ENTIRE SOLUTIONS FOR A DISCRETE DIFFUSIVE EQUATION
WITH BISTABLE CONVOLUTION TYPE NONLINEARITY

JONG-SHENQ GUO AND YING-CHIH LIN

ABSTRACT. We study entire solutions for a discrete diffusive equation with bistable convo-
lution type nonlinearity. We construct three different types of entire solutions. Each of these
entire solutions behaves as two traveling wavefronts connecting two of those three equilibria
as time approaches minus infinity. Moreover, the first and second ones are solutions which
behave as two traveling wavefronts approaching each other from both sides of xz-axis. The
behavior of the second one is like the first one except it connects two different wavefronts.
The third one is a solution which behaves as two different traveling wavefronts and one
chases another from the same side of z-axis.

1. INTRODUCTION

In this paper, we study the following discrete diffusive equation with convolution type
nonlinearity.
(11)  w(z,t) = Dofu)(x,t) — du(x,t) + > _ J(i)b(u(z —i,t)), z€R, teR,
i€Z

where d > 0, J(i) = J(—i) >0, > ,., J(i) =1, and
Dslul(x,t) :== Du(z + 1,t) + u(x — 1,t) — 2u(z, t)]

for some positive constant D. Throughout this paper, we shall always assume that the
function b(-) is an increasing smooth function on [0, 1] such that

(P1) b(0) = b(a) —ad =b(1) —d =0, where 0 < a < 1,

(P2) b(t) < dt for 0 <t <a, b(t)>dtfora<t<l,

(P3) max{0'(0),0'(1)} < d < ¥(a) (bistable nonlinearity),

(P4) fol [b(u) — duldu > 0 (unbalanced case).
When J(0) =1 and J(i) = 0 for all i # 0, (1.1) is reduced to the classical equation

we(w) = Dofu)(z, 1) + Flule,8)),  F(u) = b(u) — du,
which has been studied recently in [5, 6].
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We also note that (1.1) is the continuum version of the following lattice dynamical system:

(1.2)  up(t) = Dlunsr () + tn_1(t) = 2un(t)] — dun(t) + > J(D)b(un—i(t)),n € Z,t € R.

i€z

For (1.2), in ecology, u,, represents the population density at site n, D is the migration co-
efficient, d is the death rate and the nonlinear function b is the birth function of population
density which is interacting with neighbors by the nonnegative weighted function J, if the
habitat is divided into discrete regions and the population density is measured at the repre-
sentative point in each region. In this model, we assume that the migration only happens
to the nearest neighbors and the interaction happens with finite or infinite range.

We say that {u,(t)} is a traveling wavefront solution of (1.2) connecting two different
equilibria {uy} C {0, a,1} with speed ¢, if u,(t) = U(n + ct) for n € Z and t € R for some
function U (called wave profile) such that U(+o0) = us. Then (¢, U) satisfies the following
equation
(1.3) cU'(y) = DalU(y) — dU(y) + Y J@)b(U(y — ), yeR,

i€z

where (as before)
Ds[U)(z) == D[U(x+ 1)+ U(x — 1) — 2U(x)].

Similarly, we can define the notion of traveling wavefront solution of (1.1) by setting u(z,t) =
U(x + ct), then U also satisfies the equation (1.3).

Recently, a more general version of (1.2) including time delay was studied in [11, 10]. In
[11], they studied (1.2) with time delay for the bistable case. They proved that the problem
admits a unique (up to a translation) strictly monotone increasing traveling wavefront solu-
tion connecting from 0 to 1 with a positive wave speed when D > Dy for a certain positive

constant Dy, under the following extra assumption

, 2 [![b(u) — duldu 2 [ [b(u) — du]du
(1.4) Z J (i) < max { fol brde fol ) —d } .

More precisely, from [11, Theorem 1.1], under the above assumptions, there exist a unique

1E€EL

speed ¢ > 0 and a unique (up to translations) wave profile U(x) such that
(15) { cU'(x) = Da[U)(x) — dU(x) 4 > _,cp J(0)D(U (2 - i), z € R,
U(—o0) =0, U(+o0)=1,0<U <1, U >0in R,
if D > Dy. Note that a propagation failure occurs when D is small enough.
The monostable case for (1.2) with time delay was considered in [10]. In the present
setting, it corresponding to the case for connecting two equilibria {a,1} or {0,a}. They
obtained the existence of the asymptotic speed of propagation, the existence and (partial)

uniqueness of the traveling wavefront and the minimal speed of the traveling wavefront for
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the delayed lattice dynamical system under the following extra condition at the unstable

equilibrium a, namely,
(1.6) b(a)(u—a)— Mlu—a|'™ < b(u) —da <V (a)(u—a) + Mu— a|*™ for u € [0,1]

for some constants M > 0 and o € (0,1]. In fact, by [10, Theorem 1.2], there exist two
constants ¢, ¢* with ¢* > 0 > ¢, such that for any ¢, co (with ¢; > ¢, ¢3 < ¢,) there exist
Vi(z) and Wy(z) satisfying the following equations:

{ aVi(z) = Do[Vi](z) — dVi(@) + X icp J(Hb(Vi(x = 7)), = € R,

(1.7) Vi(—o0) = a, Vi(+o0) =1, a<V; <1, V/>0inR.

and
0y { ) = DI )+ Sy T ), = €,
2(—00) =0, Wa(4+00) =a, 0 < Wy <a, Wj>0in R,
where ¢* (¢, resp.) is the minimal (maximal, resp.) speed of (1.7) ((1.8), respectively).

The study of traveling wavefront solutions are important in many applications. It can de-
scribe certain dynamical behavior of the studied problem such as (1.2). But, the dynamics
of reaction-diffusion equations or its discrete analogue is so rich that there might be other
interesting patterns. Recently it is found that two-front entire solutions exist in many prob-
lems. Here an entire solution is meant by a solution defined for all (x,t) € R?. In particular,
traveling wavefront solutions are also entire solutions. For the study of entire solutions, we
refer the reader to, for instance, [3, 5, 6, 7, 8, 9, 12, 13] and reference therein.

In a very interesting work by Morita and Ninomiya [12], they gave three different types of
entire solutions for a bistable reaction-diffusion equation (see also [6] for the discrete diffusive
case). The purpose of this work is to construct these three types of entire solutions for (1.1).
Although the main idea and the methods of proofs in this paper are from [6, 12], there are
certain difficulties in dealing with (1.1) (or (1.2)) due to the convolution type nonlinearity.
For example, in the construction of super/sub solutions, we need to derive some estimations.
In these estimations, the compactness (finite range interaction) assumption is needed in this

study. So, from now on, besides the assumptions (1.4) and (1.6), we shall assume that
(1.9) J(i) = 0 for |i| > m for some m € N.

We left the problem with infinite range interaction for the future study.

In fact, to construct these two-front entire solutions it is crucial to have a precise infor-
mation on the asymptotic behavior of wave tails. More precisely, we need the following
estimates for solutions U, Vi, W; of (1.5), (1.7), (1.8) respectively.

First, there exists a positive constant 7 such that

L U'(y) . U'(y)
1.10 f > f—~27 >n.
(1.10) T Swrsron i
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Furthermore, there are positive constants K, k,,d such that
(1.11) keM <U(y) < KeM, Vy<m; ~ve ™™ <1-Uly) <de™, Vy>—m,

where ) is the unique positive root of the characteristic equation

(1.12) =D +e*=2)—d+ V(0 ZJ

i=—m

and p is the unique positive root of the equation

(1.13) —ép=D(et +e M —2) —d+ V(1 Z J(i

i=—m

Next, for any ¢; > ¢* and ¢y < ¢y, let (c1, Vi(z)) and (c2, Wa(z)) be solutions of (1.7) and
(1.8), respectively. Then there exist positive constants A, p;, K, Vi, ¢ = 1,2, such that the

following inequalities hold:

(1.14) Vily) —a > k1eM¥ on (—o0,0]; 1 —Vi(y) > y1e Y on [0, 00).

(1.15) Wa(y) > kee™¥ on (—o00,0];  a— Wa(y) > v2e#2Y on [0, 00).

Furthermore, there exist positive constants /V, p such that

(1.16) plViy) — a] < V{(y) < NeM¥ on (—o0,0],
(1.17) pll = Vi(y)] < Vi(y) < Ne™"¥ on [0,00),
(1.18) pWa(y) < Wi(y) < Ne* on (—o0,0],

(1.19) pla — Wa(y)] < Wi(y) < Ne ¥ on [0, 00).

The above asymptotic behavior of wave tail at the unstable equilibrium can be found in
[4]. But, due to the technical difficulty arising from the convolution type nonlinearity, we
need to assume that m = 2. As for the wave tail at the stable equilibrium, the method
developed in [2] is well applicable here for any finite m.

Based on these asymptotic behaviors, we prove the following theorems on two-front entire

solutions.

Theorem 1. Let (1.9) be in force with m = 2 and let (¢,U(x)) be a solution of (1.5). Then

for any real number 0 there exists an entire solution u(z,t) of (1.1) such that

(1.20) hm {sup |u(z,t) — U(x + ét + 0)| + sup |u(z,t) — U(—z + ¢t + 0)|} = 0.

— =0 >0 <0

Moreover, u(z,t) — 1 as t — oo for any x.
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Theorem 2. Let (1.9) be in force with m = 2. For any ¢; > ¢* and ¢y < ¢4, let (c1, Vi(x))
and (co, Wo(z)) be solutions of (1.7) and (1.8) respectively. Then there exist a constant w
and an entire solution u(x,t) of (1.1) such that
(1.21) lim { sup  |u(x,t) — Vi(z + et + w)|

t——00 z>—(c1+c2)t/2

+ sup lu(z,t) — Wa(z + cot —w)|} = 0.
z<—(c1+c2)t/2

Moreover, there exists 8 € R such that
(1.22) lim {sup |u(x,t) — U(x + ¢t + 0)|} = 0.
t—=00 LR

Theorem 3. Let (1.9) be in force with m = 2. For any ca < ¢, with —cy < ¢, let (¢,U(x))
and (co, Wo(z)) be solutions of (1.5) and (1.8) respectively. Then there exist a constant w
and an entire solution u(x,t) of (1.1) such that

lim  { sup  |u(z,t) — Uz + ét +w)|

t——00 z>(ca—E)t/2

+ sup  |u(z,t) — Wa(—z + cot — w)|} = 0.
z<(ca—8&)t/2

Moreover, we have
tgr?o{;gﬂgu(x,t)} =a, tlgg{ s>u_pc lu(z,t) — 1|} =0, VC > 0.

The above constructed entire solutions have some common characters. When —t > 1,
they behave as two traveling wavefronts on the opposite sides or on the same side of x-axis.
Note that, different from the previous works, we choose the distinguishing line of the initial
conditions in the above theorems to be the mid-points of two front-positions of traveling
wavefronts. For example, in Theorem 2, x = —c;t and x = —cst are front-positions for two
traveling wavefronts Vi(z + c1t) and Wa(z + caot), respectively. It is nature to choose the
distinguishing line to be © = —(¢; + ¢2)t/2 in (1.21).

We organize this paper as follows. In section 2, we give some proofs of the asymptotic
behaviors of the traveling wavefronts stated above and some useful functions. Next, in
section 3, we offer the proofs of Theorem 1, Theorem 2 and Theorem 3 by constructing

suitable super/sub solutions.

2. PRELIMINARIES

In this section, we first study the asymptotic behaviors of a solution U(y) of (1.5) as

y — £oo. Since the behavior near y = oo is similar to the one near y = —oo, we shall only
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give the details for y = —oo. For this, we use the following notation
Nul(t) = uj(t) - D[Uj+1( ) + i (t) — 2u;(t)]

+du;(t) ZJ (uj—i(t)), 1 €Z,t eR.

i=—m

First, we have the following strong comparison principle.

Lemma 2.1. Let c € R, jo € Z and ty € R. Assume that u;(t) and v;(t) are bounded and
continuous in the set {(j,t) € Z x R| j < jo — ct,t € [tyg,00)} and satisfy
Nlus|(t) = Nj](t)  when j < jo—ct, t > to,
Uj(to) Z Uj(t()) when j S j() — Cto.
Then u;(t) > vi(t) for all j < jo —ct, t > to. In addition, if u; (to) > vj,(to) for some
1 < jo — cto, then u;(t) > v(t) for all j < jo —ct, t > t.
Since the proof is exactly the same as the one for [2, Lemma 1], we omit it here.

Using this comparison principle (Lemma 2.1), we can follow the proof of [2, Theorem 2]

to prove the following theorem on the asymptotic behavior.

Theorem 4. Assume that (c,{u;(t)}) is a traveling wave solution of (1.2) connecting from

0 to 1 with positive speed c. Then there exists two positive constants Cy, Cy such that

(t
(2.1) C; < fgj&)t) <Oy Vi+tct<—m,t>0
e C

where A is the positive root of the following characteristic equation
P(c,\):==ch—D(e*+e*—2)+d—¥(0 Z J(i)e ™ =
By the definition of A, the function (z) := ¢ is a solution of the following equation
e (z) — D[ip(z + 1) + p(z — 1) — 2¢(x)] + dp(x) — (0 Z J(i)ih(z —i) = 0.

i=—m

In the construction of sub/supersolutions, ¥ (x) play an important role. Indeed, we define
uy (t; 1,0, €3) == e1p(0) + 0 (N)erUtet) — eqah(20)e® A0+ e 7 t € R.

where € > 0, €3 > 0, 6 € R. Hereafter the function b is suitably defined so that it is smooth
with b,0/,b"” bounded in R. Since P(c,0) > P(c¢,A) = 0 > P(c,2A) (due to the fact that
b'(0) < d), we have

Nuy](t) >0 when j+ct < —m, tER,
if

0< e < Ey, e5=FE30% |0] < Es,
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where

CPe0) L SBAPSM gy
Be=sngmy B Thianyeny T Eepay L el

Similarly, by defining
uj (t;€1,0,€3) == —e19(0) + Op(N) MY 1 egah(20) AU FeD)
we also get

Nuj](t) <0 when j+ct<—m, teR

Then Theorem 4 can be proved by using the comparison principle as given in the proof of
[2, Theorem 2]. We omit the details here.
Now, for a solution U of (1.5), using u,(t) = U(n + ¢t) we obtain from (2.1) that

Cie™ < Uly) < Coe™, Vy < —m,

where A is the unique positive root of the equation (1.12). Hence the first part of (1.11)
follows. We remark that this process can be carried out as long as the equilibrium is stable.
Therefore, all of the exponential tail behaviors of U, V;, W5 near the stable equilibria {0, 1}
in (1.11), (1.14) and (1.15) can be derived similarly.

As for the exponential tail behavior near the unstable equilibrium a, we refer to [4, The-
orem 5. There it is assumed that m = 2. Therefore, we have the exponential tail behaviors
of V1, Wy near the equilibrium a in (1.14) and (1.15) for ¢; > ¢* and ¢z < ¢, when m = 2.

For the estimates related the first derivatives of U, V;, W, we recall from [4, Theorem 2]
that the limits

TR ) R TI L1€)
y——oo Vi(y) — a’ y=oo a — Wa(y)
exist and are positive. Here we need to assume that m = 2. This result is based on [4,
Theorem 1] and is applicable to the case of stable equilibrium. Therefore, we also have the
limits

U'(y) lim U'(y) lim Viy) lim Wi(y)

y——oo U(y) " ysoo 1 — U(y)’ y—oo 1 — Vl(y)’ y——o0 W (y)

exist and are positive. Then the estimates (1.10) and (1.16)-(1.19) can be derived.
Next, we give some useful functions which were constructed in [5]. Given positive constants

a, ¢, M and consider p(t) and ¢(t) solutions of

(2.2) P(t) =c+ MePV ¢ (t)=c— MW <0,
(2.3) p(0) <0, ¢(0) <min{0,In(c/M)/a}, e 21O =P <9)/c.
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Indeed, p(t) and ¢(t) can be solved explicitly by

p(t) = p(0) 4 ct —In[l + Me?O (1 — et) /(] /a,
q(t) = q(0)+ct —In[l — MO (1 — ) /c] /.

Furthermore, there exists a positive constant x such that

(2.4) —ke“)2<qt) —ct —w<0<p(t) —ct —w < Kke"/2, if <0,
where

(2.5) w = p(0) = In(1 + Me*® /¢) /a = q(0) — In(1 — Me*1© /¢ /a.
Hence,

(2.6) 0 < p(t) —qt) < ke (< k), if t<0.

Finally, we give the following definitions about a supersolution and a subsolution.

Definition 2.1. A function u(x,t) is called a supersolution (subsolution, resp.) of (1.1)
on (z,t) € R x (—oo, =T] for some T € R, if L[u)(z,t) > 0 (L[u)(x,t) <0, resp.) for all
(x,t) € R x (—o0, =T, where

L{v])(z,t) := v (x,t) — Da[v](x,t) + dv(z,t) — Z J()b(v(z —i,t)).

The following useful lemma can be found in [1, 3, 5].

Lemma 2.2. Suppose that u(x,t) and u(x,t) are a subsolution and a supersolution of (1.1)
on (z,t) € R x (=00, =T for some T € R, respectively and satisfy that u(x,t) < u(z,t) on
(x,t) € R x (=00, =T|. Then there exists an entire solution u(x,t) of (1.1) such that

u(z,t) <wu(z,t) <a(x,t) forall (x,t) € R x (—o0,—T].

With this lemma, the construction of entire solutions is reduced to finding a suitable pair

of super/sub solutions.

3. ENTIRE SOLUTIONS

This section is devoted to the proofs of main theorems stated in the introduction. Since
the proofs work as long as the asymptotic behaviors (1.10), (1.11), (1.14)-(1.19) hold, we

shall present the proof for general m € N here.
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3.1. Proof of Theorem 1. Let p(t) and ¢(t) be the solutions of (2.2)-(2.3) with ¢ = ¢,
a = X and a constant M to be determined later. We divide our discussion into two cases:
b'(0) < b'(1) and ¥'(0) > b'(1).

First, we consider the case that ' (0) < ¥'(1). In this case, we have A > u, where A and
are positive roots of (1.12) and (1.13), respectively. Define

(3.1) { a(x,t) = Uz +p(t) + U=z +p(t), z€R, t <0
' u(w,t) == Uz +q(t)) + U~z +q(t), v € R, t < 0.

Then

Lfa](z,1)
= PO[U(x+p@) +U(=2+p)] + (2D + d)[U(z + p(t)) + U(—2 + p(t))]
—D[U(x+14+pt)+U(—x—1+p(t))+U(x —1+p(t)) + U(—x + 1+ p(t))]

m

— > J@Ob(U(x —i+p(t) + U=z +i+p(t))).

i=—m

By using (1.5), we obtain

NE

Li)(z,t) = (p'(t) = U (z +pt)) + U(—z +pt)] = ) J(@O)G(z,1,1)

~.
\l\

m

NE

= [U'(z+pt) +U'(—z +p(t))] {MeAp(t) — J(i)P(z,t, 2’)} ,

—m

where
Gz, t,i) = bU(x—i+p(t)+U(—x+1i+pt)))
—b(U(x —i+p(t) —b(U(—z +i+ p(t)),
P(x,t,i) = G(z,t,0)/[U(xz+ p(t)) + U (—z + p(t))].
From

|b(u+v) —b(u) —b(v)| < Luv if u,v € (0,1),

it follows that
Lf@](z,t) > [U'(z + p(t)) + U' (= + p(t))] {M@M ~L ‘Z J (@) Pr(x, 1, z’)} ,

where

Uz —i+p(t)U(—z +i+ p(

Aot )= 5 p0) + U= + (D)

~—| ™~
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For any i € {—m,---,—1,0,1,--- ;m}, by using (1.10) and (1.11), we obtain

(3.2) Pi(z,t,i) < Ulz —i+p(t)) < e N A=z (At p)p

— U=z +pt) ~ 0y
K2eMa—itp(t) pA(—z+itp(t)) K2 (e

) if o < p(t),
; ) _
U(—/x+i+p(t)) < Ee)\ie(uf)\) 2 O H)p(
U'(z +p(t)) m
By using the facts A > p and p(t) < 0, it follows from (3.2) and (3.4) that
Kerm
my

(3.4) Pi(x,t,i) < ) if x> —p(t).

Pi(x,t,1) < MO if o < p(t) or x> —p(t).

Therefore, if we choose
LKer LK? )
ok
then L[u] > 0 on R X (—o00,0]. By a similar estimation, we get Lu] <0 on R x (—o0,0].

M > max{

It follows from Lemma 2.2 that there exists an entire solution u(z,t) of (1.1) such that
u(x,t) <wulx,t) <u(z,t), V(r,t) €R X (—00,0].

Now, we derive the initial condition (1.20). By translation, we may only check § = w. For

x > 0, by the mean-value theorem, (2.4) and (2.6), we get

lu(z,t) — U(z + ét + w)|
< fu(x,t) —u(x, )]+ U(—x 4+ q(t) + |U(z + q(t)) — Uz + ét + w)|
< [ ( x, ) _ U(JZ' t)] + Ke A(—z+q(t)) + gsup{U'(~)}eé)‘t

< Ke)\q(t) + Kleé)\t

for some constant K. The case for x < 0 is similar. Hence (1.20) holds.
Secondly, we consider the case that b'(1) < ¢'(0). In this case, we define
{ (x,t) :=U(x+pt) +U(—z +pt), z€R, t<0
u(z,t) ;= max{U(z + ¢t +w),U(—z+ct+w)}, € R, t <0.
Note that the definition of w(z,t) is the same as the former case in (3.1). Also, (3.3) holds,
since we do not need the fact that A > p when x € [p(t), —p(t)]. Therefore, we focus on

(3.5)

the other two ranges. Since b'(1) < '(0), by extending the definition of b(-) and taking a
suitable translation of U(-), we may find §; > 0 such that

(3.6) V(u) <H(0) ifu>1—06; Ul)>1-68 ifz>—m.

First, we consider the case x < p(t). From the equality

b(u 4 v) — blu) — b(v) = U/o [V (u+ sv) — b'(sv)]ds
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and (3.6), it follows that
G(z,t,i) < U(x —i+p(t)) /0 [1/(0) — b (sU(z — i+ p(t)))]ds < LU (z — i + p(t))]*.

Therefore,

L[@)(z,t) > [U(z + p(t)) + U'(—z + p(t))] {Mew ) i J(3)Py(x, t, z’)} ,

where
Py(a,t,4) := [U(z — i +p(t)]*/[U'(z + p(t)) + U (=2 + p(t))]-
For any i € {—m,---,—1,0,1,--- ,m}, by (1.10) and (1.11), we have
. Ul +p(t) Ul —i+pt)) :
P 7t7 S . U — —f- t
08D S i) U rpy TR
o B2 Sy o B2
-k L

for x < p(t). So if we choose M > LK?e¢**™/(nk), then we have L[u] > 0 for = < p(t). The
case when © > —p(t) can be treated similarly. By the definition of u(z,t) in (3.5), we can

easily check that it is a subsolution. Hence, by Lemma 2.2, there exists an entire solution

u(x,t) such that

u(z,t) <wu(z,t) <u(x,t), V(z,t) € R x(—o0,0].

Finally, we study the asymptotic behavior of u near t = —oo. For « > 0, by the definition

11

of u(z,t), we obtain u(x,t) = U(z + ¢t +w). So, by the estimation of Lemma 2.2 and (2.4),

0 < wu(z,t) Uz +ét+w) <u(x,t) —U(r + ét +w)
Uz +p(t)) — Uz + ét +w) + U(—z + p(t))
sup{U" () }(p(t) — ét — w) + Kerotr®)
rsup{U'(-)}e /2 + Ke*.

VAN VA

IN

This implies that

lim sup |u(z,t) — U(x + ét +w)| = 0.

t——o0 >0

The case for x < 0 is similar. Hence (1.20) holds and the proof of Theorem 1 is completed.
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3.2. Proof of Theorem 2. Let (¢1, Vi(z)) and (co, Wa(z)) be solutions of (1.7) and (1.8)

respectively. Set

(3.7) ¢:= 61—502, co = Cl;@.

Note that ¢y > 0. We define
flu(z,t)) = Z J(@)[b(u(z — i,t)) — du(z, 1)),
flu(z)) = Z J (@) [b(u(z — i) — du(z)],
flu(z)) := Z J(@)[b(u(z — i) — du(z —i)].

By a simple computation, it is easy to see that u(z,t) = R(x + ¢t,t) is a solution of (1.1) if

and only if R(z,t) is a solution of
(3.8) F[R](x,t) :== Ry(x,t) + cRy(x,t) — Da[R](x,t) — f(R(z,t)) = 0.

Also, Vi(x 4 cot) and Wa(x — ¢ot) are solutions of (3.8).
Let p(t), q(t) be solutions of (2.2)-(2.3) with

a =min{, uo}, ¢ =cy, M >0 (to be determined later).

Consider
{ R(z,t) := HVi(x + p(t)), Wo(x — q(t))), 2 €R, t <0,
R(x,t) := HVi(x +q(t)), Wa(z — p(t))), x € R, t <0,
where
H(ga h) = (1 — a)gh

(g —a)+a(l—g)
We shall claim that (R, R)(z,t) is a pair of supersolution and subsolution of (3.8).
For this, we denote

oOH oOH 0*H 0*H 0*H

H  =— H,=— H,, =—— Hy,;, =—— H,j; = ——
9T g T an T ag2 M Rz T Bhag”

~ —~

H(b,c) == HVi(y +b),Wa(z+¢)), Hy(b,c) := Hy(Vi(y +b), Wa(z + ¢)),
Hy(b,c) == Hy(Vi(y + b), Wa(z + ¢)), Hgg(b, ) := Hyy(Vi(y + b), Wa(z + ¢)),

—

Hon(b.¢) = Hy(Vi(y + b), Wa(z + ), Han(b,¢) := Hun(Vily + ), Wa(z + 0))

for b, c € R. Hereafter we denote y := x + p(t) and z := x — q(t).
By a simple computation, we have
a(l —a)h(1 —h)
(g — a) + a(l = g)]*’

a(l —a)g(l —g)
[h(g —a) +a(l—g)]*

Hg(g, h) = Hy(g,h) =
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Also, we have

Hyla ) = e ZHCIES b - ae.n)

_ (P)al—a)g—g)lg—a) _ .~ 1y .
Hun(g,h) = hg—a) tal—gF (9 — 1)(g — a)Ha(g, h),
—a)[(2a — 1)gh + a(l — g — h)]

[h(g = a) +al = g)]?

a(l

Because 0 < W(-) < a < V(:) <1, we have

(3.9) Hy(b,c) >0, Hy(b,c) >0, VbceR.

Now we are in a position to compute F'[R]. First, we have

F[R](f,t) = Rt(xvt) + Eﬁx(x7t) - Dﬂﬁ](l‘,t} - f(ﬁ(f,t))
H,(0,0)V{(y)['(t) + & + Hp(0,0)Ws(2)[E — ¢'(1)]

m

_ Z J@)[H(Vi(y — 1), Walz — 1)) — H(Vi(y), Wa(2))]

m

= D JOBHWVAly =), Walz = 1)) — dH (Vi(y — i), Wa(z — i))],

it=—m

where J(i) := dJ(i), if |i| # 1, J(i) := dJ(i) + D, if |i| = 1.

13
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Recall (1.7), (1.8), (3.7) and that p(t), q(t) are solutions of (2.2)-(2.3) with ¢ = ¢p. Then

we have

L) [Vi(y +1) + Vily — 1> — 2Vi(y)] + Hy(0,0)f(Vi(y))
LO)Wa(z 4+ 1) + Wa(z — 1) — 2Ws(2)] + I/{;(O, 0)f(Wa(z))
— " T@HWAly — i), Walz — ) — H(Va(y), Wa(2))]

t=—m

= 2 JObHALY = i), Wa(= = i))) = dH(Vi(y — i), Wa(= = 1))
M H,(0,0)V7 ()¢ + MHj(0,0)W3(z)ee®

m

—1—1/-];(0,0) Z J@)[Valy —i) — Vily —I—Hh (0,0) i N[Wa(z — i) — Wa(2)]

i=—m

_ Z J@)[H(Vi(y — 1), Walz — 1)) — H(Vi(y), Wa(2))]

+H,(0,0) F(Vi(y)) + Hr(0,0) F(Wa(2))
= 2 JOBHAY =), Wa(= = ))) = dH(Vi(y — i), Wa(= = 1))

Recall that Vi(-) and Wh(-) are strictly increasing. It then follows from (2.6), (3.9) and

the mean-value theorem that

v

v

F[R](z,1)
Me®O[H,(0,0)V; (y) + Hx(0,0)Wh(2)]

Z — Wiy —i—HhOO i N[ Wa(z —i) — Wa(2)]

- Z TO{H,(Vily + 01), Wa(z + 02)) Valy — ©) = Vi(y)]

FH(Vi(y + 1), Wa(= + 02 [Walz — 1) — Wa)])
+H,(0,0)f(Vi(y)) + Hy(0,0) f(Wa(2))

- Z J@)(HWVi(y — i), Wa(z —0))) — dH(Vi(y — i), Wa(z — i))]

Me*®W A(x,t) — B(x,t) — G(z, 1),
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where

A, t) = Hy(0,0)V{(y) + Ha(0,0)Wj(2),

Blat) = Y0 T (b ba) ~ F0.0]ly 1) - V()
[f;w ) E(o, OIWa(z i) — Wal2)
+ S T (i) — (0, 0)i(Vily - )
*f;H”T i) - (0’02} (Walz — )}

_ ZJ )By(x,t,7) +ZJ )Bs(z,t, 1),
Glrt) = fjm TR Valy = ), Walz — ) — Fy(—i,~DlValy — 1)

with 6y;, 0o; are between 0 and —i, and [(s) := b(s) — ds.
By (3.9), we have A(z,t) > 0 for all (z,t) € Rx(—o0,0]. Soin order to obtain F[R](x,t) >
0, we must estimate

By(z,t,i)/A(x,t), Bz, t,i)/A(x,t) and G(z,t,i)/A(x,t).

First, we consider A(z,t). Since p(—o0) = q(—o0) = —oo0 and Wy(o0) = Vi(—00) = a, we
can choose T' > 0 such that

Vilx+pt)+ L) <(1+4a)/2, if 2 <0, t < =T, |l;] <m.
Wa(x —q(t) + 1) > (a/2), if x >0, t < =T, |lo] <m.

By the form of H,, Hj, and the estimation above, we have

(3.11) H,(0,0) = Hy(Vi(z + p(t)), Walx — q(t))) > 1/8, if & > 0, < ~T.
' Hyp(0,0) = Hy(Vi(z + p(t)), Wa(x — q(t))) > 1/8, if 2 < 0,t < —T.
(

Secondly, we consider By(z,t,1), Ba(z,t,i) and G(x,t,i). For this, we define
S(x,t,ly,ls) := Wa(x — q(t) + I2)[Vi(z + p(t) + 11) — a] + a[l — Vi(x + p(t) + 1))
By (3.10), if x > 0,t < =T, |l1| < m,|ls] < m, then

(3.10)

1—
S(a,t, b lp) 2 g[%<x+p(t>+l1>—a]+a[1—v1<x+p<t)+z1>] > 5 @),
On the other hand, if z < 0,t < =T, |l;| < m, |l3] < m, then
1—|—a a(l —a)

S(x,t,ly,lp) > (Wa(x — q(t) + 1o) — a]l + a[l — Wa(x — q(t) + 13)] >

2
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Therefore,

1_
St b)) > X > D itz eR < —T || <m, b <m.

?

This implies that there exists a constant K7 such that
(3.12) | (Hy, Ha, Hon)(Vi( + p(t) + 1), Wa(z — q(t) + 1)) |[< K,

for all x € Rt < =T, |l;| < m,|ls] < m.
Now, we are ready to estimate Bj(x,t,i)/A(x,t). Consider the first term of By(x,t,1,),

by the mean-value theorem, we have

o~ o~

[Hy(61:,02:) — Hy(0,0)][Vi(y —4) — Vi(y)]
= [Hy(Viy + 1), Wa(2 + 02:)) — Hy(Vi(y), Wa(2))]V] (y + 05:)
= [0l gg(Vi(y + 0), Wa(2 + 05:)) Vi (y + 0s:)

02 Hon(Vi(y + 04;), Wo(z + 05:)) W5 (2 + 07)]V{ (y + 03;)

—_—
99

= [01:Hgy(0i, 05:) Vi (y + Og;) + QQil/{g\h(ellia O5:) Wy (z + 07)|V{ (y + 03:),

where 0s;, 04, 05;, Os;, 07; are between 0 and —i. Therefore,
g9

Bi(z,t,1) = [01iHgg(04;,05) Vi (y + 06i) + ‘92iﬁg\iz(64ia 05:) Wy (= + 07:)]V{ (y + 03;)
+[Q1iﬁh\g(7'4z‘, 75:) Vi (Y + b6i) + 921‘1{1;1(7'4@‘, T5:)Wo (2 + 07,) [ W3 (2 + T3:),
where T3;, T4;, T5; are between 0 and —i. For x <0, ¢ < =T, by (3.11), we have
1
Az, t) > gWé(ﬁf —q(t)).
Moreover, from (1.14)-(1.19) and (3.12), there exists a constant K» such that
Hyg(s1,50)ViI(y + s5)Vily +54) | _ Ky
W;(z) -

—

Hyn(s1,82)Wa(z + s3)Vily +54) | _ ()
Ws(2) -

< ](2€>\110(1t)7

|I/{-};l(81, SQ)WQ/(Z + Sg)WQ/(Z + 84)

W5 (2)
for all |s1], |sal, |s3], |s4] < m. Hence, there exists a constant K3 such that
B t,1
Bile,t,9) < K3eMP® i 1 <0t < =T, |i] < m.
Az, t)
Using the same method to consider the case that x > 0,t < —T', we have
B t,1
Bi(z.t,9) < Kyet1® 0 if >0t < =T, |i] < m.
Az, t)
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for some constant K4. Using the fact that I'() is bounded over [0, 1], we can choose a

constant Kg such that
(Vi) < KeVi(),  [H(Wa(-))] < KW5 (o).

By the same estimation of By (x,t,1) for By(x,t,i), we have

BULD| < georm it 2 <04 < T )if <m,
A(w,1)

BULD) < ot it 2200 <1 )i <m,
A(z,1)

for some constant K.
Next, we estimate G(z,t,i)/A(x,t). We define

G(g,h) = U(H (g, 1)) — Hy(g, )I(g) — Hu(g. h)I(h).
By a simple computation, we get
(313)  G(g9,0) = G(g,a) = G(a,h) = G(1,h) =0, VY ge(a1),he0a)
For z < ¢(t),t <0, by (3.13), we may write

Gla,ti) = GOVi(e+p(t) — 1), Walz — g{t) — )
= Wa(x —q(t) —)[Vi(z + p(t) — i) — a]Gi(x,t,1).

for some bounded function Gi(z,t,i). When x < ¢(t),t < =T, |i| < m, by (3.11), we have
Wa(z — q(t) — )[Vi(z + p(t) — @) — ]

Wiz — q(t))
for some constant M; (independent of z, t and ). Similarly, for ¢(t) < x < —p(t), we may

Gla t,0)/Al,0)] < 8/Ga(x,1,0)] < My,

write
) - 7’) - CL]GQ(.T,t, 7’)7

+p(t
<z <0,t< =T, il <m, we have

G, t,1) = la = Walz — q(t) = D)][Vi(z

for some bounded function Gy(z,t,7). When ¢(%)
: Lo =Wa(z —q() = D][Vi(z + p(t) — i) — ]

G(x,t,1)/A(x,t)| < 8|Ga(x,t,1 -

G 1,1/ A, 1) < 8{Gal, 1,1) )

for some constant M, (independent of z, ¢t and 7). When 0 < z < —p(t),t < =T, |i| < m,

we have

|G (z,t,1)/A(z, t)| < 8|Ga(x,t, z)\[

S M2 e)\lp(t) )

a— Wa(x —q(t) —)][Vi(z + p(t) — i) — a]
Vi(z +p(t))
for some constant Mj (independent of x, t and i). For x > —p(t),t < 0, we may write
G(ﬁ,t,l) [G_WQ(I‘_Q( ) )][l—Vl(x—f-p( ) i)]G?)(xvt?i)v
for some bounded function Gs(z,t,i). When = > —p(t),t < =T, |i| < m, we have
a—Ws(z —q(t) —i)][1 — Vi(z+ p(t) —
Vi(z + p(t))

< My eh2a(t) ,

G, 1) /A, 1)] < 8]Ga(a, 1, )] D o g emmato)
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for some constant M, (independent of x, ¢ and 7).

Because o = min{\, 2} and (2.6), we may choose
M > max{Ke™™, Me* Maye™™ Ms, My}.

And then we obtain F[R] > 0. Similarly, we can obtain F[R] < 0.
Hence, by (2.6) and the identity

R(x,t) — R(z,1)
= () /Ol[Hg(Vl(w +q(t) + sr(t), Wa(z — p(t) + sr(t)))Vi(z + q(t) + sr(1))
+ Hp(Vi(z +q(t) + sr(t)), Walx — p(t) + sr(t)))Wa(z — p(t) + sr(t))]ds,
where 7(t) := p(t) — ¢(t), we obtain that
0 < R(z,t) — R(z,t) < Mse®©, ¥ (2,t) € R x (—00,0],

for some constant Ms.
Define

A
\_/

u(x R(x +¢ct,t), z€R,t<0,
u(z, ) =Rz +ctt), zeRt<0.

Because F[R] > 0 and F[R] < 0, u(x,t) and u(x,t) are a supersolution and a subsolution of
(1.1) for (z,t) € R x (—o0, =T respectively and

(3.14) 0 <u(x,t) —u(z,t) < Mse®, V (x,t) € R x (—o0,0],
By Lemma 2.2, there exists an entire solution u(z,t) of (1.1) such that
u(z,t) <u(z,t) <u(z,t), ¥Y(z,t) €Rx (—oc0,-T].
Next, we consider (1.21) and recall w is defined on (2.5). If x > —ct and ¢t < —T', then

u(z,t) = Vi(x + ert + w))

IN

lu(z,t) — u(z, t)| + |u(z, t) — Vi(z + et + w)|
[@(x,t) —u(z, )] +[g(z,t) = Vi(z + et + W)

+l(a = hz, 1) (g(x,t) = Dg(x, )/ [h(z, t)(g(x, 1) — a) + a(l = g(z,1))]],
where g(z,t) := Vi(x +ct + q(t)), h(z,t) := Wa(x +ct — p(t)).

By the mean-value theorem and (2.4),

IN

lg(z,t) — Vi(x + it + w)| <sup V{(+)|q(t) —cot —w| =0 as t — —oc.
This implies

(3.15) lim [sup |g(z,t) — Vi(z + cit +w)|] = 0.
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On the other hand, because © > —ct, we have
a> h(z,t) = Wy(x +ct —p(t)) > Wa(—p(t)) - a as t— —oo.
This implies
lim [sup |a — h(z,t)|]] =0.

t——o0 x>—ct

and

h(z,t)(g(x,t) —a) +a(l — g(z,1))
has a positive low-bound if x > —ct, —t >> 1. So
: (@ —h(z,t))(g(z,t) — Dg(x,t) || _
(310 N e e
By (3.14), (3.15) and (3.16), we have

lim sup |u(z,t) — Vi(x + it +w)| =0.

Similarly, we get

lim sup |u(z,t) — Wa(z + cot —w)| = 0.

t——o0 r<—ct
So (1.21) holds. Finally, from Zinner [14], the asymptotic behavior (1.22) follows. We have
thus completed the proof of Theorem 2.

3.3. Proof of Theorem 3. Following the methods of [6, 12]), we consider the functions
{ u(x,t) == HU(z +ct +p(t), Wo(—z — ¢t — q(t))),
u(z,t) == H(U(z + et + q(t)), Wa(—z — et — p(t))),
where ¢ := (¢—c2)/2, p(t) and ¢(t) are the solutions of (2.2) and (2.3) with ¢ = ¢y := (¢+¢2)/2
and suitable o, M, and

Hg.h) = a(g+h)—(1 —|—a)gh'

a— gh
Then, by using a similar process as that of the proof of Theorem 2, we obtain the conclusion
of Theorem 3. We safely omit the details here (see also [12, 6]).
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