BLOWUP RATE ESTIMATES FOR THE HEAT EQUATION
WITH A NONLINEAR GRADIENT SOURCE TERM

JONG-SHENQ GUO AND BEI HU

ABSTRACT. The gradient blowup rate of the equation u; = Au + |VulP,
where p > 2, is studied. It is shown that the blowup rate will never match
that of the self-similar variables. In the one space dimensional case when as-
sumptions are made on the initial data so that the solution is monotonically
increasing in time, the exact blowup rate is found.

1. INTRODUCTION

In this paper, we study the following initial boundary value problem for the
heat equation with a nonlinear gradient source term:

(1.1) ug = Au+ |VulP for z€Q, t>0,
(1.2) u(z,t) = g(x) for z € 9Q, t >0,
(1.3) u(z,0) = ug(z) for x €9,

where p > 2, ¢ is a bounded smooth function, 2 is a smooth domain (not
necessarily bounded) in R™, and

(1.4) ug € BC*(Q), wup(x) = g(x) for = € 00,

The space BC? is the set of all functions with bounded and continuous deriva-
tives up to order 2. Here p is assumed to be > 2, since |Vu| is always bounded
for any finite time interval when 0 < p < 2 (cf. [24]). Note that by the
maximum principle u is uniformly bounded.
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When Q # R" (which implies that 99 # ), it is known that under certain
conditions |Vu| blows up in a finite time ¢t = T, i.e.,

lim sup{sup |Vu(z,t)|} = oco.
t—=T~  zeQ

For example, in the one space dimensional case with Q = (0, 1), if ug(z) > 0,
g(0) =0, and g(1) = M with M > M, := (p — 2)"}(p — 1)*=2/=1 then all
solutions are uniformly bounded, but their gradients blow up in a finite time
(cf. [1]). We shall call such phenomenon as gradient blowup. This is different
from the usual blowup in which the L* norm of the solution tends to infinity
ast — T~

Finite time blowup phenomena have attracted a lot of attention in the past
years. Many studies have concentrated on the blowup of solution itself. These
include blowup criteria, blowup locations, blowup rates, and blowup profiles.
In particular, for the classical semilinear heat equation

(1.5) u = Au + uP,

we refer the reader to, e.g., [9, 11, 23, 8, 15, 16, 17, 18, 26].

For the gradient blowup, most previous works were about the blowup crite-
ria, i.e., when the gradient blowup occurs. See, for example, [1, 6, 10, 2, 4, 27,
3, 28, 7]. Little is known about the blowup rates. The main purpose of this
paper is to investigate the blowup rate of the gradient for the model problem
(1.1)-(1.3).

It has been known for years that the blowup rates are usually determined
by the so-called self-similar rates. For example, it is (7" — ¢)~%/®=Y for the
equation (1.5) for 1 < p < (n+2)/(n — 2)4. This self-similar rate is indeed
related to the scaling invariance of the equation.

For our problem, assuming |Vu(0,77)| = oo, we have the following self-
similar transformations:

p—2

u(z,t) = (T —t)%w(y,s), «o:= m,

x
T—1

Y= , s:=—In(T —1).
Then the equation (1.1) is transformed into the equation

1
(1.6) Wy :Ayw—§y-vyw+aw~l— |V, wl|P.
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In this case, assuming that |V,w(0,s)| is bounded from above and below, then
the self-similar rate of the gradient blowup is given by

(1.7) |Vu(0,t)] ~ (T —t)"1/27% as t — T,
It is quite surprising that this will never be the case, since we shall show in the
next section that there exists a positive constant ¢y such that

(1.8) sup  |Vu(x, 1) > co(T — )Y P=2),

z€Q, 0<7<t
Note that 1/(p —2) > 1/[2(p—1)] =1/2 — « for all p > 2.
For the equation (1.5) with
4
n—4—-2yn—-1

Herrero and Velazquez [19, 20] have constructed blowup radial solutions with

n>11 and p>p,: =1+

blowup rates different from the self-similar rate. We call such type of blowup
as Type II blowup; see also [25]. Indeed, this type II singularity is also found in
the dead-core problem (cf. [12]). An important feature of Type II singularity is
that the rates are not unique. This can be seen in the construction of solutions
with different rates in [19, 20, 25, 13].

We note that (1.8) has been proved by Conner and Grant [5] in one space
dimensional case with Q = (0,1), under the assumption u; > 0 in (0,1) so
that the solution is monotonically increasing in x. It should be noted that
the estimate in [5] is more precise than (1.8) (only ¢ level is used, not the
supremum over [0, ¢]); in the case the solution is monotone increasing in ¢, then
these estimates coincide (c¢f. Lemma 3.2 and Theorem 2.1). Our proof here
is completely different and much simpler. It works for any space dimensions.
Also, we do not need the additional assumption uy > 0 in (0,1). On the other
hand, based on some numerical simulations, Conner and Grant [5] observed
that (T — t)~Y/®=2 should be the exact gradient blowup rate for the one
dimensional problem. In this paper, we shall provide a rigorous proof of this
result under the assumption that the solution is monotonically increasing in
t. It should be very interesting to see if, without the assumption on the initial
data so that the solution is monotonically increasing in ¢, this is the only
gradient blowup rate. We leave it here as an open problem. Also, for the
upper bound estimate for gradient blowup rate in higher space dimensional
cases, it is still open.

In this paper, we shall establish:
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(i) the lower bound of the blowup rate is always (T'—t)~/®=2) for any space
dimensions;

(ii) in the one space dimensional case, the upper bound of the blowup rate
is also (T — t)~%/®=2) under the additional assumption on the initial data so
that the solution is monotonically increasing in ¢, therefore the blowup rate is
proportional to (T — ¢)~*/®~2) in this case.

From the proof we can also find that, rather than the usual y = x//T — ¢,
the appropriate change of variables is y = x /(T — )=/~ In fact, letting
w(z,t) = (T — to(y, s), s= I%Q(T )P/,

the equation (1.1) is transformed into

-2 -1
vs = Ayv + |VyolP — p—s’1<—v—|— —2y'Vyv>.
p

Note that in the one dimensional case when the solution is monotone in t,
this is the correct scale of transformation, since, by our estimates v,(y, s) is
bounded from above and below. This means that the equation in the new
variable is nearly invariant, modulo some small terms as t — 7'~ (or s — 00).

This paper is organized as follows. In Section 2, we derive the gradient
blowup rate lower bound estimate. In Section 3, we first quote a result from
[29]. This implies that gradient blowup must occur on the boundary. In-
deed, more general results than Theorem 3.1 (below) are well-known already.
More results can be found in, e.g., [29]. Then we show that, for ¢ close to
T, sup,cq |Vzu(z,t)| is monotonically increasing if wu(x,t) is monotonically
increasing in ¢. For the one space dimensional case, the blowup rate upper
bound estimate is proven in Section 4, with an additional assumption on the
initial data so that the solution is monotonically increasing in time. Finally,
in Section 5 we describe the asymptotic behavior in the one space dimensional
case as an application of our blowup rate estimates. See also Theorem 1.1 of
[5]. It should be noticed that we do not need the assumption u, > 0 in (0,1)
throughout this paper.

2. GRADIENT BLOWUP RATE LOWER BOUND: NON-SELF-SIMILAR BLOWUP

Assuming that the gradient blowup occurs at a finite time ¢t = T', we shall
derive the following lower bound estimate which exclude the self-similar blowup
rate. If we compare with the equation u; = Au+uP, where self-similar blowup
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is referred as type I, this case could be called a type II blowup. However, we
shall resist the temptation from doing so, since, the type I blowup never exists,
by the following theorem.

Theorem 2.1. Under the assumption (1.4), if the gradient blowup occurs at
a finite time t =T, then there exists co > 0 such that

(2.1) sup  |Vau(z,7)| > co(T — t)"Y/@P=2),
zeQ, 0<7<t

Proof. Under the assumption (1.4), we can easily establish

(2.2) lu(z, t)| < |lugllp=() for z€Q, 0<t<T,
(2.3) luy(z,t)| < Cy for 1€Q, 0<t <T,
where C = sup, g |Aug(z) + |Vyuo(z)[P|. Let
(2.4) m(t) = sup |Vu(z, 7).

2, 0<r<t

It is clear that v := w, satisfies the equations

(2.5) v, = Agv 4+ p|VulP?Vou - Vyv for 1 €Q, 0<t <T,
(2.6) v(x,t) =0, €0 0<t<T.
Given t* € (0,T). Let
1
o 2 * N
o(y,s) :=v( Ay, \°s +t%), A:= i)

Then ¢ satisfies

*

— —

Os = Dyd =bly.5) - Vyo for y e Qy:={y; Ay € Q) —5 <s<0,

where b(y, s) = Ap|V,ul[P"2V,u is clearly bounded by p, and by (2.3), (2.6),

|¢|§Ol for yEQA,v<3§07

< s <0.

*

qb =0 for aQ/\,

\2
Although ), becomes unbounded as A — 0, its boundary is approaching to a
hyperplane as A — 0, and therefore 99, is uniformly in C?, independently of
A as A — 0. Denote Br(y*) the ball centered at y* with radius R.

If y* € 0€)), we can apply the I/Vp2’1 interior and interior-boundary estimates
24] in the domain (2, N By (y*)) x [—1,0] to obtain

||¢||W5,1(Q>\031(y*))X[ilyo]) <C, C' is independent of y*, .
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By Sobolev’s embedding theorem [24], if we choose p > n + 2, then
V@l Lo (@rnB1 () x [~1,0) < C, C' is independent of y*, \.

If Bi(y*) C ), then we can repeat the above procedure by applying the
interior WpQ’l estimates and Sobolev’s embedding theorem to obtain

HVy¢HLoo(QmBl/2(y*))X[_l,o]) <, C' is independent of y*, \.
Since the balls {B;(y*); y* € 0} and {B1/2(y*); Bi(y*) C Qx} cover the

entire {2y, we conclude that

(2.7) sup |V,¢(y,0)] < C,
yEQ)

where the constant C' is independent of ¢* and .

Since the supremum of a family of uniformly Lipschitz functions is Lipschitz
continuous (by the inequality | supz ag—supg bs| < supg |ag—bg|), the function
m(t) is Lipschitz continuous for 6 < ¢ < T —§ for any small 6 > 0. It follows
that m is absolutely continuous, m’ exists almost everywhere, and satisfies the
Fundamental Theorem of Calculus.

Let T/2 <t < s <T. For any 7 € [t,s] and = € Q, it follows from the
mean-value inequality and (2.7) that

|Vau(z, 7) — Vou(z, t)| < (1 —t) sup |Vau| < C(r —t)mP~ (1),
Qx[t,7]

hence
(Vou(r, 7)| < |Vug(z, )] + Ot — t)mP (1) < m(t) + C(r — t)mP (7).
Taking supremum for (z,7) over Q x [t, s], we get
0 < m(s) —m(t) < C(s — t)m"(s),
which implies
(2.8) m'(t) < CmPL(t) ae. te[T/2,T).

Dividing (2.8) by m?~!(¢) and integrating (2.8) over t* € [t,T;] on a sequence
T; — T~ such that m(7;) — oo, we obtain the conclusion. 0

Remark 2.1. In general, the lower bound estimate is a result of regularity of
the parabolic equations. This is the case for the equation (1.5). It is also the
case for equations with boundary heat source, cf. [22, 21, 14]. In our case, the
lower bound (2.1) is also derived by parabolic estimates.
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3. BLOWUP SET: NO INTERIOR BLOWUP

The gradient blowup cannot occur in the interior of the domain, by the
regularity estimates:

Theorem 3.1 ([29], Theorem 3.2). For any compact subset K C €,
sup || Vul| g sy < C dist (K, 9Q) Y@1Y,

0<t<T

Thus the gradient blowup must occur on the boundary. We next show that,
for ¢ close to T', sup,cq |Vsu(z,t)| is actually monotonically increasing under
the additional assumption on the initial data so that u(z,t) is monotonically
increasing in t. Assume

(3.1) Ayug(z) + [Vaug(x)|P >0 for x € Q.
In this case we can easily establish, by the maximum principle, that
(3.2) 0 <uy(w,t) <sup{Azuo(w) + |Vouo(z)|P} for 2 €Q, 0 <t <T.
zeQ
Lemma 3.2. Let €2 be a bounded domain. If 0 <T —t < 1, then
sup |V u(z,t)]
z€e)

is monotonically increasing, and the mazimum in (2.4) is actually taken on
the boundary at time t, i.e.,

m(t) = sup |Vu(z,1)].
€N

Proof. It is clear that v = |V, u|?/2 satisfies the equation
(3.3) v, = Ayv + p|VaulP2Vu - Vov — z:(uxm].)2 for reQ, 0<t<T.

1,3
Therefore, the maximum of v can only be achieved at the parabolic boundary of
the domain. Thus if we take 0 < T'—t < 1 such that m(t) > max,q |V,uo(x)|,
then the maximum of v must be achieved at the boundary 0€2, and hence
(3.4) m(t) = sup |Vyu(z,7)|
z€dQ, 0<T<t

Since u(z,t) > up(x) for x € Q and by the compatibility condition (1.4),
u(z,t) = g(x) = ug(x) for z € I, we have

(3.5) Vou(x,t) -1 < Vyue(z) -7 for o € 09,
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where we use 77 to denote the exterior unit normal vector on the boundary 0f2.

Therefore, at any point z* € 99, t* € (0,T) where V,u(z*, t*)-7 > 0, we have
(Vou(z*, t9)| = /|Vau(z*, t*) - |2 + |Vau(z, t*) - 7|2

(3.6) = |Vau(z*, t*) - 7|2 + |Veue(z*) - 7|2

< VIVauo(z*) - l? + [Voug(2) - 717 = [Vuo(a™),

where we use 7 to denote the unit tangential vector on the boundary Of.
Since we have assumed m(t) > sup,cq |Vauo(x)|, the maximum in (3.4) must
be achieved at a point (z*,t*) where V, u(z*,t*) -7 < 0, 2* € 0.

Since u; = 0 on dN) and u; > 0 in 2, we have, by the strong maximum
principle,
(3.7) Vou(z,t) -1 <0 for x€0Q, 0 <t <T.
Since w(z,t) = 0 for x € 01, its tangential derivative vanishes on 0f2. Hence

Vaou(x,t) = [Vau(x,t) -m)in - for z € 0.

Therefore, at any point (z*,t*), z* € 02, where the maximum in (3.4) is
reached, we have

0
3.8) = |Veul? = 2V,u -V, = 2(Vau - i) (Vyuy - 71 > 0.
(38) ZlVaull| .. w V| = 2AVew (Vo)
As noted in the proof of Theorem 2.1, the function m(t) is Lipschitz continuous

and therefore m’ exists almost everywhere. This implies that m/(t) > 0 a.e.
for 0 <T —t < 1. The lemma follows. 0

4. GRADIENT BLOWUP RATE UPPER BOUND: ONE DIMENSIONAL CASE

We now consider the special one space dimensional case with 2 = (0,1). In
this case the equations can be written as

(4.1) Up = Ugy + |u [P for 0 <z <1, t>0,
(4.2) u(0,t) =0, wu(l,t)=M for t >0,
(4.3) u(z,0) = ug(x) for 0 <ax <1,

where p > 2 and M is a constant. Throughout this section we assume that
(4.4) ug € C?0,1],  uo(0) =0, up(1) = M,
(4.5) ug(x) + |ug(x)P >0 for 0 <z <1.
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In this case we can easily establish, by the maximum principle, that

(46) |u(x,t)| < ||u0||L°°(0,1) for 0 <z < ]., O0<t< T,
(4.7) 0 <w(z,t) < sup {ug(x) + Jug(x)P} for 0 <z <1, 0<t<T.
0<a<1

In this section we shall establish

Theorem 4.1. Let the assumptions (4.4)—(4.5) be in force and 2 < p < co. If
the gradient blowup occurs at a finite time t =T, then there exists a constant
Co > 0 such that

(4.8) max |ug(z,t)| < Co(T — )Y =2,

0<z<L1

Remark 4.1. First note that there always exist initial data satisfying (4.4)—
(4.5) (e.g., up(z) = Mz). In the case (4.4) and (4.5) are satisfied (i.e., we only
look for solutions increasing in time), the necessary and sufficient condition
for a finite time gradient blowup is

|M| > M. := (p— 2)_1(p — 1)(19—2)/(17—1)‘

Note that if |M| > M., then a finite time gradient blowup occurs (cf. [1], [3]).

On the other hand, the condition is necessary. Indeed, the arguments in
Section 5 show that, if the blowup occurs at © = 0, then u(-, T7) is bigger than
the stationary solution with boundary condition f(0) =0 and f(1) = M., and
thus M = u(1,t) > f(1) = M, for 0 < T —t < 1. Similarly, one must have
M < —M., if the blowup occurs at x = 1.

Proof of Theorem 4.1. For convenience, we define
L[] := ¢t — Puw — Plua P usy.

Then it is clear that

(4.9) Llu] =0, Llu,]=0.

By Theorem 3.1,

sup [u(z,t)| < 0.
1/3<2<2/3, 0<t<T

Moreover, the gradient blowup will only occur at x = 0, or x = 1, or both.
If the gradient blowup occurs at x = 0, we let

(4.10) m(t) = max |t (2, 7).

0<x<1/2, 0<r<t



10 JONG-SHENQ GUO AND BEI HU

Take 0 < 0 < 1 and set

w= (1+ mgl(t))@ - ﬂz‘é)) reQ=(0,1/2).

Since ug(x) < u(z,t), we deduce that uy(0) < u,(0,t), so that Lemma 3.2
(the same proof is valid for this truncated domain, since u, is bounded on
x = 1/2) implies that, for 0 <7 —t < 1,

(4.11) m(t) = max |uy(z,7)| = max |u.(x,t)| = u,(0,1).
z€Q, 0<7<t €0

Take 0 < T'—t < 1 so that m(¢t) > 1. Then a direct computation shows
that

(4.12) Lw] = —U—m/(l -2+ (14 %) Uat’

mo-i—l m m2

Recalling that m’ > 0 a.e. by the proof of Lemma 3.2, we have, in case

a2, 1)] < 5Z5m1= (),

!/

Lw]

Uy Uy
(mo+ o0l o)

(—a+(0'+2) [ )

ml—a

ma+1
!

(4.13)

IA

ma+1
< 0 for 0<T —tx1.

On the other hand, if [u,(z,t)| > -S5m'~7(t), then by (2.8), (4.12), and

Lemma 3.2, we have

1 m’ Cmp—1
Llw] < <1+—> uam’ g, E
(4 14) me m2 m2

- @ (0 + 2> (p—2)/(1-0)

|ux‘(p,1,g)/(1,g)
m

)

g

where we use C' to denote the constant from (2.8) (note that the proof of (2.8)

is still valid for 2 = (0,1/2) since the solution u and its derivative u, are

uniformly bounded in a neighborhood of x = 1/2; which imply that = and ¢

derivatives of any order are bounded near x = 1/2, by the standard parabolic

estimates). Combining the inequalities (4.13) with (4.14) we find that (4.14)

is actually valid in both cases.

We now choose 0 = 1/(p — 1) so that

p—1—o

1—o P
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Thus, for 0 < T —t < 1 and C* = 26("7*2)@_2)/(1_0), we have

* *

@15)  Lhotul < — - Dl = (S - 1) <0

We take ty such that 0 < T'—tp < 1 and (4.15) holds for t € [ty,T'). Clearly,
for any constant C' > 0,

w(0,t) +u(0,t) = 0= Cu, for to <t <T.
By the strong maximum principle, for any xq € €2,

tOISI%£TUt<SL’Q,t) >0, ug(0,t9) > 0.

By parabolic estimates, u and u, are uniformly bounded on I', where
Fi={x=ux, toy <t <T}U{0 <z <x0,t =10}

We can take a positive constant C' such that (w + u)(x,t) < Cuy(z,t) on
['. Thus we can apply the maximum principle to w + u — C'u; in the region
(0,20) % (to,T) to obtain w +u < Cu; for 0 < x < g, ty < t < T. This
implies that, for to <t < T,

w(x,t) w(z,t) + u(z,t)

w,(0,) = lim < lim
(4 16) r—0+ €T y r—0+ x
< gm0,
z—0+ T
A direct computation shows
1\ ue(0,8)
(0,) = —(1 )
w00 ) mi)
1 P
_ (1+ >|ux(0,t)|
ma(t)/  m(t)

Thus (4.16) implies
mPL(t) < Cm/(t) for to <t <T.

This inequality implies |u,(0,t)| < Co(T —t)~Y/P=2) The proof is the same if
the gradient blowup up occurs at x = 1. U
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5. ASYMPTOTIC BEHAVIOR

It is established in [1] (see also [3]) the following estimate

Lemma 5.1. Let C1 = maxo<,<1{ug(z)+|uy(z)|P} and the assumptions (4.4) -
(4.5) be in force. If the gradient blowup occurs at x = 0, then for 0 < T—t < 1,

(5.1) 0 <ug(z,t) — {[ua(0,)]" P+ (p— D} VeV < Clz, 0<z<l.

Proof. For reader’s convenience we include the simplified proof from [3] here.
From (4.7), for each fixed t € (0, 7)),

0 < Uy (z,t) + |uz(x,t)|P < Cy for 0 << 1.

By the strong maximum principle, 1, (0,¢) > 0. Furthermore, since |u,(0,t)| —
oo as t — T, we must have u,(0,f) > 1for 0 < 7T —t < 1.
Clearly, f(z) = {[u.(0,£)]* P + (p — 1)x} Y@= satisfies

fotff=0for 0<z<1, 0<T—-t<1.

Since u,(0,t) = f(0), by comparison principle, we derive that u,(z,t) > f(x)
forO0<z<land0<T -t 1.

Similarly, for 0 < T —t < 1, f(x) = f(z) + Cyz satisfies
Fot P> Citfut fP>C for 0<z<1,  f(0)=uy(0,2),

so that u,(z,t) < f(x) for 0 < x < 1. This proves (5.1). 0

As a corollary it is clear that in this case u,(z,t) > 0 for 0 < x < 1,
0 < T -t < 1. In particular, 0 < u,(1,t) < wuy(1), since u(z,t) > wup(z).
Thus x = 1 cannot be a blowup point. Letting ¢ — 7'~ in (5.1), we also have
Uy (z,T7) > {(p—1)x}~Y®=Y and the strict inequality holds for 0 < x < 1 by
the strong maximum principle. Integrating over (0, 1), we find that M > M, :=
(p —2)"Y(p — 1)P=2/P=1 in this case. As indicated in the introduction, the
finite time gradient blowup must occur in this case ([1, 3]). Similar argument
can be made in the case gradient blowup occurs at x = 1. Therefore, under
the assumptions (4.4)—(4.5), (i) the gradient u, blows up at x = 0 if and only
if M > M., in this case x = 0 is the only point where u,(-,t) is unbounded;
(i) the gradient u, blows up at x = 1 if and only if M < —DM,, in this case
x =1 is the only point where u,(-,t) is unbounded.

The estimate in Lemma 5.1, together with our blowup rate estimates, is
enough for us to establish the asymptotic behavior of the solution. We consider
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the function
(5.2) g(y,s) =[s+(p—1)y] VPV  0<s<o00 0<y < oo.
Note that, for any s > 0, g satisfies the equation

(Y, $) + [gy(y,s)]P =0 for 0 <y < oo,
Set

(53) yi= (T—t)(f—l) s clt) = [ug(0,1)(T — )/ D],

Then it follows from (5.1) that
(5.4) 0 < ug(z, t)(T — )P — g(y, c(t)) < Cha(T — t)Y/*P=2),

for all z € (0,1) and ¢ € (0,7). Thus we obtain the uniform convergence of
g (z,t)(T — t)V®=2) to g(y,c(t)) over x € [0,1] as t — T~

Note that, by (2.1) and (4.8), ¢(t) is bounded from above and below by
positive constants.

We state it as a theorem:

Theorem 5.2. Let the assumptions (4.4)-(4.5) be in force. If the gradient
blowup occurs at x =0, then for all 0 <z <1 and 0 <T —t K 1

_ x —
0< UI(ZE, t) (T - t)l/(p 2 — g((T _ t)(p—l)/(p_g) ) C(t)> < leL‘<T - t)l/(p 2>a

where g(y, s) and c(t) are given in (5.2) and (5.3). Moreover, the function c(t)
satisfies, for some constants Cy > co > 0,

0<ClP<e(t)<ct™ for 0<T—t< 1.
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