*(h)] By Lemma 5.1, v € [0,400). Let {hy} = {L/Ni} be a
sequence such that N, — 400 and hgc.(hy) — v as k — 400. For each k, we define A\, > 0
such that

LM™(N) . LMM™())
Ak A>0 A

Lemma 5.2. There are two positive numbers A and B such that

0< A<\, <B< +o00.

Proof. By (2.2), M"()\,) > min( (i, 5,0) > min fi(z,y,0) > 0. If there exists {\,}
such that Ay, — 0 as j — +oo;Jthen v = +0o0, a contradiction. This proves a uniformly
positive lower bound for {\;}.
To find an upper bound B, we set
lim sup Ak = € [0, +00].
k—+oo IV

Then by the same argument as the proof of Lemma 4.2 in [19] we can conclude that k = 0

and so
Ak
li — =0

By using the fact lin%(e“” —1—1x)/2* = 1/2, we have

A 1, rA SA 1, sA
M /Ne _ ] s ik 2 TR g et /Ne s g 50k 2 50k
‘ N, TalER, ) amde N, "1t
for all sufficiently large k. Also, as in (2.2), we obtain that
Lth()\k) L i, T’)\k 1 T)\k 2 o, T)\k 1 T)\k 2
Y )\—k{PIkH,Jk(—E + Z(m) ) +sz,Jk(Fk + Z(E) )

sAp 1 s\ sA\p 1,8\
+Q?:,Jk+1(—m + Z(E)Q) + q?:,Jk(Fk + Z(E)Q)}

for all k large enough. Hence we can find two positive constants C; and C5 such that

M"™ ()

k

A < C4 + O

for all sufficiently large k. Since
LM"(\)
Ak

we obtain an upper bound estimate for \,. Hence the lemma follows. 0

— v as k — +o0,
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Recall the operator P and the set E defined in §1:

Prd =V - (AV@) — 20T AV P + [-AV - (Ae) + N2el Ae + fl(z1,12,0)]¢,
E:={pec C*R?) | ¢(x1 + L,13) = ¢(x1,22) = ¢(x1, 70 + L)}

By Lemma 5.2, there is a number A € (0,400) such that A, — A as k — +oo (up to some

subsequence of {Ax}). Thus, we have
(5.2) M"™(\) — yA/L as k — +o0.
Now, we define a function space
H,e, = {1 € Hjpo(R?) | (w1 + Ly w2) = (w1, 22) = ¢(21, 22 + L)}
with the H' norm in (0, L) x (0, L).
Lemma 5.3. There ezists ¢ € E such that ¢ > 0 and P,¢ = pyo, where p:=A/L > 0.

Proof. For each k, there exists u* € Kper such that

h —r he r —s
(5.3) th(Ak)uf,j = pi—}&ilj /\k/Nkul+1j +Dij 5 )\k/Nk“z 1; T qz ]+1€ /\k/Nk“z J+1
+qhk SAk/Nkuzj 1 _Dzh;uf] +(f )5(27370) ’Lj’ Vi ]

With this u*, we define ¢, : R? — R by

or(x1,29) = ufj if (zq,x9) = (ihy, jhy) for some i, j € Z;
k k k k
ur o —ur. ur . —ur.
Gr(w1,12) = <—Z+1’] m>$1 + <—m+1 w>$2
hk hk
"‘Ufj —i(ufy, J Ufj) - j(u§j+1 - ufj)a

if xl > ihy, 19 > jhy and xl + 1y < (2 + j + 1)hy for some i, 5 € Z;
(bk(iﬁ, 5132) _ ( i+1,j+1 - i,j—f—l)xl 4 ( i+1,j+1 - z'+17j)x2
D, D,
+Ul'€+1 G+l —(i+ 1)( i+1,j+1 fj-&-l) (J + 1)( i+1,j+1 §+1,j)7
if 1 < (’L -+ 1)hk, Ty < (j + )hk and T, + 2o > (Z +] + )hk

for some 1, j € Z.

Set D := (0, L) x (0, L). Since (5.3) is linear without loss of generality, we may assume that
||9k||72(p) = 1 for all k. Note that ¢ € H,, for all k.
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We claim that {¢;} is bounded in H! . Multiplying (5.3) by u’“ h% and summing over

per

1,7 =1, ..., Ng, due to the periodicity of dz- > and u”, we have

Ny
ey M) (uf;)?

.J_l
— h2{ Zp;w; ub ) b (e N /Ny
t,j=1
(5.4) + Z qkul gy (e Nk 4 Ak
t,j=1
o me Ui 1,3 qu ,] 1 (ufj>2]
7] 1 ,] 1
Ny
+ 3 ()b, jhu 0)(u;ﬁj)2}.
ij=1

It follows from the definition of ¢y and (5.4) that

/wmfﬂmmmm@

< Ol hk { Zp?;; f: LU Z] r/\k/Nk +€T/\k/Nk _2]
t,j=1
(5.5) b3 il e e
t.j=1
N N
3 el s 0) (k)2 = > MM () (uf ) |
i,j=1 tj=1
Ny
< CQ(hk)ZZ(uf,j)za
ij=1

for some positive constants C; and Cy. On the other hand, by the definition of ¢y we can

easily calculate that

N

1= ||pxl[72(py = Cs(hi)? Z(Uf])z for all k
ij=1
for some positive constant C. It follows from (5.5) that {¢} is uniformly bounded in H,,,.

such that ¢, — ¢ in H;er weakly and ¢ — ¢
in L. Note that we have ¢ # 0, since ||¢||2, (py = 1. Also, without loss of generality, we

Up to some subsequence, there exists ¢ € H per

may assume ¢, — ¢ a.e. for the same sequence.
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Finally, we claim that

(5.6) py /D oy = - /D Pbar ey — /D Qbertbe — i /D (rbon + 54,0 + 1 /D —

T /D 5qPny + 42 /D (p + S2q)b) + /D 7 (1, 2, 0) )

for any smooth test function ¢. Multiplying (5.3) by hiw(ihy, jhy), we write

where

Ak =

Passing to

Ny,
> BEMM (\) bk (b, jha ) (i, jhi) = Ax + By + C + Dy,

2,j=1

Ng
D B G, G, 0) i (g, hx ) it ),

ijfl

- Z Rl (dnihe, jhe) — 6k (i — Dhi, jhi)) (Wit Ghe) — (i = 1)ha, jhi))

z]l

- Z hieas (n(ih, jhi) = dihw, (G — D)) (@i, jhi) = (i, (5 = 1)),

i,j=1
Ny

> Bl (e N — 1) (b, jhac) (i — 1), )

3,j=1

+( N )y (0= 1), Gha ) (b, Gha)),

Z hgs (e /N — 1) (i, i) (i, (G — 1))

i,j=1

(e N — Dy (ihe, (G — 1) ha )0 (b, Ghi)].-

the limit, we can derive (cf. [19]) that

Ng

> B M (o) (it ) (il jhi) — m/ pYdaydey as k — +oo,

7,7=1

Ay — / fi(x,0)ppdridry as k — 400,
D
By — — / Py oy drdy — / (G, dzrdrs a5 k — 400,
D D
Ch — 1 / Pr(= o) + Sibn, )dayds + 20 / poudrydrs as k — oo,
D D

Dy — u/ q5(= @z + Py, )da1day + MQSZ/ qodridxs as k — +oo.
D D
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Therefore, (5.6) is proved. Moreover, by p, ¢ € C**(R?) and using the elliptic regularity
theory, ¢ € C*°(R?) such that P,¢ = py¢. Finally, by the strong maximum principle, we
have ¢ > 0. Hence the lemma follows. Il

Proof of Theorem 4. By Lemma 5.3, we conclude that k(u) = yu and so

liminflhe,(h)] = v > min k(A) /A := 7.

N—+o0 A>0

On the other hand, we define

k := limsup[hc,(h)].
N—+o0

Note that 0 < k < 400, by Lemma 5.1. Then there exists a sequence {hy} = {L/Ny} such
that Ny — 400 and hgc.(hg) — K as k — +o0.

Now, we choose any positive real number v. Then we know

LM"()) _ LM"(v)

(5.7) hici(hg) ;== min

A>0 A v

LM"™ (v)

} is uniformly bounded in k. Since
v

As in the proof of Lemma 5.1, we know {

M"(v) > I%izn fi(z,y,0) >0 for all k,

there is a positive real number p such that (up to some subsequence)

LM"™(v)
v

—p as k — +o0.
Next, following the same argument as in the proof of Lemma 5.3, we can derive that
k(v/L) = pv/L.

Then, by taking k — +oo in (5.7), we obtain

/{Sp:%.

Since v > 0 is arbitrary, we have

limsup[hec.(h)] ==k < ..
N—+4o00

This completes the proof of Theorem 4. U
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