DYNAMICS FOR A COMPLEX-VALUED HEAT EQUATION
WITH AN INVERSE NONLINEARITY

JONG-SHENQ GUO AND CHIA-TUNG LING

ABSTRACT. We study the Cauchy problem for a parabolic system which is derived from a
complex-valued heat equation with an inverse nonlinearity. First, we provide some criteria
for the global existence of solutions. Then we consider the case when the initial data are
asymptotically constants and obtain that, depending on the asymptotic limits, the solution
quenches at space infinity or exists globally in time.

1. INTRODUCTION

In this paper, we study the following equation
1
(1.1) Zt:wa_;a
where z = z(z,t) is a complex-valued function of the spatial variable x € R and the time
variable t > 0. If we set z(z,t) = u(x,t) + iv(x,t), where i = /=1 and u(x,t), v(z,t) € R,
then (1.1) can be written as a system of parabolic equations
U = Ugy — uf(u? +0v?),
(12 { Vp = Uy + v/ (u? + 0?).
If z(x,t) is real-valued (i.e., v = 0), then the system is reduced to the equation
1
Up = Ugy — —.
An initial boundary value problem for the above equation was first studied by Kawarada [7]
in 1975. For more general negative power nonlinearity, we refer the reader to, e.g., [4, 6, §]
and the references cited therein. The goal of this paper is to study the dynamics of solutions
of the system (1.2) with v # 0.
First of all, we consider a spatially homogeneous solution of (1.2), namely, (u,v) =
(U(t),V(t)). We obtain that (U(t),V (t)) satisfies the following ODE system:

{ U =-U/(U*+V?),

(1.3)
V, =V/(U? +V?).
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Given (U(0),V(0)) € R*\ {(0,0)}. By a simple computation, we obtain that
(1.4) U)V(t)=U(0)V(0):=C, ¥t>O0.

for some constant C' € R.

If U(0) = 0, then the trajectory stays on the the V-axis, exists globally and tends to +oo
as t — 0o. On the other hand, if V(0) = 0, then V(¢) = 0 and U tends to zero in finite time.
When C' # 0, by (1.3) and (1.4) we have (U(t),V(t)) — (0,£00) as t — 0.

In this paper, we consider the initial value problem (P) for (1.2) with the initial condition
(1.5) (u(-,0),v(:,0)) = (uo, vo)-
In the sequel, we shall always assume that
up >0, w9 >0, wug,vy€ L*(R)NC(R), i%fuo +i%fvo > 0.

Then the problem (P) has a unique solution (u,v) € (C([0,T); L>(R)))?, where T =
T(up,v9) € (0,00] is the maximal existence time of the solution. Furthermore, we have

either T' = oo, or

T < oo and liminf{inf u(x,t) + inf v(x,t)} = 0.

t—»T a€R z€R
In the first case, we have the global existence. For the second case, we say that the solution
of (P) quenches in a finite time T in which T is called the quenching time. Moreover, we say
that z¢ € R is a (finite) quenching point for (u,v) if there exists a sequence {(z;,t;)} such
that x; — zg, t; T T and u(z;,t;) + v(x;,t;) = 0 as j — oo. We shall investigate the global
and non-global existence of solutions of (P).

The first result is about the global existence and (time) asymptotic behavior of solution
of the problem (P).

Theorem 1. Suppose that the initial data satisfy

(1.6) { up(z) > 0, vo(x) >0, YV € R, ug and vy are bounded in R,

up(z)vo(x) > K, Yx € R, for some constant K > 0.

Then the solution of (1.2) with (1.5) exists globally in time and (u,v) converges to (0,00) as
t — oo uniformly in R.

For t > 0, we set
R(t) := {(u(z,t),v(z,t)) € R* = € R}

to be the image of the solution on (u,v)-plane. We remark that, under the hypothesis of
Theorem 1, the closure of the convex hull of R(0) lies in the first quadrant of (u,v)-plane.
Indeed, under the condition (1.6), we shall see that R(t) stays in the first quadrant for all

t > 0. This implies the global existence of solutions.
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On the other hand, if the initial data do not satisfy (1.6), in view of the dynamics of
(1.3), it is interesting to see what happen. One question is to see under what conditions
the quenching occurs. From (1.2) it is easy to see that both u and v quench simultaneously
whenever quenching occurs. On the contrary, there might be non-simultaneous quenching
in which just one component quenches and the other remains bounded away from zero. For
this, we refer the reader to, e.g., [1, 9, 11, 13, 16].

To find solutions quenching in finite time, we consider the case when the initial data are

asymptotically constants. Namely, we impose the following conditions on initial data:

(1.7) ug,vo € C*(R), ug> M, ug# M, vy>0, vy#O0,
(1.8) lim wy(z) =M, lim vy(z)=N

for some constants M > 0 and N > 0.

The following theorem shows that the solution of (1.2) with initial data satisfying (1.7) and
(1.8) with N > 0 behaves like the solution the ODE system (1.3) with (U(0), V(0)) = (M, N).

Theorem 2. Let (u,v) be a solution of (1.2) with initial data (ug,vo) satisfying (1.7) and
(1.8). If N > 0, then the solution of (1.2) with (1.5) exists globally for all t > 0 and (u,v)

converges to (0,00) as t — oo uniformly in R.

On the other hand, if the initial data of (1.2) satisfy (1.7) and (1.8) with N = 0, then
the solution of (1.2) and (1.5) quenches only at space infinity. Namely, there are no (finite)
quenching points, while there exists a sequence {(z;,t;)} such that |z;| — oo, t; T T and

w(zj, t;) +v(z;,t;) = 0 as j — oo.

Theorem 3. Let (u,v) be a solution of (1.2) and (1.5) with the initial data (ug,vo) satisfying
(1.7) and (1.8) with M > 0 and N = 0. Then the solution of (1.2) with (1.5) quenches at
the finite time t =T = M?/2. Moreover, the solution quenches only at space infinity.

Note that the problem of quenching at space infinity for scalar equation was studied by
Giga-Seki-Umeda [2, 3]. In [2], they characterized that, with suitable initial data, solutions
of the following Cauchy problem u; = u,,/(1 + u2) — (n — 1)/u quenching only at space
infinity. In [3], they estimated its profile at the quenching time from above and below.

The motivation of this study is from a work of Guo-Ninomiya-Shimojo-Yanagida [5]. In

[5], they considered, instead of (1.1), the following complex-valued equation:
(1.9) 7= Az +2°
where z = z(z,t) = u(z,t) 4+ iv(z,t) is a complex-valued function of z € R™ (m € N) and

t > 0. To obtain the asymptotical behavior of the solution, our method is close to that in

[5] by using an invariant set argument. But, instead of considering the invariant subset in
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(u,v)-plane, we transform our problem in (u,w)-plane where w := 1/v. Also, the solution
blows up non-simultaneously at space infinity for the case (1.9) with asymptotically constant
initial data. But, in our case (1.1), quenching can only occurs simultaneously.

This paper is organized as follows. In section 2, we provide a sufficient condition for the
existence of global solutions and study the asymptotic behavior of solutions as t — oco. In

section 3, we study the solution of (1.2) with asymptotically constant initial data.

2. GLOBAL EXISTENCE AND CONVERGENCE

In this section we give a proof of Theorem 1. Let us first recall some properties about

invariant sets (cf. [17]).

Lemma 2.1. Suppose that Q(t) C R? is convex for each t > 0 and {Q(t)}i>o is (posi-
tively) invariant under the flow (1.3) in the sense that (U(t),V(t)) € Q(t) for all t > 0,
if (U(0),V(0)) € Q(0). Then {2(t)}i>0 is also invariant under the flow (1.2). That is, if
R(to) C Q(ty) for some ty > 0, then R(t) C Q(t) for all t > t.

To construct invariant sets, the following lemma is very useful.

Lemma 2.2. Let {F;}1<i<m be a set of C' functions from R® to R. Suppose that Q(t) is

expressed as
Qt) = [ {(w,v) €R*; Fi(u,v,t) <0}, t>0.
i=1

Then {Q(t) }i>0 is invariant under the flow (1.3) if
d
dt

foralli=1,...,m.

F(U®),V(#),8) <0 on {(u,v) € ;Fi(u,v,t) =0}

With these lemmas, we are ready to prove the global existence of the solution of (1.2) and
(1.5).
Proof of Theorem 1. Set
D, = {(u,v) eR* u>0, v>0 and —u‘U+K§O}.
By assumption, we have R(0) C D;. For (U,V) € 9D;, we compute

d
Z(ZUV +K) = (U +UV;) =0.

Thus D; is invariant under the flow (1.3) by Lemma 2.2.
Since g is bounded, there exists a constant A > 0 such that ug(z) < A, Vo € R. Set

DQI:{(U,U>€R2; u >0, U>Oandu§A}.
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Note that Dy N Dy is convex. For (U, V') € Dy N 0Dy, we compute

d U
S U-A)= -
V= s
Therefore, Dy N Dy is invariant under the flow (1.3) by Lemma 2.2.

It follows from Lemma 2.1 that u(z,t) > 0, v(x,t) > 0, u(z, t)v(z,t) > K and u(z,t) < A

for all z € R and t > 0, as long as v stays finite. Using u? + v? > 2uv > 2K, we have

0.

vy < Vg + v/ (2K).

From this, it follows that the solution of (1.2) and (1.5) with (1.6) exists globally in time.
Next, we shall prove the asymptotic behavior of the solution (u,v) as t — oco. We set

w = 1/v. Then (1.2) is equivalent to
U = Upe — uw?/(vw? + 1),
{ Wy = W — 202w —w?/(uPw? + 1).
Moreover, it follows from (1.6) that

(2.1) up(z) > 0, wo(x) :=1/vg(x) > 0, up(x),we(x) are bounded, Vz € R,
' up(z) > Kwy(z), Vo € R, for some constant K > 0.

Therefore, it is enough to prove that (u,w) converges to (0,0) as t — oo.
For this, we first consider the spatially homogeneous solution (u,w) = (U(t), W (t)). Then

(U, W) satisfies the following ODE system:
22 U, = —UW?/(U*W? + 1),
' W, = —W3/(U2W? + 1).

We set
Dgzz{(u,w)ERZ; u>0, w>0 ande—ugO}.

Then, by (2.1), we obtain that S(0) C D3. Hereafter S(t) := {(u(x,t),w(z,t)) € R z € R}.
For (U, W) € 0D3, we have

d
. Kw? N Uw?
U2+l U241
~W2(KW -U)
Uw2+1

Hence Dj3 is invariant under the flow (2.2) by Lemma 2.2.

Next, we set

D4::{(u,w)€]R2; u>0, w>0 and —w+au2§0}
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for some positive constant a such that S(0) C D,. This can be done due to (2.1). Note that

Ds N Dy is convex and
dD3 N 0Dy = {(0,0), (1/(aK),1/(aK?))}.
For (U, W) € D3N 0Dy, we have

d
E(—W +aU? = —W,+2aUU,
3

%
_ "
EWE L “U<

W2
= TmvEel (W — 2aU?
W2 , L, —aU?W?
p— — - — < .
ez g1V 2007 = s =0

—UW?
U2W?2 +1

Hence D3 N Dy is invariant under the flow (2.2).

Finally, we set
Ds(t) := {(u,w) € R* ©>0, w>0andw—h(t) <0}, t>0,

where h(t) is a positive smooth decreasing function to be specified later. Note that D3 N
D, N Ds(t) is convex. We choose h(0) = 1/(aK?) such that S(0) C D3N Dy N D5(0). For
(U,W) € D3N DyNOD5(t), we compute

d —W3

g W= =W h =g -

7 hy.

Hence {D3 N Dy N D5(t)},, is invariant under the flow (2.2), if

—W3 —h3
23) t (U,W)eDsND4NdDs (1) U2W2+1  c2h2+1

where ¢ :=1/(aK) > 0.

Therefore, let h(t) be the solution of

1
=4 R
c“Inh(0) 2h2(0) t,

1
2.4 “Inh(t) —
(2.4) Ph(t) - s
we have that h(t) satisfies (2.3) and {D3 N Dy N D5(t)},, is invariant under the flow (2.2).
Moreover, by (2.3) and (2.4) we obtain that h(t) decreases to 0 as t — oco. Therefore, (u, w)
converges to (0,0) as t — 0o. Since v = 1/w, we have (u,v) converges to (0,00) as t — c0.

This completes the proof of the theorem. ([l
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3. ASYMPTOTICALLY CONSTANT INITIAL DATA

This section is devoted to the study the solution of (1.2) with asymptotically constant
initial data. We first consider the following ODE system:

Uy =-U/(U?+V?),
{ V,=V/(U*+V?),
for t > 0 with the initial condition (U(0),V(0)) = (M,0) for some constant M > 0. Then
it is easy to see that the solution is given by (U(t),V(t)) := (v/M? — 2t,0). Note that the
quenching time of this ODE system is T = T'(M) := M?/2.

Next, in order to estimate u(z,t) from below, we consider the following Cauchy problem:

Uy = Uy — 1)U, €R, t€]0,T),
u(x,0) =up(z), = eR.

(3.1)

(3.2)
where [0,7) is the maximal existence interval of %. Also, we consider the following ODE
problem corresponding to the problem (3.2):

(3.3) U, =-1/U, t€[0,T), U()= M.

Note that the solution of (3.3) is given by U(t) = v/ M?2 — 2t with T' = T(M) := M?/2.

Motivated by an idea from [5], we have the following lemma. We also refer the reader to [10]
for the Fujita equation, [14] for a quasilinear parabolic equation, and [15] for a cooperative

parabolic system.

Lemma 3.1. Let U be the solution of (3.3) and let u be the solution of (3.2) defined on
R x [0,T). Suppose that there exist to € [0,T), o € (0,00) and a constant 6 > 1 such that

u(x,t) > 00(t), for |x|<ro, to<t<T.

where T := min{T, T}. Then U has a positive lower bound in {|z| < ro/2} x [to, T).

Proof. We shall construct a suitable subsolution of (3.2) as follows

w(z,t) == 0y/M? =2t + h(z),

where 6 € (1,6) and

h(z) = 50032(;%)

with small € > 0 to be specified later.

By a simple computation, we obtain that

[\

1
wt_wzm+_
w

gl 8|

1 % 1\?
F(9)
2 A(M? — 2t + h) 0

{_1_§h~+g_;j+(%)2}.

—
|
—_
|
|
=
_l’_

[\
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By the choice of h, we obtain that both |h”| and h"?/h are of order ¢ for |z| < ro. Hence, if

we choose € > 0 sufficiently small such that

gg(AP-—zm)[<%)2—1}, —1—-%Mﬁ+%;+—(%)2g(x
then we have
Wy < Wy — 1/w, lz] < 1o, to<t<T,
(3.4) w(z, ty) < u(z,ty), |z <ro,
w(z,t) <u(z,t), |z|=ro, to<t<T,
where we have used the fact 6 € (1,0).

Then it follows from (3.4) and the comparison principle that w(z,t) < u(x,t) for |z| < rg
and tp <t < T. Therefore, we have

Uz, t) > 0/ M? — 2t + h(ro/2) = 0/ M2 — 2t + £/2 > 0:/2/2 > 0

for any |z| <rg/2 and to <t < T. The lemma follows. O
Hereafter, we assume
(3.5) Uy € CY(R), > M, Ty # M,
(3.6) lim @y(z) = M.
|z| =00

Note that by (3.2), (3.3), and (3.5) we have U < %. Therefore, we obtain 7 > T and so
T=T.

The following lemma shows that quenching can occur only at space infinity.

Lemma 3.2. Let @ be a solution of (3.2) satisfying (3.5) and (3.6) for some constant M > 0.
Then @ has a positive lower bound in 2 x [0,T) for any compact set 2 C R.

Proof. In view of Lemma 3.1, since T = T, it suffices to show that, for any given R > 0
there exist to € [0,7) and € > 1 such that
(3.7) u(x,t) > 0vM? —2t, |z| <2R, to<t<T.

For this purpose, we let y(x,t) := %(x,t)/U(t). Then the function v = ~(z,t) satisfies
1 1
’Yt:/}/a:x—l—__g(__—i—/}/) > Vaxs
U g
since v > 1. Moreover, by (3.5) and (3.6) we obtain

VL0 =21 (,0) £ 1

From the strong maximum principle, we have that y(z,t) > 1 for all x € R and ¢ > 0.
Therefore, for any given R > 0, there exist § > 1 and ¢y € (0,7") such that

Y(z,t) >0, |z| <2R, to<t<T.
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This gives (3.7). Therefore we complete the proof. O
To investigate the behavior of the solution of (1.2) at space infinity, we recall the following
useful property (cf. [5]). We also refer the reader to [15] for the blow-up problem for a

cooperative parabolic system.

Theorem 4. Let u and u be solutions of

w, = Du,, +f(u), z€R, t>0,

(3.8)
u(z,0) =up(z), zeR.

where u(z,t) = (u(z,t),v(z,t)) € R £ = (f1, f2) is a smooth mapping from R? to R?
D = diag(1,1), with initial data vy, Uy € (L®(R) NC(R))?, respectively. Suppose that there
exist sequences {r,}2>, C (0,00) and {a,};>q C R with r,, — 0o as n — oo such that

Jim [[ag — o[z (821, (an)) = 0-

Then

lim |ju(-,¢) —u(-,t)||z(B,, (an)) = O-

n—oo

for any t € (0,T), where T = min{T (uy), T(t)}.

Notice that the following corollary is applicable to our system (1.2). Since its proof is
exactly the same as the one given in [5, Corollary 4.2], we omit is here.
Corollary 3.3. If some solutions of
(3.9) U, = f(U)
quenches in a finite time, then there exists a spatially inhomogeneous solutions of (3.8) which

quenches in a finite time.

In the following, we shall focus on the Cauchy problem for (1.2) with initial data satisfying
(1.7) and (1.8).

Lemma 3.4. Let @ be a solution of (3.2) satisfying (3.5) and (3.6) for some constant M > 0.
Then u quenches at the finite time T = M? /2.

Proof. First, we set u(z,t) = u(x,t), U(z,t) = U(t), |a,| = 4n, and 7, = n. By (3.6), we
have
(310) T}LH;O ||u0 — ﬁOHLOO(Ban(an)) =0.

Notice that u and u are solutions of (3.2) and (3.3) with initial data uy and Uy, respectively.
Let f(u) = —1/u, f(1) = —1/U. Applying Theorem 4 to (3.2) and (3.3), we obtain

lim wu(z,t) = U(t), Vte[0,T).

|z| =00
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On the other hand, by (3.2), (3.3), (3.5), and the comparison principle, we have u(xz,t) > U(t)

for all z € R and ¢t > 0. Combining the above two facts, we have the quenching time

T=T=M?/2. O
Now we prove the Theorem 2 by using Theorems 1 and 4.

Proof of Theorem 2. First, we have the local existence of (u,v) for t € [0,0] for some
o> 0. Let u(z,t) = (u(z,t),v(z,t)), u(x,t) = (U(t),V(t)) and

—u v
fw) = (5 )
() u? + 02’ u? + 02

where (u,v) and (U, V') are solutions of (1.2) and (1.3), respectively. By applying Theorem
4 to (1.2) and (1.3) with |a,| = 4n and r, = n, we have

(3.11) lim w(z,t) =U(t), and lim v(x,t) =V (¢), Vte[0,0].

Also, it follows from (1.4) and (1.8) with N > 0 that
lm w(z,t)v(z,t) =U@)V(t) =U(0)V(0) = lim ug(x)ve(z) = MN > 0.

jal 00 ja =00
Hence the assumption (1.6) is satisfied for all  with || > R at t = o for some constants R
sufficient large and K > 0.

Moreover, by the strong maximum principle, we obtain v > 0 in R x [0,0]. It implies
that the assumption (1.6) holds for all x with |z| < R at t = o with the positive constant
K (taking a smaller one if necessary). Therefore, by applying Theorem 1 to the Cauchy
problem (1.2) starting at t = o, we obtain that the solution (u, v) exists globally in time and

(u,v) converges to (0,00) as t — oo. This completes the proof of Theorem 2. O

Finally, we give a proof of Theorem 3.

Proof of Theorem 3. We choose uy = ug. Then, by the comparison principle, we obtain
(3.12) u(z,t) > u(x,t), x€R, fort>0 such that u and u exist.

Suppose that the solution (u,v) quenches at time 7*. By (3.12), we have 7% > T'. On the
other hand, by Lemmas 3.2 and 3.4, the solution u quenches at finite time 7' = M?/2 only
at space infinity. Thus the inequality (3.12) implies that

(3.13) u>u>0 in Rx[0,7).

Moreover, we set u(z,t) = (u(z,t),v(z,t)), u(z,t) = (U(t), V(t)) = (U(t),0) and
f(u) = <u2 + 02 u? +U2>’

where (u,v) and (U, V) are solutions of (1.2) and (3.1), respectively. Applying Theorem 4

to (1.2) and (3.1) with |a,| = 4n and 7, = n again, we have

(3.14) lim u(z,t) =U(t), lim v(z,t)=V(t)=0, Vte[0,T).
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Hence we obtain 7% = T'. From Lemma 3.2, u quenches only at space infinity. Combining

this with (3.13), we conclude that the quenching of the solution (u,v) occurs only at space

infinity. This proves the theorem. U
REFERENCES
[1] R. Ferreira, A. de Pablo, F. Quirds, J.D. Rossi, Non-simultaneous quenching in a system of heat equa-
tions coupled at the boundary, Z. Angew. Math. Phys. 57 (2006), 586-594.
[2] Y. Giga, Y. Seki, N. Umeda, Mean curvature flow closes open ends of noncompact surfaces of rotation,
Comm. Partial Differential Equations 34 (2009), 1508-1529.
[3] Y. Giga, Y. Seki, N. Umeda, On decay rate of quenching profile at space infinity for axisymmetric mean
curvature flow, Discrete Contin. Dyn. Syst. 29 (2011), 1463-1470.
[4] J.-S. Guo, On the quenching behavior of the solution of a semilinear parabolic equation, J. Math. Anal.
Appl. 151 (1990), 58-79.
[5] J.-S. Guo, H. Ninomiya, M. Shimojo, E. Yanagida, Convergence and blow-up of solutions for a complex-
valued heat equation with a quadratic nonlinearity, Trans. Amer. Math. Soc. (to appear).
[6] Z. Guo, J. Wei, On the Cauchy problem for a reaction-diffusion equation with a singular nonlinearity,
J. Differential Equations 240 (2007), 279-323.
[7] H. Kawarada, On solutions of initial-boundary problem for w; = ., + 1/(1 — u), Res. Inst. Math. Sci.
10 (1975), 729-736.
[8] H.A. Levine, Quenching, nonquenching, and beyond quenching for solution of some parabolic equations,
Ann. Mat. Pura Appl. 155 (1989), 243-260.
[9] C.Mu, S. Zhou, D. Liu, Quenching for a reaction-diffusion system with logarithmic singularity, Nonlinear
Anal. 71 (2009), 5599-5605.
[10] H. Matano, F. Merle, Classification of type I and type II behaviors for a supercritical nonlinear heat
equation, J. Funct. Anal. 4 (2009), 992-1064.
[11] Y. Zhi, C. Mu Non-simultaneous quenching in a semilinear parabolic system with weak singularities of
logarithmic type, Appl. Math. Comput. 196 (1975), 17-23.
[12] N. Nouaili, A Liouville theorem for a heat equation and applications for quenching, Nonlinearity 24
(2011), 797-832.
[13] A. de Pablo, F. Quirds, J.D. Rossi, Non-simultaneous quenching, Appl. Math. Lett. 15 (2002), 265-269.
[14] Y. Seki, On directional blow-up for quasilinear parabolic equations with fast diffusion, J. Math. Anal.
Appl. 338 (2008), 572-587.
[15] M. Shimojo, N. Umeda, Blow-up at space infinity for solutions of cooperative reaction-diffusion systems,
Funkcialaj Ekvacioj. 54 (2011), 315-334.
[16] S. Zheng, W. Wang, Non-simultaneous versus simultaneous quenching in a coupled nonlinear parabolic
system, Nonlinear Anal. 69 (2008), 2274-2285.
[17] H. Weinberger, Invariant sets for weakly coupled parabolic and elliptic systems, Rend. Mat. 8 (1975),

295-310.

DEPARTMENT OF MATHEMATICS, TAMKANG UNIVERSITY, 151, YINGZHUAN RoaD, TAMSul, NEW
Tarper CiTy 25137, TAIWAN
E-mail address: jsguo@mail.tku.edu.tw

DEPARTMENT OF MATHEMATICS, NATIONAL TAIWAN NORMAL UNIVERSITY, 88, S-4, TING CHOU
RoaAD, TAIPEI 11677, TATWAN
E-mail address: ctling121@yahoo.com.tw



