BLOWUP RATE ESTIMATE FOR A SYSTEM
OF SEMILINEAR PARABOLIC EQUATIONS
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Abstract. In this paper, we study the blowup rate estimate for a system of semilinear para-
bolic equations. The blowup rate depends on whether the two components of the solution of

this system blow up simultaneously or not.
Keywords: parabolic system, blowup rate, simultaneous blowup, non-simultaneous blowup

AMS Subject Classifications: Primary, 35K55; Secondary, 35B40

1. INTRODUCTION

We consider the Cauchy problem for the following system of semilinear parabolic

equations:
(1.1) w = Au+uPv™ in R"x (0,7),
' vy = Av+uP?0? in R"x (0,7)
with the initial condition
(1.2) u(z,0) = wup(zr) in R",
' v(z,0) = wvo(z) in R,

where we assume that T' > 0, all powers p;,q;, © = 1,2, are positive, and initial data wug
and vy are positive bounded smooth functions.

In this paper, we always assume that the solution (u,v) of (1.1) blows up at the finite
time 7" in the sense that

lim sup{ sup u(z,t) + sup v(z,t)} = oo.
t—T  zeR™ z€R"

It is well known that there exist solutions (u,v) of (1.1) that blow up at finite time 7'
under certain conditions on the exponents p1, ps, q1, q2. We refer to [4] for more details.

For a blowup solution (u,v) of (1.1), the sup norm of one of the components must
tend to infinity as ¢ tends to the blowup time 7. In this paper we always assume that
the sup norm of the component v tends to infinity as ¢ tends to 7. The case when u
blows up and v remains bounded is called non-simultaneous blowup. We shall call the
case when both components u and v blow up at the same time as simultaneous blowup.
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The purpose of this paper is to obtain the blowup rate estimates for both simultaneous
and non-simultaneous blowup cases.
First, we shall assume the initial data satisfy the following conditions:

(1.3) up = uo(r),v9 = vo(r), ug(r),vy(r) <0 forr >0, r:= |zl
(1.4) Aug +uflvdt >0,  Avg+uf’vd >0 in R
Under these assumptions, we obtain the following upper bound estimate.

Theorem 1.1. Let (u,v) be a blowup solution of (1.1)-(1.2) such that (1.3) and (1.4)
hold. Suppose that py > 1 and (n — 2)p; < n+ 2. Then there exists a positive constant
C depending only on n, vy, p1,q and T such that

(1.5) u(z,t) < C(T —t) V=Y vz e R™ t e (0,7T).

We remark that the estimate (1.5) for the system (1.1) is the same as that for the scalar
equation u; = Au + uP', under the same assumption on p;. In the non-simultaneous
blowup case, since u blows up in finite time 7" and v remains bounded, we also have the
lower bound estimate

u(0,t) > (T —t)"Y® =Y for ¢t € (0,7)
for some positive constant c¢. Indeed, this lower bound estimate follows from
u(0,8) < Au(0,t) + L%u(0, )P < LPu(0,t)”

and an integration, where L is an upper bound for v. This gives the blowup rate estimate
with exponent 1/(p; — 1) for the blowup component .

Indeed the upper bound estimate (1.5) is given in [11] without a detailed proof. We
are not sure whether the classical method of Giga-Kohn [6] is applicable to this estimate.
Here we provide a detailed proof by using a different approach. In [11], they shown that
p1 > pe + 1 (which implies p; > 1, since py > 0) is a sufficient condition for the non-
simultaneous blowup for (1.1) for some initial data. The proof of this result depends on
the estimate (1.5). It is also shown in [11] that p; > ps + 1 is a necessary condition for
the non-simultaneous blowup for (1.1).

Next, we consider the simultaneous blowup case. For this case, we assume that

(1-6) (Pl - 1)(‘]2 - 1) —poqi # 0

and define the components
@—q—1 ' p1—p2—1

, 0 :
(1 — (g2 — 1) — p2qu (p1— (g2 — 1) — paqu
Moreover, in addition to the assumption (1.3), we assume there exists a positive constant

¢ such that the initial data satisfy
(1.7) Aug+ (1 —e)ubtol >0, Avg+ (1 —e)ug’vy >0 in R™.

Then we have the following theorem on the blowup rate estimate.



BLOWUP RATE FOR A SYSTEM 3

Theorem 1.2. Let (u,v) be a blowup solution of (1.1)-(1.2) such that (1.3), (1.6) and
(1.7) are in force. If pi,q; > 1 (1=1,2), po—p1+1>0and ¢ —qa+1 >0, then u and
v blow up stmultaneously. Moreover, there exist positive constants ¢ and C depending
only on py, P2, q1,q2, ug and vy such that

o(T =) <u(0,t) <C(T —t)™, T —t)?<v(0,t) <C(T—-1t)""
for allt €10,T).

Note that Theorem 1.2 gives a sufficient condition for simultaneous blowup. We also
remark that a similar blowup rate estimate was obtained by Wang [13] for the initial
boundary value problem for the same system (1.1). For some of the recent studies of
blowup for parabolic systems, we refer the reader to, e.g., [1, 2, 3,9, 10, 14, 15, 16, 17, 18|.

We organize this paper as follows. In Section 2, we study the blowup rate estimate
for the non-simultaneous blowup case. We shall derive the upper bound estimate for
the blowup rate and give a proof of Theorem 1.1. Then, in Section 3, we give a proof
of Theorem 1.2 for the blowup rate estimate in the simultaneous blowup case. Finally,
in Section 4, we discuss the criteria for simultaneous and non-simultaneous blowup for
the corresponding ODE system.

2. NON-SIMULTANEOUS BLOWUP RATE

In this section, we shall prove Theorem 1.1 for the blowup rate estimate in the case
of non-simultaneous blowup.
Since the solution is positive, it is easy to derive the following linear estimate (cf. [8]).

Lemma 2.1. (Linear estimate) Let (u,v) be a solution of the system (1.1) with positive
wnitial data ug and vy. Then there exists a positive constant C' depending only on n, ug
and vg such that

N i
u(z,t) > C(1+1) exp ,

/2 o (1
v(xz,t) > C(1+1) exp 5

for all t > 0.

By this linear estimate, Lemma 2.1, we obtain the following inequality:

2t

in (z,t) € R" x (0,7). Using assumptions (1.3) and (1.4), it follows from the maximum
principle that

2
w > Au+ CU (1 + T)fnq1/2 exp <_M> uP

U, v <0 and  wug, v >0

in R x (0, 7). Therefore, (0,t) is the maximum point of u(z,t) and v(z,t).
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We set a positive constant K := C(1+T)™"%/2 exp{—q; R?/(2t;)}, where Rand t; < T
are some positive constants. Then we have the following uniform lower bound for v:

v(z,t) > KY in (x,t) € By x (t,,T),
where Bpg is the open ball of radius R centered at the origin in R". Hence u satisfies
uy > Au + KuP*

in BR X (tl,T)

Now, we define a function
u(K~2a" )y, )
u(0, 1)

where a(t) = u(0,t)®=Y/2 Then
VAu(K 2o (t)y, 1) | w(K~ a7l (t)y, t)P
u(0, )P u(0, )P

w(y,t) == for (y,t) € Bgizqmr X (t1,T),

Aw +wPt = K~

Note that w is radial and decreasing with respect to r := |y|, since u is radial and
decreasing with respect to r. Therefore, we can easily get the following inequality

_ -1/2, -1
(21) Wy + n_lwr + wPt < ut(K o (t)’f’, t) —1'
r u(0, t)p

Next, we define a function

1 t
z(r,t) = _t/ w(r, s)ds,
t

f—
where t = (t + T)/2, for t; <t < T and 0 < r < K'/2a(t)R. By Holder’s inequality, we

obtain
1 I (r1—1)/p1 7 1/p1
z(r,t) < P (/ 1ds> (/ w(r, s)p1d3>
t t
1 7 1/p1
= m (/t U)(T, 8)p1d8> .

Integrating (2.1) over (¢,t), we obtain

n— 1Zr Lo 2K~ [T (K20~ (s)r, S)ds.
T—t), u(0, s)P1

A\

(2.2) Zpr +
We can estimate the right-hand side of (2.2) as follows.

Lemma 2.2. For all r € [0, K'2a(t)R) and all t € (0,T), we have

T -1/2 -1
/ U’t(K / « (S)T’ S) dS S pl ulfpl (O,t)
. u(0, s)P1 pr—1
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Proof. First we set a function
B(t) == u(K~ V2o (t)r,t).
Since u; > 0 and u, < 0, we obtain

K120/ (t)r

B(t) = uw(K 2o (t)rt) - a(t)?

u (K~ Y2a7 Y (t)r, 1)
> w (K~ Y27 (t)r,t).

Since u, <0, 5(t) < wu(0,t). For 7 € (¢,T), integrating by parts gives

[ wlK 0 (s)rs) [T 0)
¢ uPt(0, s) ¢ ur(0,5)
[0 ), [ Al
uPr(0,s) |, uP1+1(0, s)
6(T> /T Ut(O,S)
< —
G R ARTIOE
- P1 - T
< w7 (0, 7) o1 [u'7P1(0, 5)];
b1 1—
< Pt
S o (0,1)
By letting 7 — 7', the lemma follows. O
From Lemma 2.2 and (2.2), we obtain that z satisfies
n—1 2p1K_1 1 1—
2.3 - o< P C e p),
(2.3 o+ Py a7 < (0, )

We now prove a nonexistence result as follows. The case n = 1 is already given in [12]
by a different proof.

Lemma 2.3. Let p > 1,6 > 0,R > 0. Assume that (n — 2)p < n + 2. Then there

exist two positive constants Ry and €y depending only on p such that there is no solution
z € C*([0, R]) to the problem

Zr+ 22z, + 2P <e, 0<r<R,
220, z<0, 0<r<R,
2(0) =1, =2.(0)=0,

if R> Ry and ¢ < g.
Proof. Recall from [7] that the solution to the initial value problem

-1
(2.4) w"—i—n—w'—i—w”:h, 0<r<R,
r

(2.5) w'(0) =0, w(0) = 1.

is decreasing in r and becomes negative at R; for some large R; (depending on p), if
h =0 and (n —2)p < n+ 2. Here it is realized that w? := |w[P"'w for any w € R.
It follows from the theory of continuous dependence on parameter for the initial value
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problem that there exists a positive constant €y such that the same property holds for
the solution of (2.4)-(2.5) whenever |h| < &.
On the other hand, multiplying (2.4) by r"~! and integrating it from 0 to s, we obtain

"' (s) = —/ r"LwP(r)dr + hs"/n < hs"/n, s> 0,
0

and so w'(s) < hs/n for all s > 0. It follows that
w(R) <1+ hR*/(2n) <0, if h < —goand R > /2n/s.
Therefore, the lemma follows by taking Ry = max{ R, /2n/eq + 1}. 0
Note that 2(0,t) =1, 2,.(0,t) =0 and 2, < 0 < 2. Applying Lemma 2.3 with R = Ry,
we obtain from (2.3) that
2p1K_1 1
P1— 1 T—1t

where €, Ry are the constants defined in Lemma 2.3. Therefore, we obtain the estimate

u'"P1(0,t) > e,

op \V@
u(0,t) < (—) K=Y/ — )=/ emh),
go(p1 — 1)

This completes the proof of Theorem 1.1.

3. PROOF OF THEOREM 1.2

In this section, we shall give a proof of Theorem 1.2.

Proof of Theorem 1.2. Following [5] (see also [13]), we consider the functions
G = u — euPv? and J = vy — euP?0®?.
Then these functions satisfy following identities

Gy — AG = piuP G + quPv® LT + epi(py — 1)uP 2| Vul?o®
+eqi(qn — DuP | Vo P2 + 2epyquuPt 1o~V - Vo
Jy — AJ = pouP? 2 G + gouP2v2 71T + epy(pe — 1)uP2 2| Vu20®
+eqa(qa — 1)uP?| Vo202 ™2 4 2epagour? 021 Vu - V.
Since u and v are radial and decreasing in |z|, we have Vu - Vv = u,v, > 0. Using this
positivity and p;,q; > 1, we obtain
G, — AG > pyuPr v G + quuPro =1,
Jy — AJ > pouP? o2 G + qrurzo2 1.
Also, G(z,0) = Aug + ub'vf' — eubtof > 0 and J(z,0) = Avg + uf?vd® — eup’vd® > 0,

by the assumption (1.7). By the maximum principle, we obtain that G and J are

(3.1)

non-negative. Therefore, u and v satisfy

(3.2) up > euPto? v > euP?v®?  in R x (0,7).
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By (1.3), one can show that 0 is the unique maximum point for both v and v. Hence
Au(0,t) and Av(0,t) are non-positive. Therefore, we obtain that

(3.3) ur(0,6) < uP(0,8)v™(0,t) and ve(0,t) < uP2(0,¢)v*(0,t)
By (3.2) and (3.3), we deduce that

1
(3.4) v (0, 1) (0,¢) < uP>7PH(0,t)u (0, 1) < gvm_qQ(O,t)vt(O,t).

From the second inequality in (3.4), we have
u((), t)pQ—lerl < U(O,t)Q1_q2+1 _ UO(o)q1—q2+1 uo(o)pz—pﬁl‘
pa—p1+1 elqr—q+1) p2—p1t+1

Since we always assume that u blows up at T, we have u(0,t) — oo as t — T. Then v

must tend to oo as t — T, because po —p; +1 >0 and ¢ — g +1 > 0. So, v and v
blow up simultaneously and there exists a positive constant C such that

(3.5) uP2 P10, 1) < Co 2t 0,1), 0<T —t< 1.

Similarly, we can show that there exists a positive constant C'y such that

(3.6) IR0 1) < CuuP P HH0,1), 0<T —t< 1.

By (3.2), (3.5) and (3.6), we obtain
w(0,1) > Csul®tV/2(0,1), v, (0,8) > CoPHY/8(0,1).

By integrating the above inequalities, we obtain the following upper bound estimates
u(0,t) < C(T =)™, v(0,t) <C(T —t) P, 0<T —t < 1,

where C'is a positive constant depending only on €, p1, p2, q1, 2, up and vy. Similarly, by
(3.3), (3.5) and (3.6), we can obtain the lower bound estimates

w(0,t) > (T — 1), v(0,t) > c(T —t)", 0< T -t < 1,

where c is a positive constant depending only on €, py, p2, q1, 2, ug and vy. This completes
the proof of Theorem 1.2. O

4. CRITERIA FOR ODE SYSTEM

In this section, we consider the initial value problem with positive initial data for the
corresponding ODE system to (1.1):
(4.1) up = uP T
(4.2) v = UV,

where p1, p2,q1,q2 > 0. Then we have the following theorem on the criteria of simulta-
neous blowup.
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Theorem 4.1. Suppose that the solution (u,v) of (4.1)-(4.2) with positive initial data
(uo, vo) blows up in finite time. Then simultaneous blowup occurs if and only if either

(4.3) pr<ps+1 and ¢ <q +1,
or

uP2—P1+1 Uq1—qz+1
(4.4) pm>pa+1l, @>q@+1 and 0 9

p-m+l ag—@+1

Proof. By assumption, the solution (u,v) of (4.1)-(4.2) must be positive for all ¢ > 0

and is increasing in ¢t. Then, by integrating the identity

uP? Py, = 92y,

from 0O to ¢ for some ¢t > 0, we obtain

(4.5)  [u(®)> P —a ™ (py = pr 1) = )T =0 T /(g — g2 + 1),
ifpp—p1+1#0and ¢4 — g + 1 #0;

(4.6)  [u(tyrz Pt — 2P J(py — py + 1) = Inw(t) — Inwy,
fpp—pr+1#0and g — g +1=0;

(47) nu(t) —Inug = [pt)2 e+ — 22 /(g — gy + 1),
ifpp—pr+l1=0and ¢ —q+1#0;

(4.8) Inu(t) —Inuy=Inov(t) —Invy, ifpo—pr+1=0and ¢ —g2+1=0.

First, suppose that po —p; +1 >0 and ¢ — ¢ + 1 > 0. If w blows up at T, then v
must blow up at the same time T, by using (4.5)-(4.8). Similarly, if v blows up at T,
then v must blows up at the same time 7.

Next, suppose that po — p; +1 < 0 and ¢; — g2 + 1 < 0. Then, using (4.5), it is easy
to show that v and v blows up simultaneously if and only if the condition

qu—pl-H ,Ugl—q2+1
p-pi+l g —g+1
holds.
Conversely, it follows from (4.5)-(4.8) that simultaneous blowup occurs only if either
(4.3) or (4.4) holds. This completes the proof of the theorem. 0

The following criteria for non-simultaneous blowup is a direct consequence of Theo-
rem 4.1.

Corollary 4.1. Suppose that the solution (u,v) of (4.1)-(4.2) with positive initial data
(ug, vo) blows up in finite time. Then non-simultaneous blowup occurs if and only if one
of the following statements holds:

(1) pr<pa+1and g >q +1;

2) pr>pat+landg <q+1;

(3) pr>p2+ 1 ¢o>q+ 1 and (ug ™) /(o —pr + 1) # (08" /(@1 — a2 +1).
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