CONVERGENCE AND BLOW-UP OF SOLUTIONS
FOR A COMPLEX-VALUED HEAT EQUATION
WITH A QUADRATIC NONLINEARITY
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ABSTRACT. This paper is concerned with the Cauchy problem for a system of parabolic
equations which is derived from a complex-valued equation with a quadratic nonlinearity.
First we show that if the convex hull of the image of initial data does not intersect the positive
real axis, then the solution exists globally in time and converges to the trivial steady state.
Next, on the one dimensional space, we provide some solutions with nontrivial imaginary
part that blow up simultaneously. Finally, we consider the case of asymptotically constant
initial data and show that, depending on the limit, the solution blows up non-simultaneously
at space infinity or exists globally in time and converges to the trivial steady state.
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1. INTRODUCTION

In this paper we consider the equation
(1.1) 2 = Az + 22

where z = z(z,t) is a complex-valued function of the spatial variable z € R™ (m a positive integer)
and the time ¢ > 0, and A denotes the Laplace operator with respect to x. This equation appears
as a one dimensional model for the vorticity equation of incompressible and viscous fluid of three
dimension. If we write z(x,t) = u(x,t) + iv(x,t), where i = v/—1 and u(z,t),v(z,t) € R, then the
equation above is rewritten as a system of parabolic equations

{ut—Au+u2—v2,

(1.2)
vy = Av + 2uv.

When z is real-valued (i.e., v = 0), then this system is reduced to the scalar equation
(1.3) up = Au+ u’.
This equation is a special case of the so-called Fujita equation ([9])

u=Au+uP, p>1,

which has been studied extensively by many authors (see, e.g., [8, 10, 11, 12, 15, 17, 18, 19] and a
recent monograph by Quittner and Souplet [25]). Our aim of this paper is to make clear difference
of dynamics of solutions between the system (1.2) with v # 0 and the scalar equation (1.3). For
studies on other superlinear systems, we refer the reader to [1, 2, 4, 6, 14, 20, 21, 36].

Let us consider the initial value problem for (1.2) with an initial data

(1.4) (u(-,0),v(-,0)) = (ug, vo) € (LOO(Rm) N C(Rm)>2.
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Then (1.2) has a unique solution (u,v) € (C([0,T); L>°(R™) ))2, where T' = T'(ug,vg) € (0, 00]
denotes the maximal existence time of the solution. Moreover, we have either T' = oo, or
T<oo and lmsup{Jut,t) =g + 000 e} = .

In the former case we say that the solution is global, while in the latter case we say that the solution
blows up in a finite time. Also, T is called the blow-up time of the solution if T < oco. A point
xo € R™ is said to be a blow-up point if there is a sequence {(xz;,t;)} such that x; — xo, t; 7 and
lu(xj, tj)| + |v(xj,t5)] — oo as j — oo. The set of all blow-up points is called the blow-up set. We
investigate the global vs non-global existence of solutions of (1.2).

Let us first consider a spatially homogeneous solution (u,v) = (U(t),V (¢)). Then (U(t),V (¢))
satisfies the following ODE system:

U, =U%-V?
(1.5)
Vi=2U0V,
which can be solved explicitly as
Tr—t 17
1.6 U t) = — 5, V t) = —_
(1.6) ®) (Tp —t)2+ T} Q (Tp — )2+ T}
where
U(o) V(0)
R = Ty =

U(0)2 4+ V(0)?’ U(0)2+V(0)?

This implies that the solution on the positive U-axis is exceptional. Namely, the solution becomes
unbounded at ¢t = T' = Tg if U(0) > 0 and V(0) = 0, while (U(¢),V(t)) — (0,0) as t — oo
otherwise. Thus we may expect that if a solution of (1.2) does not take any values on the positive
u-axis, then the solution converges to the trivial steady state as ¢ — oco. Indeed, the following result
holds true:

Theorem 1.1. Suppose that the initial data satisfy
(1.7) ug(z) — Avg(z) <0 for all x € R™

with some constant A € R. Then the solution of (1.2) with (1.4) exists globally in time and
converges to (0,0) as t — oo uniformly in R™.

This theorem implies that even if ug is positive, there exist global solutions for (1.2) for any
dimension m € N. On the other hand, it is known that all solutions of (1.3) with ug > 0 blow up
if m = 1,2. This is one of the differences between (1.2) and (1.3). See [9, 23] and references in [25]
for real-valued equation.

We also remark that the hypothesis of this theorem implies that the closure of the convex hull
of Im(0) does not intersect the positive u-axis, where Im(¢) represents the image of the solution on
(u,v)-plane defined by

Im(t) := {(u(z,t),v(z,t)) €R? : 2 € R™}, t>0.

As will be seen in the proof of Theorem 1.1, if the solution satisfies the condition (1.7), then Im(t)
does not intersect the positive u-axis for all ¢ > 0.

When the hypothesis of Theorem 1.1 fails to hold, in view of the dynamics of the ODE system
(1.5), it is not easy to see how the solution behaves like. Therefore, it is interesting to ask whether
or not the blow-up occurs if v # 0. Also, for parabolic systems, it is interesting to determine
whether all components blow up at the same time (which is called simultaneous blow-up) or only one
component blows up and the other remains bounded. Such questions are considered in [24, 26, 34].
Roughly speaking, their results claim that for a cooperative system, if the corresponding ODE
system enjoys simultaneous or non-simultaneous blow-up, adding the linear diffusion preserves the
same phenomenon also for the solution of a reaction diffusion system. See [25] for more references.
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Let us consider the existence of blow-up solutions of our problem first.

Theorem 1.2. Let m = 1. Suppose that

O(w) = /R{uo(x) cos(wx) + vo(z) sin(wzx) pdz > 0,

/{vo(:c) cos(wx) — ug(x) sin(wz) }dr = 0,
R

for allw € R and O(w) is continuous on R. Then the solution of the Cauchy problem for (1.2) and
(1.4) blows up in finite time.

Our equation has a strong relation with the viscous Constantin-Lax-Majda equation, which is a
one dimensional model for the vorticity equation. Let v : R x [0,7) — R be a solution of

Vy = Upy + VHVY,

where v is a real valued function and H is the Hilbert transformation defined by

(H f(2) = % ov. [ j(—_y)y dy.

We can see from the fundamental properties of Hilbert transformation, the functions v and Hv
satisfy

1
Uy = Upe + VHYD, (Hv)y = (HV)gx + 5{(HV)2 -2}
Hence the function

1
z = 2—i(y+iH1/)

satisfies z; = 2,5 + 22. In [29], the author constructed the explicit solution of this problem which
blows up in a finite time. It is also proved by [27, 28] that if Fourier coefficients of v about
Fourier sine series are all positive, then the function v blows up in finite time. See also [22] about a
generalization of the Constantin-Lax-Majda equation. The results in [27, 28] give us some examples
of Theorem 1.2 for spatially periodic solutions. Here we provide more blow-up solutions without
the restriction of periodicity.

The following theorem shows that the diffusion can induce simultaneous blow-up. This is not
the case for ODE system (1.5). Indeed, the only blow-up solution of the ODE system (1.5) is the
positive solution, i.e., U(t) > 0 and V(¢) = 0.

Theorem 1.3. Let (u,v) be a solution of the one dimensional Cauchy problem for (1.2) with (1.4)
such that u(x,0) = u(—z,0) and v(z,0) = —v(—x,0). Assume that vo(x) > 0 for all x > 0. If the
solution blows up in a finite time and its blow-up set is compact, then both components u and v
blow up stmultaneously.

About the compactness of blow-up sets, Friedman-Giga [7] considered the system u; = Au +
vl vy = Av + uP with p = ¢ > 1 and construct a radially symmetric solution that blows up only
at the origin. A generalization of this result was recently obtained by Souplet [33] for p,q > 1. It
would be an interesting question to ask under what condition the blow-up set is compact.

Next, let us consider the case where the initial data are asymptotically constants. More precisely,
we impose the following conditions on initial data:

(1.8) ug,v9 € CHR™), 0<wug< M, ug#ZM, 0<wy<L,
(1.9) lim wp(z) =M, lim wvo(x) =N

for some constants L > 0 and M > N > 0.
The following theorem indicates that the solution of (1.2) with initial data satisfying the above
conditions with N > 0 behaves like the solution of (1.5) with (U(0),V (0)) = (M, N).



4 GUO, NINOMIYA, SHIMOJO, AND YANAGIDA

Theorem 1.4. Let (u,v) be a solution of (1.2) with initial data (ug,vo) satisfying (1.8) and (1.9).
If N > 0, then the solution of (1.2) with (1.4) exists globally in time and converges to (0,0) as
t — oo uniformly i R™.

On the other hand, if the initial data satisfy the conditions (1.8) and (1.9) with N = 0, then the
solution blows up non-simultaneously and blow-up occurs only at space infinity. More precisely,
there are no (finite) blow-up points, but there exists a sequence {(x;,t;)} such that |z;| — oo,
t; 17T and |u(xj, t;)| + |v(xj,t;)| = o0 as j — oo.

Theorem 1.5. Let (u,v) be a solution of (1.2) with initial data (ug,vo) satisfying (1.8) and (1.9).
If N = 0, then the solution of (1.2) with (1.4) blows up at time t = T(M) with v # 0. More
precisely, the component u blows up only at space infinity and v is bounded.

Note that the problem of blow-up at space infinity for scalar equations was considered in [13,
30, 31], and the corresponding cooperative system was analyzed in [32].

This paper is organized as follows. In Section 2, we give a sufficient condition for the existence of
global solutions and the convergence of solutions to the trivial steady state. In Section 3, we show
the existence of solutions such that w and v blow up simultaneously in finite time. In Section 4, we
consider a more general system than (1.2) with asymptotically constant initial data.

2. CONVERGENCE TO THE TRIVIAL STEADY STATE

In this section we give a proof of Theorem 1.1.

Let D(t) be a domain in R? for each ¢ > 0. We say that {D(t)};>0 is (positively) invariant
under the flow (1.5) if (U(0),V(0)) € D(0) implies (U(t),V (t)) € D(t) for all ¢ > 0. We need the
following two properties related to the invariance (cf. Weinberger [37]).

Lemma 2.1. Suppose that D(t) C R? is convex for each t > 0 and {D(t)}+>0 is invariant under
the flow (1.5). If Im(tg) C D(to) for some to > 0, then Im(t) C D(t) for all t > tg.

Lemma 2.2. Let {H;}1<j<y be a set of C' functions from R® to R. Suppose that D(t) is expressed
as

k
D(t) = () {(u,v) € R* : Hj(u,v,t) <0}, t>0.
j=1

Then {D(t)}+>0 is invariant under the flow (1.5) if
4
dt

forall j=1,2,... k.

H;(U(t),V(t),t) <0 on {(u,v) €0D: Hj(u,v,t) =0}

We introduce the polar coordinate system
U(t) =r(t)cosb(t), V(t)=r(t)sinb(t).
Then (1.5) is written as
74 cos O — r6; sin @ = r*(cos? § — sin? 6),
resin @ + r6; cos § = 272 cos 0 sin 0,
which yields
(2.1) re =1r2cosf, 6, =rsiné.

We first prove that Im(t) enters the left half plane.
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Proposition 2.3. Suppose that the hypothesis of Theorem 1.1 holds. Then the solution of (1.2)

with (1.4) is uniformly bounded for t > 0, and there existt; >0 and /2 < a < 7w < 3 < 37/2 such
that

Im(ty) C {(u,v) = (rcosf,rsinf) : r >0, a <0 < S}

Proof. We consider the case A > 0 only, because the case A < 0 can be discussed in the same way.
For R > 0, we define a bounded region by

2 2
DR:{(u,v)ERQ:u—Av<O, u2—|—<v—§> <sz0ru20, u2+v2<R2foru<0}.

If (U,V) is on the line u = Av, we have

d
dt

If (U, V) is on the circle u? + (v — R/2)? = R?/4, we have

jt{UQ (V— 2)2— R;} —2UUt+2(V— E)V

—(U—-AV)=U; — AV, =U? - V2 - AUV = A2 (V2 - V? — AV?) <0.

—2U(U? — 2(V ) 2UV)

:w{m( LA

Finally, if (U, V) is on the circle u? + v? = R? and U < 0, we have

jt(U? + V% - R%) =2UU; +2VV;
= U(U* - V?) +2V(2UV)
=2U(U*+V? <.

Hence by Lemma 2.1, Dp is invariant. Now if we take R > 0 so large that Im(0) is contained in

Dpg, then Im(¢) remains in Dpg for all ¢ > 0. Thus the solution is uniformly bounded for ¢t > 0, and
hence exists globally in time.
Set

Dy (t) == {(u,v) € R® : u—av + b(t) < 0},
where b(t) is a positive smooth function to be specified later. By assumption, we can take a > 0

and b(0) > 0 such that Im(0) C D;(0), If (U, V) is on the line u — av + b(t) = 0, we have

d
%(U—aV—i—b):Ut—th—i—bt

=U? - V2 —a2UV) + b
= (aV —b)? = V? = 2a(aV — b)V + b,
—(a®+ 1)V + b + by
Hence, from Lemma 2.2, {D1(t)};>0 is invariant if b, < —b?, which is satisfied by
b(0
(2.2) b(t) = b((])(t%
Next, we set

Dy(t) == {(u,v) € R? : usinw(t) — vcosw(t) < 0},
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where w(t) is a smooth function satisfying 0 < w(t) < 7 and w(t) > tan~!(1/a). We note that
Dy (t) N Da(t) is convex and two lines 0Dy (t) and 0Dx(t) intersect at a point, which is denoted by

(p(t),q(t)). Clearly

(23) 2O+ 20 > ——

=50

We shall show that {D;(t) N Da(t) }+>0 is invariant.
Since Im(0) is bounded, we can take w(0) € (tan~!(1/a),n/2) appropriately so that Im(0) C
D1(0) N Dy(0). If (U(t),V(t)) € Di(t) N dD4(t), using the polar coordinate, we have

d
a{Usinw —Vecosw} = Usinw + Uw cosw — Vi cosw + Vw, sinw

= {( 2 cos? § — r?sin? ) sinw + 7 cos @ - w; cos w

— 272 cos 0 sin 0 cos w —f—rsin@-wtsinw}

O=w

= —r’sinw + TWe.

Hence, from Lemma 2.2, {D;(¢) N Dy(t) }+>0 is invariant if w; < rsinw on Dy (t) NODx(t). By (2.3),
this condition is satisfied if .
t) = ——=
wi(t) 1+a2
Therefore, if b(t) is given by (2.2), there is t = ¢; such that 7/2 < w(t;) < 7. Since {Di(t) N
Dy (t)}+>0 is invariant, by using Lemma 2.1, we obtain

b(t) sinw(t).

Im(t;) C {(u,v) = (rcos@,rsinf) : >0, w(t;) < < +tan"*(1/a)}.
This completes the proof. O

Next we prove that once Im(t) enters a left half-plane, then it remains in the left half-plane and
approaches the origin.

Proposition 2.4. Suppose that
Im(t;) C {(u,v) = (rcosf,rsinf) : 0 <r <R, a <l <}

for some t; >0, R>0 and 7/2 < o < w < B < 3mw/2. Then there exists a constant C' > 0 such
that

Im(t) C {(u,v) = (rcosf,rsinf) : 0 <r <C/t, a <6 < [}
for allt > ;.
Proof. Set
Ds(t) = {(u,v) = (rcosf,rsinf) : 0 <r <o(t), a <0 < p}.
By Lemma 2.2 again, (2.1) implies that { D3(t)};> is invariant if oy > % max{cos o, cos 8}. Solving
this differential inequality with o(¢;) = R, we obtain the conclusion by Lemma 2.1. O

Now Theorem 1.1 is proved as an immediate consequence of Propositions 2.3 and 2.4.

Remark 2.5. Theorem 1.1 holds true also for the initial-boundary value problem under suitable
boundary conditions. See Corollary on p.50 or part (b) of Remarks on p.45 in [35] for positively
mvariant regions.

3. SIMULTANEOUS BLOW-UP

In this section, we consider the one-dimensional case m = 1.
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3.1. Proof of Theorem 1.2. First we shall show one criterion for blow-up. This is a simple
generalization of the argument in [23] to our complex parabolic system. We define the Fourier
transform of a measurable function f € L?(R) by

R 1 —iw-T
flw) = o= | r@ean

1 r w-x
f@) = <= [ e do

(3.1) 3 =—w?i+3%3,

and denote its inverse by

Then (1.1) is transformed into

where “«” stands for the convolution with respect to w and Z(w, t) is the Fourier transform of z(z, t)
with respect to the space variable x. The solution of (3.1) can be represented as

t
(3.2) Z(w,t) = e*“’gté(w, 0) —I—/ 67”2“75)(2 * 2)(w, s) ds.
0
In the following, we always assume that Z(w,t) is continuous.
The following lemma is essential in our argument.

Lemma 3.1. Suppose that Z(w,0) > 0 for any w € R. Then 2(w,t) > 0 for allw € R fort >0 as
long as the solution of (3.1) ewists.

Proof. To prove this lemma, we use the following iterations:
Z1(w, t) = 2(w,0),
t
Zn(w, t) = e_wgté(w, 0) —I—/ e_wQ(t_S)(én_l * Zp—1)(w,s)ds, n > 2.
0
Then the lemma follows easily by an iterated argument. O

Let zp := ug +ivg and Zy be its Fourier transform. Theorem 1.2 is a consequence of the following
theorem, since the conditions in Theorem 1.2 imply that Zp = ©/+/27 is positive and continuous.

Theorem 3.2. Let (u,v) be a solution of (1.2) with (1.4) on R. Assume that Zo(w) is positive and
continuous in w € R. Then the solution (u,v) blows up in a finite time.

Proof. We prove this theorem by contradiction. Assume that the solution exists for all ¢ > 0. By
the continuity of Zg at w = 0, there is a positive constant ¢ such that

min Zp(w) > 84.

|w|<d/2
Choose a constant 7 with 7 > In2/6%. Set B = [~4§/2,§/2] and divide B into N intervals, namely,
6 G- 5 gl
B]—|:—§ T,—§+N 5 j—1,2,...,N.

Next, we define the local mean value and its minimum by
M

1
i(t)=M;(t;6,N) .= — Z(w,t)dw, M(t)= M(t;0,N):= min M;(t).
(0 = M0, N) = | S M) = MEON) = i M (0
Using Lemma 3.1 and using Lebesgue’s Differentiation Theorem, we may assume that

M(t
(3.3) é(w,t)z# for weB,0<t<T,
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by choosing N sufficiently large. Thus, by differentiating the function M;(t) and using (3.1) and
(3.3), we obtain the following differential inequalities:

) .
M(t) > —6*M;(t) + ZMQ(t), j=1,2,...,N.
Hence M;(t) satisfies the integral inequality

t t
eI M;(t) > M;(0) + g / VS M2(s)ds > M(0) + g / V5 M2 (s)ds
0 0

for each j. Since M (t) = M;(t) for some j, we conclude that

t
eIM(t) > M(0) + g / eSM2(s)ds  for 0<t<T.
0

This implies that M (t) blows up before the time 7, since M (0) > 40. Then by taking = = 0 in the
inverse Fourier transform we conclude that the function «(0,¢) of the solution (u,v) of (1.2) blows
up in a finite time. O

Remark 3.3. Under the assumption of Theorem 3.2, we see that

1

u(z,t) = \/—2_7T/Rz°(w,t)coswxdw,
1

v(z,t) = \/—Q_W/Ré(w,t)sinwxdw,

and that u is an even function and v is an odd one with respect to x, in particular,
(3.4) uo(z) = uo(—x), wvo(x) =—vo(—x) forzeR.
Conversely if (ug,vg) satisfies (3.4), then 2y is real. A typical example of such initial data is

1 2
ug(x) = (3 — 4502)6_x2, vo(z) = 2xe_”2, 2o(w) = %e—cﬂ/g

3.2. Simultaneous blow-up for one dimensional case. In this subsection we shall give a proof
of Theorem 1.3. Let (u, v) be a solution of the Cauchy problem for (1.2) with (1.4) satisfying (3.4).
Then we have u(z,t) = u(—z,t) and v(x,t) = —v(—=z,t), and especially, u,(0,¢) = 0 and v(0,¢) =0
for all t € (0,7"). Moreover, we assume that

vo(x) >0 for =z >0.

In order to exclude the blow-up at space infinity, we also assume the following assumption:
(H) Blow-up set of the solution (u,v) is compact.
We first introduce a rescaling of variables to analyze the solution near a blow-up point. For any
n€Rand T > 0, we define W =W, 7 := W (¢, s;n,T) by
T—n

W({,s;n,T) e (T_t)u(xvt)v §:= T—1 S::_IH(T_t)

for £ € R and s > sg := —InT. Then W satisfies
Wy = Wee — ng —W+W24yg, where g(y,s):=—e 20%(n+e 2%, T — )

and W (€, sg) = Tug(n + €V/T). Now we introduce the energy functional

E[@]/(w—§+@—2—@—3>pd§ peHNL3
L2 T T : Pl
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where p(&) := (47‘(‘)71/26752/4 and
L7 = [9(R) = {(p € LY(R) : /R]go]q,ody < oo}, H! = H\(R) := {tp € IA(R): ¢ € L,%(R)}

for ¢ > 1. In the following, we simply write W (s) := W (-, s) and g(s) := ¢g(-, s) and so on. Now we
set

1 S
Flal(s) =5 [ [ e mpdsar. JWW(s)] = BV (9)] = Flal(s).
S0
If v is bounded for 0 <t < T, then there is a positive constant K; satisfying
[Flgl(s)] < K1, 5> so.

By a simple calculation, we obtain
d 1 1
(35) AW =~ [ Wiepds+ [ g Walslode — 5 [ Fopds <5 [ WHs)pde
dS R R 2 R 2 R
for any s > sg. This means that J[I¥ (s)] is monotone decreasing in s > sy and that
E[W(s)] < JW(0)] + K1 := Ko, s> Sp,

if v is bounded for 0 < ¢ < T.
The local convergence result can be proved by the standard argument similar to [10, 11, 12].

Proposition 3.4. Let (u,v) be a solution of (1.2) with (1.4) on R that blows up att =T € (0, 00).
Assume that v is uniformly bounded in R x [0,T). Then u satisfies

lim (T — t)u(a + (T —t)/%¢,t) = 1

t—=T

uniformly on || < C for any C > 0.

Although the proof of this proposition is quite similar to that of Section 6.A of [12] with a small
modification, for the reader’s convenience we shall give a proof here.

Proof. First, let us show that v is bounded from below. The assumption of the uniformly bounded-
ness of v implies that there is a constant M > 0 such that |v(z,t)] < M forallz € Rand ¢t € [0,T).
Hence u satisfies a differential inequality w; > uye + u®> — M?2. Thus by a simple comparison prin-
ciple, we obtain an inequality: u(z,t) > infer{ug(x)} — M?t. Hence u is uniformly bounded from
below.

Next, we show that there exist constants K; (i = 3,4,5) and s, > —InT such that

(3.6) /OO/R\WS\degds < K3,
(37) [ WRode < K

(3.8) / " [ iwPpa)as < 6

for all s > s, for some s, > sg.
In the following, for any measurable function f(x), we define f_(x) by f_(x) = —f(z) when
f(x) <0, and f_(z) = 0 otherwise. Note that W_ converges to zero as s — 0o, due to the fact



10 GUO, NINOMIYA, SHIMOJO, AND YANAGIDA

that u is bounded from below. Since W = |W| — 2W_, we have

33 e
- /R (= W2(s) — W(s) + W(s) + gls)W(5)) pdé

_ _2E[W(s)]+1/W3(s)pd§+/g(s)W(s)pdg
= —2J[W(s)] —2F]g] /W3 pd£+/ g(s)W(s)pd§
> —2JW(s)] - Ko+ 3 /R WPpds =3 [ Wospds =5 [ WHspe

The lower bound of v and the definition of p implies that
2
5 [Wiomds < K
3 Jr

with some positive constant K7. Then we have

(3.9) %%/RW2(S)pd§Z —2J[W (s)] —K6—K7+%</RW2(s)pd§ 5 /W2 )pde

for some constant K7. Since W is defined for all s > sq, the right-hand side of the above inequality
cannot be positive for all s. We obtain an L?-bound (3.7) for all s > s, for some s, > sg. Combining
the monotonicity and (3.9), we also get a lower bound of J[W (s)], which also yields a lower bound
of E[W (s)], namely, there is a constant Kg such that

EW(s)] > —Kg for all s > s,.
Furthermore, by using (3.7) and an upper bound for E[W (s)], we obtain

1 2 1
5 [ W@ieds - —/W3(8),0d£+—/W3(8),0d£
< Ko+ [ WEWL)ods +2BW )~ [ o)W (s)pe
1 1
< K7+/ W (s)Wa(s)pd§ + 2K, + 2/92(8)pd§+ 5/ W2(s)pde
R R
1
< Kr+ —/ W3 (s)pdé +2Ks + —/92(8)pd§+/W2(8)pd§
2 Jr 2 Jr R
1 d
S Kg + —/ Wf(s)pdf S Kg - —E[W(S)] + K10€_48
2 R ds
with some positive constants Ko and K. Hence we have (3.8). Combining (3.5) and the bound

for E[W (s)] gives us (3.6).
Now, we rewrite the equation for W as

(3.10) Wy = Wee — §W§ + (W — D)W — e 2502,
Using
W — 1 < |[W| 4+ 3|[W* +3|[W|+ 1

and (3.8), we can easily show that

s+1 2
/ (/ yW—1y3pd§) ds < K11, §2 sa.
s ¢I<1
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Applying this estimate, (3.7) and Theorem 8.1 in Chapter III of [16] to (3.10) yield an L*°-bound:
1
(Wyr(€,s)| < Ko for [¢] < 50 8 > S+ 0.

for any ¢ > 0. The relation W), 7(&,s) = Wor (& + e21, s) gives us a uniform bound of Wy 1€, 9)|
for all |{] < cand s > s* + §, where ¢ > 0 is any positive constant. By (3.6) we conclude that the
w-limit set of W, 7 is a compact connected set contained in the set of bounded solutions ® = ®(¢)
of the problem

@55—5@5—q>+¢>2:0, >0, @¢(0)=0.

It can be easily seen from the proof of Theorem 1 in [10] that the only bounded solution of this
one dimensional elliptic problem is a constant solution. Thus the w-limit set of W, 7 is contained
in the set {1,0}. Furthermore, for a blow-up point 7 = a, the possibility 0 is excluded from the
w-limit set in view of Theorem 2.1 of [12], since u satisfies the inequality |u; — Au| < K'(1 + u?)
for some constant K’ > 0 near = a. This completes the proof. O

Note that v is bounded for a non-simultaneous blow-up solution (u,v) of (1.2). From the above
proof, we have the following corollary.

Corollary 3.5. Let (u,v) be a non-simultaneous blow-up solution of (1.2) with (1.4) on R that
blows up at t =T € (0,00). Then u is uniformly bounded from below.

Now, we prove that the simultaneous blow-up does occur under certain conditions.

Proof of Theorem 1.3. We shall assume that v is uniformly bounded for all x € R and t € [0,7))
to get a contradiction. By the assumption that the blow-up set is compact and the symmetry, we
only need to consider two cases for the blow-up point a > 0 of u. One is when a > 0 and the other
case is a = 0.

First, we consider the case when a > 0. At any blow-up point a > 0 of u, there exist ¢ > 0 and
d € [0,a/2] such that v(z,t) > ¢ for all (x,t) € [a — d,a + 6] x [0,T7], since v is positive for z > 0 by
the strong maximum principle.

For any fixed 6 € (0,1/4), choosing R > 1 so that 72/(4R?) < 1/2, by Proposition 3.4 there
exists to € (0,7 sufficiently close to T such that
(3.11) u(z,t) > ;—et for |z —a| <RVT —t, tety,T).
Here we may also assume that T"— ¢ty < 1 so that a > 2R+/T — .

Now, let us consider a rescaling at * = a, t = T to introduce W = W, p := W(¢,s;a,T) and
Z =Zgr = 7% 5;a,T) by

W, s;a,T) = (T —t)u(x,t), Z(Es;a,T):=(T—t)v(z,t), &= , s=—In(T—1)
for ¢ € Rand s > sp := —InT. Then (W, Z) satisfies
WS:W55—§W§—W—|—W2—Z2,
Zy = Zee — gzg — Z42WZ.
Then we have from (3.11) the inequality
Zy> Zee — gzg +(1-20)2

for all (¢,s) € (—R,R) x (—In(T — tg),00). Here we have used the fact that Z > 0 for £ €
(—a/VT —t,00), for any t > 0, and the fact a/v/T —t¢ > R for all t > t.
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Let us define (&) = ¢5D(§) = cos [7¢/(2R)]. Then we have

thee — gwf +(1—20)p = [1 — 20 — w2/ (4R?)]y) — g% >0 for € (-RR).

By choosing sufficiently small € > 0, we may assume Z(&, —In (T — tg)) > ep(€) for all |¢] < R. Here
we used the positivity of v(-, tg) on {x € R; |[x—a| < R\/T —to}. Now, we can apply the comparison
principle to conclude Z(&,s) > ep(§) for all £ satisfying |{| < R as long as s > —In (T — t). This
means v(x,t) > (T — t) " (Jxz — a|//T —t) for all |z —a| < RYT —t and t > t;. Hence we
conclude that v(a,t) — oo as t — T'. Thus we get a contradiction.

Next, we consider the second case when a = 0. Let A(R) denote the first eigenvalue of the
Laplace operator on the three dimensional ball of radius R > 0 centered at the origin under the
zero Dirichlet boundary condition. Note that A(R) = R~?X(1). By Proposition 3.4, for a given
0 € (0,1/4) and R > 0 with A\(R) < 1/2, there exists tg € (0,7 sufficiently close to T" such that
r < RVT —t, t € [to, T).

1-6

t)y > ——
u(r,t) > T ¢
When a = 0, we consider the transformation p = v/r, where r = |z|. Then (1.2) becomes

2
Ut = Upy + u2 - T2:u27 Mt = fpr ;/'LT + 2up

with the zero Neumann boundary conditions for w and g at the origin, due to the symmetry
assumption.
Again, we consider a rescaling W = Wy :=W(§,50,T) and Y =Yy :=Y(£,5;0,T) by

W(,s;,0,T) := (T —t)u(r,t), Y(&s0,T):=(T—t)u(rt),

= TT—_t’ s=—In(T—1)

for ¢ e Rand s > sp:= —InT. Then (W,Y) satisfies

W5:W§§—§W§—W+W2—22,

2
YSZYgg—Fng—ng—Y—i—QWY

and
Ye(0,8) =0 for s>s9, W(E s0) = Tug(EVT), Y (€ 50) = VT E tug(EVT).

Now we start the same argument as the case when a > 0 for radially symmetric extended function
p defined on R3. Consider the corresponding positive eigenfunction (&) = ¢ (&) of the Laplace
operator on the three dimensional ball of radius R centered at the origin under the zero Dirichlet
boundary condition. Then ¢ satisfies

2
peet gve %ws +(1—20)p=1{1-20-AR)}p - g‘pé =0

for all 0 < & < R, since ¢ is positive and monotone decreasing. Without loss of generality, we
assume that the maximum of p(§) is equal to 1. Choosing sufficiently small ¢ > 0, we may
assume Y (&, —In (T —tg)) > ep(€) for all 0 < £ < R. Here we use the positivity of u(r,tg) for
0 < r < R\T —tg, which follows from the strong maximum principle. Again, we can apply the
comparison principle to conclude that Y (§,s) > ep(§) for all 0 < € < R and s > —1In (T — to).
This yields that r—v(r,t) > (T — t)"Lp(r/v/T —t) for all 0 < r < RVT —t and t > to. This
inequality can be written as v(r,t) > (T — t)"trp(r//T —t). By substituting r = /T —t and
letting ¢ — T', we conclude that v blows up and get a contradiction. This completes the proof. [J
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4. ASYMPTOTICALLY CONSTANT INITIAL DATA

4.1. General system. In this subsection we consider the following more general system than (1.2):
{ut:DAu+f(u), zeR™ t >0,
(

4.1
(41) u(z,0) = up(z), x e R™,

where u(z,t) = (u1(z,t),...,up(z,t)) € R¥ £ = (f1,..., fr) is a smooth mapping from R* to R*
D = diag(dy, ...,d;) with d; > 0 for j =1,2,..., k. We assume that ug € (LOO(Rm) N C(Rm))kto
ensure the existence of the local solution, and we denote the maximal existence time of the classical
solution of (4.1) by T'(uy).

We shall prove the following theorem that describes the behavior of solutions at space infinity. A
similar lemma can also be found in [32] to analyze the blow-up problem for a cooperative parabolic
system.

Let us introduce several definitions. First we shall define

W () oo () 2= lewj ) zoe rm)

for w = (wy,...,wg) € (LOO(Rm))k. We express u = (u1,...,ux) < v = (vi,...,v) if uj < v
for j = 1,2,...,k whenever the functions u,v are defined. We also write |u| := max; |u;| for
x = (u,us, ... ,u;) € R¥

Theorem 4.1. Let u and G be solutions of (4.1) with initial data ug, Gy € (L>(R™) N C(Rm))k
respectively. Suppose that there exist sequences {rp}>>, C (0,00) and {a,}3>, C R™ with r,, — o0
as n — oo such that

(4.2) lim sup [jug — 1A10HL°<’(BQM (an)) = 0.
n—oo

Then
1ianup [u(,t) —al, )l Lo s, (an) =0

for any t € (0,T), where T = min{T (ug), T'(1p)}

Proof. First, it is easy to see that the function X = u — 0 satisfy

(4.3) X; = DAX 4 f(u) — f(a), zeR™0<t<T,
(4.4) X(z,0) = ug — ay.
Let £ > 0 and to € (0,T) be given. By the assumption (4.2), there exists ng € N such that
(4.5) 1XollLoe (Bar, (an)) < €
for all n > ng. Since the solutions do not blow up on (0, ) the functions
6§; (fu+ (1 — 6)0)

are bounded by some constant K on (0, %) for any 6 € [0, 1].
To prove this lemma, we construct a suitable supersolution of the problem (4.3). For this, we
define a vector-valued function Y as a solution of the following problem
(46) Y:=DAY + KAY, zeR™ 0<t<T,
' Y (z,0) = Xo(2), r € R™,

where A is an m X m matrix given by

A= 1)1<i<k1<j<k-
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Then the solution Y of the Cauchy problem (4.6) can be expressed as

Y(z,t) = - G(r —y,t)Xo(y) dy

~ [ G Xyt [ Gl 0Xoly)dy,
Rm\BTn (J,’)

BTn (J,’)

where G = (Gj j)1<i j<k is the Green matrix of the system (4.6).
We shall now use the following estimate (cf. [3]):

l
| (a£> Gigla )| < C= "5 e el 1< <k
X

for all z € R™ and t € (0,tg) for some positive constants Cj, C', where [ is a multi-index. Then the
assumption 7, — oo as n — oo and the above estimate imply

Gij(z—y,t) < / Cot =% e Clo=vl/t gy < =
|lz—y|>Tn B
for any large n € N, where 3 := || Xg|| oo (mm). From this we can deduce that

‘ / Gz —y,t)Xo(y) dy‘ < ,8/ C’ot_%e_c‘x_y‘Q/t dy <e
R™\ By, () |lz—y|>rn

for any n large.
On the other hand, we note that x € B, (a,) and y € B,, (z) imply y € Ba,, (a,). Thus, from
(4.5), there exists a constant ¢ > 0 such that

‘ /Tn(x) Gz —y,t)Xo(y) dy‘ <e 112%ij2; /Rm Gij(x —y,t)dy < ce
for any = € B, (ay), t € (0,t9) and n € N. Consequently, |Y (z,t)| < (1 + c)e for any = € B, (ay),
t € (0,t9) and n € N. By the comparison principle, we have —Y <X <Y, so that

lmup X, )] 1(5,, 0r)) < Tmnsup [V, Oll s, 0 = 0, ¢ (0.0,

Letting to vary over (0,7), the lemma follows. O
This lemma immediately implies the following corollary.

Corollary 4.2. If some solutions of

(4.7) U, =f(U)

blow up in a finite time, then there are spatially inhomogeneous solutions of (4.1) which blow up
m a finite time.

Proof. By assumption, there are initial data Uy such that the solution of (4.7) starting from U
blows up at t = T'(Uy) < oco. Let ug be spatially inhomogeneous initial data such that

ug € (L®(R™) NC(R™)*,  lim ug(x) = Uy.
|z|—o0
Then Theorem 4.1 implies that the solution of (4.1) starting from u(z,0) = ug blows up in a finite

time. Since the solution u is also spatially inhomogeneous, the proof is complete. O

This corollary is applicable to our system (1.2). In the following subsections, we investigate in
more detail the behavior of solutions.
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Remark 4.3. Fila, Ninomiya and Vdzquez [5] constructed the two-component system which exhibits
the diffusion-eliminating blow-up. Namely, some solutions of (4.7) blow up in a finite time, while
all solutions of (4.1) in a bounded domain with the homogeneous boundary condition converges to
(0,0) as t tends to infinity. This corollary also indicates that the boundedness of the domain or the
restriction of the solutions at |x| — oo are required for diffusion-eliminating blow-up.

4.2. Global existence. Hereafter, we shall focus on the Cauchy problem for (1.2) such that the
initial data satisfy (1.8) and (1.9).
Let (U(t), V(t)) be the solution of (1.5) with the initial condition (U(0),V(0)) = (M, N). Recall
that the solution can be written explicitly as (1.6) with
T M B N
R= M2+ M2 1 N2’ 1= M2+ N2°
When N > 0, we can prove Theorem 1.4 by using Theorems 1.1 and 4.1.

Proof of Theorem 1.4. First, we have the local existence of (u,v) for ¢t € [0,7] for some 7 > 0.
By Theorem 4.1 and the explicit form of (U(t),V(¢)) in (1.6), the assumption of Theorem 1.1 is
satisfied for all || > R at ¢t = 7 for some constants R > 1 and A > 0. By the strong maximum
principle, we have v > 0 and u is bounded in R™ x [0,7]. This implies that the assumption of
Theorem 1.1 holds for all  with |z| < R at ¢ = 7 with the constant A (taking a larger one if
necessary). Hence, by Theorem 1.1 for the Cauchy problem starting at ¢ = 7, the solution (u,v) is
global and converges to (0,0) as ¢ — oo. This completes the proof. O

4.3. Upper bounds. In this subsection we consider the case N = 0. Since V(t) = 0 in this case,
the equation for U becomes U; = U2. We denote the solution of this single equation with U(0) = M
by Uo(t) := Upro(t) = 1/(M~1 —t). The blow-up time of this solution is T'(M) := M 1.

In order to estimate u(z,t) and v(z,t) from above, we consider the following cooperative system:
Ty = AT+ 17, r €R™, t>0,
T = AU+ 2u7T, reR™ t>0,
u(x,0) = 1p(z), r € R™,
U(z,0) = Tp(z), r € R™.

(4.8)

Also, we consider the following kinetic system corresponding to the problem (4.8):

J— _2 J—
U=U", U M,
(49) U=U  UO)=
Vi=20V, V(0)=
for some M, L > 0. We note that the solution of (4.9) is given by
— 1 — L 1 1
Ut)==——, V)= ——, T=TM):=—.
0 =75 VO =55 7= (M) =

The proof of the following lemma is based on Lemma 2.3 of [18] for the Fujita equation. See also
[30] for a quasilinear parabolic equation and [32] for a cooperative parabolic system.

the solution of (4.9) and let (u,v) be a solution of (4.8) defined on

Lemma 4.4. Let (U,V) be
= M~". Suppose that there exist ty € [0,T), 1o € (0,00) and a constant

m o [0,T) with T :
0 € (0,1) such that

0 <a(z,t) <OU{t), 0<v(x,t) <OV(t) for |o|<rg, to<t<T.
Then u and T are uniformly bounded in {|x| < ro/2} X [to,T).
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Proof. We construct some suitable supersolutions as follows

w(z,t) = L w(z,t) == LL ri= x|
T —t+h(r)’ M2 T —t+ k()2 T
where 6 € (6,1) and
o o [ TT
h(r) := e cos <_2r0>

with small £ > 0 to be chosen later. We compute

2 X 21V A2 2 R —1 h?
wt—Aw—w2:u; {1—0—|—Ah—L}>u; {1—0+hw+m7hr—2 r}.

T—t+h|~ h

Since, by the choice of h, we have h,.., h,/r and h2/h are of order ¢ for |r| < ry, we have

wy > Aw + w?, |z| < 1o, to <t <T,
’U)(.le,t()) > ﬂ(xatO)a ’.CU‘ <o,
w(z,t) > u(z,t), lz| =719, to <t <T,

if we choose € > 0 sufficiently small. Note that € > 0 is chosen so that

ES(T_tO) <§_1>7

by 6 € (0,1). By the comparison principle, we have u(z,t) < w(x,t) for |x| < rgp and to <t < T.
Thus we obtain

~

u(z,t) < i = 0 <2
T T —t+h(rg/2) T—t+e/2 7 ¢

for any |z| < ro/2, to < t < T. Applying the similar argument to ¥ and w, we complete the

< 00

proof. O
In the following, we assume

(4.10) T, To € CHR™), 0<uy<M, U#M, 0<Ty<L, Ty#lL,

(4.11) lim wy(x) =M, lim vg(z) =L

for some constants M > 0 and L > 0. The following lemma shows that blow-up can occur only at
space infinity.

Lemma 4.5. Let (u,v) be a solution of (4.8) satisfying (4.10) and (4.11). Then u and v blow up
at the finite time t = T(M) := M~1. Moreover, W and v are uniformly bounded in K x [0,T) for
any compact set I C R™.

Proof. By the comparison principle, we have 0 < %(x,t) < U(t) and 0 < o(z,t) < V(¢) for all
x € R™ and t > 0. On the other hand, applying Theorem 4.1 with |a, | = 4n and r,, = n, we obtain
lim @(z,t) =U(t), lim o(x,t)=V(t), t e [0, T(M)).

Combining the above two facts, we obtain the blow-up time T'(ug, 7o) = T'(M) = 1/M.

It remains to prove the uniform boundedness of @ and 7 in K x [0,7") for any given compact
subset K of R™. For this purpose, in view of Lemma 4.4, it suffices to show that, for any given
R > 0 there exist tp € [0,7) and 6 € (0,1) such that

L
(4.12) 0 <u(z,t) < L, 0 < o(z,t) < f
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For this, we let y(x,t) := %(x,t)/U(t). Then the function v = (x,t) satisfies
Ye=0y+ U —7) < A,

since 0 < v < 1. Moreover, by (4.10) and (4.11) we have

0< ’7('70) = <1, 7('70) ¢ L.

=|&

From the strong maximum principle, we see that 0 < v(z,t) < 1 for all x € R™ and ¢t > 0.
Therefore, for any R > 0 there exist § € (0,1) and ¢y € (0,7 such that

0<~(x,t) <0, |z|]<2R,to<t<T.

This gives the first inequality in (4.12). Next, we define x(x,t) := v(z,t)/V (t). Arguing as above,
this function y = x(z,t) satisfies

xt = Ax + QUx('y —1) <Ay, 0<x(-0)<1 and x(-,0)#1.

The second inequality of (4.12) can be proved similarly. Thus the proof is completed. O

4.4. Non-simultaneous blow-up. Now we are in a position to complete the proof of Theorem 1.5.

Proof of Theorem 1.5. First, we choose functions wugy, vy as ug = wug and Ty > vg such that v,
satisfies conditions (4.10) and (4.11) with the same constants M, L as in (1.8) and (1.9). Then, by
the comparison principle, we have

(4.13) u(z,t) <u(z,t), 0 <v(x,t) <v(z,t), z€R™ t>0.

By Lemma 4.5, the solution (@, 7) blows up simultaneously at time ¢ = T'(M) = 1/M only at space
infinity. Thus the inequality (4.13) implies that the component v does not blow up until the time
t = T(M) and lim;_,p)v(w,t) < oo for all fixed z € R™. Furthermore, by using Theorem 4.1
with |a,| = 4n and r, = n, we obtain
(4.14) lim wu(x,t) =Up(t), lim v(x,t) =0, t €0, T(M)).
Thus lim 7 [[0(+ )] Loe (rm) is bounded.

The boundedness of v implies that the component u is bounded below up to the time ¢ = T'(M).
Hence there exists a constant C' > 0 such that

(4.15) —C<u<w in R™x[0,T(M)).

These inequalities and (4.14) imply that |u(-,?)|pecmm) — 00 as t / T(M). Hence we obtain
T(up,v0) = T(M). On the other hand, from Lemma 4.5, @ blows up only at space infinity.
Combining this with (4.15), we conclude that the blow-up of the component u occurs only at space
infinity. O
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